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150 TRIANGLE IDENTITIES AND INEQUALITIES INVOLVING BROCARD’S ANGLE 

By Bogdan Fuștei-Romania 

Abstract: In this paper the start point are a few known identities in triangle involving Brocard’s 

angle.We will design new identities and triangle inequalities in an original and natural 

mathematical procedure-used in previous articles and mathnotes published in Romanian 

Mathematical Magazine. 

We consider ABC triangle with usual notations.We will use the next known relationships:  

𝐬𝐢𝐧 𝛚 = 
𝟐𝐒

√𝐚𝟐𝐛𝟐+𝐛𝟐𝐜𝟐+𝐚𝟐𝐜𝟐
 (Brocard Angle); 

𝐦𝐚
𝟐

𝐡𝐚
𝟐 =1+ 

(𝐛𝟐−𝐜𝟐)𝟐

𝟏𝟔𝐒𝟐  (and analogs); 

∑
𝐦𝐚

𝟐

𝐡𝐚
𝟐  =1+ 

𝟏

𝟐𝐬𝐢𝐧𝟐𝛚
 ; 

(
mc

hc
+

mb

hb
)2≤ 2(

mb
2

hb
2 +

mc
2

hc
2 ) (and analogs) →(

mc

hc
+

mb

hb
)

2

≤ 2(1+ 
1

2sin2ω
− 1 −

(b2−c2)
2

16S2 ) and we obtain  

(
𝐦𝐜

𝐡𝐜
+

𝐦𝐛

𝐡𝐛
)

𝟐

≤
𝟏

𝐬𝐢𝐧𝟐𝛚
 −

(𝐛𝟐−𝐜𝟐)
𝟐

𝟖𝐒𝟐  (and analogs) (1) 

From (1) we obtain: 

𝐦𝐜

𝐡𝐜
+

𝐦𝐛

𝐡𝐛
≤

𝟏

𝐬𝐢𝐧 𝛚
 (and analogs) (2);(see also [1]. ) 

We know that: 
mb

hc
+

mc

hb
≤

R

r
    (and analogs)[1]. and using (2) after summation we obtain : 

𝐑

𝐫
+

𝟏

𝐬𝐢𝐧 𝛚
≥ (𝐦𝐛 + 𝐦𝐜)( 

𝟏

𝐡𝐜
+

𝟏

𝐡𝐛
) (3) 

From (2) after summation we obtain a new inequality: 

𝟑

𝟐𝐬𝐢𝐧 𝛚
≥

𝐦𝐚

𝐡𝐚
+

𝐦𝐛

𝐡𝐛
+

𝐦𝐜

𝐡𝐜
 (4) 

Now we will use this well known result: 

rbrc ≤ mala (and analogs)(Panaitopol) and rbrc =
ha(rb+rc)

2
 (and analogs) and we obtain : 

𝐦𝐚

𝐡𝐚
≥

𝐫𝐛+𝐫𝐜

𝟐𝐥𝐚
 (and analogs) (5) 
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Using (2) and (5) we obtain : 

𝟐

𝐬𝐢𝐧 𝛚
≥

𝐫𝐜+𝐫𝐚

𝐥𝐛
+

𝐫𝐚+𝐫𝐛

𝐥𝐜
(and analogs)(6) 

From (6) after summation and simplification  we obtain : 

𝟏

𝐬𝐢𝐧 𝛚
≥

𝟏

𝟑
∑

𝐫𝐛+𝐫𝐜

𝐥𝐚
 (7) 

Now we will use :
sin(ω+A)

sin ω
=

b

c
+

c

b
 (and analogs)(Traian Lalescu)[2]. 

