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In any ∆ABC we will denote with F the area of the triangle, with s the
semiperimeter, and the other notations are the usual ones.

Theorem. If m ∈ R+ = [0,∞) and x, y ∈ R∗
+ = (0,∞), then in any ∆ABC the

following inequality holds:

(*)

(x2+y2)(a2m+2+b2m+2+c2m+2) ≥ 22m+3·xy·(
√

3)1−m·Fm+1+
∑
cyc

(xam+1−ybm+1)2

Proof.
We have:∑
cyc

(xam+1 − ybm+1)2 = (x2 + y2)(a2m+2 + b2m+2 + c2m+2)− 2
∑
cyc

xy(ab)m+1 ⇔

⇔ (x2 + y2)
∑
cyc

a2m+2 = 2xy
∑
cyc

(a · b)m+1 +
∑
cyc

(xam+1 − ybm+1)2 ≥

J. Radon
≥ 2xy · 1

3m

(∑
cyc

ab

)m+1

+
∑
cyc

(xam+1 − y · bm+1)2
V.O. Gordon
≥

≥ 2xy

3m
(4 ·
√

3 · F )m+1 +
∑
cyc

(xam+1 − ybm+1)2 =

=
22m+3

3m
xy(
√

3)m+1 · Fm+1 +
∑
cyc

(xam+1 − ybm+1)2 =

= 22m+3·xy·(
√

3)1−m·Fm+1+
∑
cyc

(xam+1−ybm+1)2 which finishes the demonstration.

If x = y then inequality (*) becomes:

(**) a2m+2 + b2m+2 + c2m+2 ≥ 22m+2 · (
√

3)1−m · Fm+1 +
1

2

∑
cyc

(am+1 − bm+1)2

and if in (**) we take m = 0 we obtain:

(F-H) a2 + b2 + c2 ≥ 4
√

3 · F +
1

2

(
(a− b)2 + (b− c)2 + (c− a)2

)
namely we have obtained Finsler-Hadwiger inequality.
If in inequality (**) we take m = 1

2 we obtain:

a3 + b3 + c3 ≥ 8
4
√

3 · (
√
F )3 +

1

2
·
∑
cyc

(
(
√
a)3 − (

√
b)3
)2

1
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If in inequality (*) we take x = 4, y = 3 we obtain:

25(a2m+2 + b2m+2 + c2m+2) ≥ 22m+5 · 3 · (
√

3)1−m ·Fm+1 +
∑
cyc

(4am+1− 3bm+1)2 =

(***) = 22m+5 · (
√

3)3−m · Fm+1 +
∑
cyc

(4am+1 − 3bm+1)2

If in (***) we take m = 0 we obtain:

25(a2 + b2 + c2) ≥ 96
√

3 · F +
∑
cyc

(4a− 3b)2

Let XY Z be a right-angled triangle with hypotenuse z.

z2(a2m+2 +b2m+2 +c2m+2) ≥ 22m+3 ·xy ·(
√

3)1−m ·Fm+1 +
∑
cyc

(xam+1−ybm+1)2 =

= 4m+2 · (
√

3)1−m · Fm+1 · area XY Z +
∑
cyc

(xam+1 − ybm+1)2

Let’s consider t ∈ R, sin t, cos t 6= 0 and in inequality (*) we take x = sin t, y = cos t,
then the inequality (*) becomes:
(1)

a2m+2 +b2m+2 +c2m+2 ≥ 4m+1 ·(
√

3)1−mFm+1 ·sin 2t+
∑
cyc

(am+1 sin t−bm+1 cos t)2

�
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