𝟏

𝐬𝐢𝐧 𝛚
≥

𝐛

𝐜
+

𝐜

𝐛
(and analogs)(8) 

2S=a ha = bhb = chc→
b

c
=

hc

hb
 (and analogs) and using (8) we obtain: 

𝟏

𝐬𝐢𝐧 𝛚
≥

𝐡𝐜

𝐡𝐛
+

𝐡𝐛

𝐡𝐜
 (and analogs) (9) 

From (2) and (9) we obtain : 

𝟐

𝐬𝐢𝐧 𝛚
 ≥

𝐦𝐛+𝐡𝐜

𝐡𝐛
+

𝐦𝐜+𝐡𝐛

𝐡𝐜
 (and analogs)(10) 

We know that : 4ma = 2√2(b2 + c2) − a2  (and analogs) 

→ 4ma√a2 + b2 + c2=2√2(b2 + c2) − a2√a2 + b2 + c2 and using AM-GM inequality we 
obtain : 

4ma√a2 + b2 + c2 ≤ 2(b2 + c2) − a2 + a2 + b2 + c2 = 3(b2 + c2) 

𝟒

𝟑
𝐦𝐚√𝐚𝟐 + 𝐛𝟐 + 𝐜𝟐 ≤ 𝐛𝟐 + 𝐜𝟐 (𝟏𝟏) 

From (11) and bc=2Rha (and analogs) we obtain : 

2
𝐦𝐚

𝐡𝐚

√𝐚𝟐+𝐛𝟐+𝐜𝟐

𝟑𝐑
 ≤ 

𝐛

𝐜
+

𝐜

𝐛
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) (12) 

From (12) and 
sin(ω+A)

sin ω
 = 

b

c
+

c

b
 we obtain a new result ∶ 

2
𝐦𝐚

𝐡𝐚

√𝐚𝟐+𝐛𝟐+𝐜𝟐

𝟑𝐑
 ≤ 

𝐬𝐢𝐧(𝛚+𝐀)

𝐬𝐢𝐧 𝛚
(𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) (13) 

From (12) and (8) we obtain : 
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2max{
𝐦𝐚

𝐡𝐚
,

𝐦𝐛

𝐡𝐛
,

𝐦𝐜

𝐡𝐜
}

√𝐚𝟐+𝐛𝟐+𝐜𝟐

𝟑𝐑
≤ 

𝟏

𝐬𝐢𝐧 𝛚
 (14) 

From (12) after summation we obtain the next result: 

𝟐√𝐚𝟐+𝐛𝟐+𝐜𝟐

𝟑𝐑
(

𝐦𝐚

𝐡𝐚
+

𝐦𝐛

𝐡𝐛
+

𝐦𝐜

𝐡𝐜
) ≤

𝐛+𝐜

𝐚
+

𝐚+𝐜

𝐛
+

𝐚+𝐛

𝐜
 (15) 

From (2) and 
mb

hb
+

mc

hc
≥ 2√

mb

hb

mc

hc
 (AM-GM) after summation we obtain : 

2

sin ω
≥

mb

hb
+

mc

hc
+ 2√

mb

hb

mc

hc
= (√

mb

hb
+ √

mc

hc
)2and we obtain : 

√
𝟐

𝐬𝐢𝐧 𝛚
 ≥√

𝐦𝐛

𝐡𝐛
+ √

𝐦𝐜

𝐡𝐜
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(𝟏𝟔) 

From Catalan inequality :a2b(a − b) + b2(b − c) + c2(c − a) ≥ 0 [3]. we obtain: 

a3b + b3c + c3a ≥ a2b2 + b2c2 + a2c2 

𝐚𝟑𝐛+𝐛𝟑𝐜+𝐜𝟑𝐚

𝟒𝐒𝟐 ≥
𝐚𝟐𝐛𝟐+𝐛𝟐𝐜𝟐+𝐚𝟐𝐜𝟐

𝟒𝐒𝟐  = 
𝟏

𝐬𝐢𝐧𝟐𝛚
 (17) 

From 2S=a ha = bhb = chc and (17) we obtain : 

 
𝐚𝐛

𝐡𝐚
𝟐

+
𝐛𝐜

𝐡𝐛
𝟐 +

𝐚𝐜

𝐡𝐜
𝟐

≥
𝟏

𝐬𝐢𝐧𝟐𝛚
(𝟏𝟖) 

From bc=rbrc + rra (and analogs) and rbrc ≤ mala (and analogs)(Panaitopol) we obtain: 

bc ≤mala +  rra(and analogs); bc(mala +  rra) ≥  b2c2(and analogs)and after summations we 
obtain a new inequality : 

∑ 𝐛𝐜(𝐦𝐚𝐥𝐚 +  𝐫𝐫𝐚)

𝟒𝐒𝟐
≥

𝟏

𝐬𝐢𝐧𝟐𝛚
(𝟏𝟗) 

From ma ≥
b2+c2

4R
(and analogs)(Tereshin), bc=2Rha (and analogs) we obtain: 

ma

ha
≥

1

2
 (

b

c
+

c

b
)(and analogs) and useing (8) we obtain a new inequality: 

2

sin ω

ma

ha
 ≥ (

b

c
+

c

b
)2 (and analogs)→ 
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√
𝟐

𝐬𝐢𝐧 𝛚
√

𝐦𝐚

𝐡𝐚
≥

𝐛

𝐜
+

𝐜

𝐛
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(𝟐𝟎) 

From (20) after sumation we obtain a new inequality: 

√
𝟐

𝐬𝐢𝐧 𝛚
∑ √

𝐦𝐚

𝐡𝐚
≥

𝐛 + 𝐜

𝐚
+

𝐚 + 𝐜

𝐛
+

𝐚 + 𝐛

𝐜
 (𝟐𝟏) 

LEMMA:Triangle ABC with sides a,b,c and triangle with sides ma, mb, mc have the same Brocard 
angle[4].Using this lemma and (8) we obtain a new result: 

𝟏

𝐬𝐢𝐧 𝛚
≥

𝐦𝐛

𝐦𝐜
+

𝐦𝐛

𝐦𝐜
 (and analogs) (22) 

We consider triangle with sides ma, mb, mc and his elements: 

 ma =
3a

4
 (and analogs); ha =

3S

2ma
 (and analogs); Sm =

3S

4
; 

ma

ha
 = 

ama

2S
 = 

ama

aha
 = 

ma

ha
 (and analogs)→inequality 

ma

ha
≥

1

2
 (

b

c
+

c

b
)(and analogs) becomes: 

ma

ha
≥

1

2
(

mb

mc
+

mb

mc
) (and analogs); and using (22) we obtain a new inequality : 

√
𝟐

𝐬𝐢𝐧 𝛚
√

𝐦𝐚

𝐡𝐚
≥

𝐦𝐛

𝐦𝐜
+

𝐦𝐛

𝐦𝐜

(𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) (𝟐𝟑) 

From (23) after summation we obtain a new result: 

√
𝟐

𝐬𝐢𝐧 𝛚
∑ √

𝐦𝐚

𝐡𝐚
≥ ∑

𝐦𝐛+𝐦𝐜

𝐦𝐚
 (24) 

From(15) and (21) we obtain : 

𝟐√𝐚𝟐+𝐛𝟐+𝐜𝟐

𝟑𝐑
(

𝐦𝐚

𝐡𝐚
+

𝐦𝐛

𝐡𝐛
+

𝐦𝐜

𝐡𝐜
) ≤

𝐛+𝐜

𝐚
+

𝐚+𝐜

𝐛
+

𝐚+𝐛

𝐜
≤ √

𝟐

𝐬𝐢𝐧 𝛚
∑ √

𝐦𝐚

𝐡𝐚
 (25) 

From 2S=a ha = bhb = chc = 2pr, 2p = a + b + c→
b

c
=

hc

hb
 (and analogs); we obtain: 

∑
b+c

a
 =∑

hb+hc

ha
 and using (25) we obtain: 
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𝟐√𝐚𝟐 + 𝐛𝟐 + 𝐜𝟐

𝟑𝐑
(

𝐦𝐚

𝐡𝐚
+

𝐦𝐛

𝐡𝐛
+

𝐦𝐜

𝐡𝐜
) ≤ ∑

𝐡𝐛 + 𝐡𝐜

𝐡𝐚
≤ √

𝟐

𝐬𝐢𝐧 𝛚
∑ √

𝐦𝐚

𝐡𝐚
 (𝟐𝟔) 

2S=a ha = bhb = chc = 2pr, 2p = a + b + c; 
ha

r
 =1+ 

b+c

a
 (and analogs); 

Using this relationships we obtain a new result : 

3+
𝟐√𝐚𝟐+𝐛𝟐+𝐜𝟐

𝟑𝐑
(

𝐦𝐚

𝐡𝐚
+

𝐦𝐛

𝐡𝐛
+

𝐦𝐜

𝐡𝐜
) ≤

𝐡𝐚+𝐡𝐛+𝐡𝐜

𝐫
 ≤ 3+√

𝟐

𝐬𝐢𝐧 𝛚
∑ √

𝐦𝐚

𝐡𝐚
 (27) 

From (13) after summation we obtain : 

𝟐√𝐚𝟐+𝐛𝟐+𝐜𝟐

𝟑𝐑
(

𝐦𝐚

𝐡𝐚
+

𝐦𝐛

𝐡𝐛
+

𝐦𝐜

𝐡𝐜
) ≤ ∑

𝐬𝐢𝐧(𝛚+𝐀)

𝐬𝐢𝐧 𝛚
 (28) 

From √
2

sin ω
√

ma

ha
≥

b

c
+

c

b
 (and analogs) and and 

sin(ω+A)

sin ω
 = 

b

c
+

c

b
 (and analogs) we obtain : 

√
2

sin ω
√

ma

ha
≥

sin(ω+A)

sin ω
 → 

√
𝐦𝐚

𝐡𝐚
≥

𝐬𝐢𝐧(𝛚+𝐀)

√𝟐 𝐬𝐢𝐧 𝛚
 (and analogs) (29) 

From (29) after summation we obtain : 

∑ √
𝐦𝐚

𝐡𝐚
 ≥ 

𝐬𝐢𝐧(𝛚+𝐀)+𝐬𝐢𝐧(𝛚+𝐁)+𝐬𝐢𝐧(𝛚+𝐂)

√𝟐 𝐬𝐢𝐧 𝛚
 (30) 

From 
sin(ω+A)

sin ω
=

b

c
+

c

b
 (and analogs) and 

ma

ha
≥

1

2
 (

b

c
+

c

b
)(and analogs) we have: 

ma

ha
≥

sin(ω+A)

2 sin ω
→ 

𝐦𝐚

𝐡𝐚

𝟏

𝐬𝐢𝐧(𝛚+𝐀)
≥

𝟏

𝟐𝐬𝐢𝐧 𝛚
(and analogs) (31) 

From (31) after summation we obtain : 

∑
𝐦𝐚

𝐡𝐚

𝟏

𝐬𝐢𝐧(𝛚+𝐀)
 ≥ 

𝟑

𝟐𝐬𝐢𝐧 𝛚
 (𝟑𝟐) 

From mb ≥
a2+c2

4R
 and mc ≥

a2+b2

4R
 after calculation we obtain : 

16𝐑𝟐𝐦𝐛𝐦𝐜 − 𝐚𝟒 ≥ 𝐚𝟐𝐛𝟐 + 𝐛𝟐𝐜𝟐 + 𝐚𝟐𝐜𝟐(and analogs) (33); 
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𝟏𝟔𝐑𝟐𝐦𝐛𝐦𝐜−𝐚𝟒

𝟒𝐒𝟐  ≥ 
𝟏

𝐬𝐢𝐧𝟐𝛚
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(𝟑𝟒) 

(a2 + b2)(a2 + c2) ≥ (ab + ac)2(C.B.S) and ab=2Rhc ;ac=2Rhb; 

16𝐑𝟐𝐦𝐛𝐦𝐜 ≥4𝐑𝟐(𝐡𝐜 + 𝐡𝐛)𝟐→2√𝐦𝐛𝐦𝐜 ≥ 𝐡𝐜 + 𝐡𝐛(and analogs)(35) 

From 2S=aha = bhb = chc = 2pr, 2p = a + b + c→
b

c
=

hc

hb
 (and analogs); we have :  

∑
b+c

a
 =∑

hb+hc

ha
= ∑

sin(ω+A)

sin ω
 .From (35) we obtain : 

2√mbmc

ha
 ≥ 

hc+hb

ha
 (and analogs)(36), from (36) after summation we get a new result: 

𝟐 ∑
√𝐦𝐛𝐦𝐜

𝐡𝐚
 ≥ ∑

𝐛+𝐜

𝐚
= ∑

𝐬𝐢𝐧(𝛚+𝐀)

𝐬𝐢𝐧 𝛚
 (37) 

We know that :la =
2√bc

b+c
√p(p − a)(and analogs) and √p(p − a) =√rbrc (and 

analogs);→
1

2
(√

b

c
+ √

c

b
)  =

√rbrc

la
 (and analogs)→

4rbrc

la
2  = 2+ 

b

c
+

c

b
 (and analogs) (38); 

From (38) : 

𝟒𝐫𝐛𝐫𝐜

𝐥𝐚
𝟐 = 𝟐 +

𝐬𝐢𝐧(𝛚+𝐀)

𝐬𝐢𝐧 𝛚
 (and analogs) (39) 

From (8) and (38) we obtain a new inequality : 

2+ 
𝟏

𝐬𝐢𝐧 𝛚
 ≥ 

𝟒𝐫𝐛𝐫𝐜

𝐥𝐚
𝟐  (and analogs) (40) 

From (39) and rbrc ≤ mala (and analogs)(Panaitopol) we obtain : 

𝟒
𝐦𝐚

𝐥𝐚
 ≥ 𝟐 +

𝐬𝐢𝐧(𝛚+𝐀)

𝐬𝐢𝐧 𝛚
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(𝟒𝟏) 

After some simple manipulation and summation we obtain a new result from (41): 

𝟑

𝟐
 + 

𝟏

𝟒
 ∑

𝐬𝐢𝐧(𝛚+𝐀)

𝐬𝐢𝐧 𝛚
 ≤ ∑

𝐦𝐚

𝐥𝐚
 (42) 

Also from (41) we obtain: 

𝐬𝐢𝐧(𝛚+𝐀)

𝟐𝐦𝐚−𝐥𝐚
 ≤  

𝟐𝐬𝐢𝐧 𝛚

𝐥𝐚
 (and analogs) (43) 

From (43) after summation we obtain : 
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∑
𝐬𝐢𝐧(𝛚+𝐀)

𝟐𝐦𝐚−𝐥𝐚
≤ 𝟐𝐬𝐢𝐧 𝛚 (

𝟏

𝐥𝐚
+

𝟏

𝐥𝐛
+

𝟏

𝐥𝐜
) (44) 

From ma ≥
b2+c2

4R
(and analogs)(Tereshin), bc=2Rha (and analogs) and 

sin(ω+A)

sin ω
=

b2+c2

bc
 (and 

analogs) we obtain :
ha

sin ω
≤

2ma

sin(ω+A)
 (and analogs)(45); 

From (45) after summation we obtain : 

𝐡𝐚 + 𝐡𝐛 + 𝐡𝐜

𝟐 𝐬𝐢𝐧 𝛚
≤

𝐦𝐚

𝐬𝐢𝐧(𝛚 + 𝐀)
+

𝐦𝐛

𝐬𝐢𝐧(𝛚 + 𝐁)
+

𝐦𝐜

𝐬𝐢𝐧(𝛚 + 𝐂)
 (𝟒𝟔) 

From (35) we obtain : 

2√
𝐦𝐛𝐦𝐜

𝐡𝐛𝐡𝐜
≥ √

𝐛

𝐜
+ √

𝐜

𝐛
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(𝟒𝟕) 

From (47) and 
1

2
(√

b

c
+ √

c

b
) =

√rbrc

la
 (and analogs)  we obtain: 

√
𝐦𝐛𝐦𝐜

𝐡𝐛𝐡𝐜
≥

√𝐫𝐛𝐫𝐜

𝐥𝐚
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) (48)  

→la√mbmc ≥ √hbhcrbrc  and after summation we obtain : 

∑ 𝐥𝐚√𝐦𝐛𝐦𝐜 ≥ ∑ √𝐡𝐛𝐡𝐜𝐫𝐛𝐫𝐜 (49) 

From rbrc ≤ mala (and analogs)(Panaitopol)→ 

𝟏

𝟐
(√

𝐛

𝐜
+ √

𝐜

𝐛
) =

√𝐫𝐛𝐫𝐜

𝐥𝐚
≤ √

𝐦𝐚

𝐥𝐚
 (and analogs) (50) 

From (47) and (50) after simple manipulations we obtain : 

2(2√
𝐦𝐚𝐦𝐛𝐦𝐜

𝐥𝐚𝐡𝐛𝐡𝐜
 −𝟏) ≥  

𝐛

𝐜
+

𝐜

𝐛
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) (𝟓𝟏) 

From (51) and 
sin(ω+A)

sin ω
 = 

b

c
+

c

b
 (and analogs) we obtain : 

2(2√
𝐦𝐚𝐦𝐛𝐦𝐜

𝐥𝐚𝐡𝐛𝐡𝐜
 −𝟏) ≥  

𝐬𝐢𝐧(𝛚+𝐀)

𝐬𝐢𝐧 𝛚
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) (𝟓𝟐) 

From (51) after summation we obtain : 
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4∑ √
𝐦𝐚𝐦𝐛𝐦𝐜

𝐥𝐚𝐡𝐛𝐡𝐜
≥ 𝟔 +

𝐛+𝐜

𝐚
+

𝐚+𝐜

𝐛
+

𝐚+𝐛

𝐜
 (𝟓𝟑) 

From 
ha

r
 =1+ 

b+c

a
 (and analogs) and (53) we obtain a new inequality : 

4∑ √
𝐦𝐚𝐦𝐛𝐦𝐜

𝐥𝐚𝐡𝐛𝐡𝐜
≥ 𝟑 +

𝐡𝐚+𝐡𝐛+𝐡𝐜

𝐫
 (54) 

From (51) and (8) we obtain: 
2

sin ω
(2√

mambmc

lahbhc
 −1) ≥ (

b

c
+

c

b
)2 (and analogs) 

We will obtain 

√
𝟐

𝐬𝐢𝐧 𝛚
(𝟐√

𝐦𝐚𝐦𝐛𝐦𝐜

𝐥𝐚𝐡𝐛𝐡𝐜
 − 𝟏) ≥

𝐛

𝐜
+

𝐜

𝐛
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(55) 

From (56) after summation we obtain a new result: 

∑ √
𝟐

𝐬𝐢𝐧 𝛚
(𝟐√

𝐦𝐚𝐦𝐛𝐦𝐜

𝐥𝐚𝐡𝐛𝐡𝐜
 − 𝟏) ≥

𝐛+𝐜

𝐚
+

𝐚+𝐜

𝐛
+

𝐚+𝐛

𝐜
 (56) 

From (51) and 
ma

ha
≥

1

2
 (

b

c
+

c

b
)(and analogs) we obtain : 

 
ma

ha
(2√

mambmc

lahbhc
 −1) ≥

1

4
(

b

c
+

c

b
)2 (and analogs) and we obtain: 

√
𝐦𝐚

𝐡𝐚
(𝟐√

𝐦𝐚𝐦𝐛𝐦𝐜

𝐥𝐚𝐡𝐛𝐡𝐜
 − 𝟏) ≥ 

𝟏

𝟐
(
𝐛

𝐜
+

𝐜

𝐛
)(and analogs) (57) 

From (58) after summation we obtain a new inequality: 

∑ √
𝐦𝐚

𝐡𝐚
(𝟐√

𝐦𝐚𝐦𝐛𝐦𝐜

𝐥𝐚𝐡𝐛𝐡𝐜
 − 𝟏) ≥ 

𝟏

𝟐
(

𝐛+𝐜

𝐚
+

𝐚+𝐜

𝐛
+

𝐚+𝐛

𝐜
) (58) 

From (58) and 
sin(ω+A)

sin ω
=

b

c
+

c

b
 (and analogs) we obtain a new result : 

√
𝐦𝐚

𝐡𝐚
(𝟐√

𝐦𝐚𝐦𝐛𝐦𝐜

𝐥𝐚𝐡𝐛𝐡𝐜
 − 𝟏) ≥ 

𝐬𝐢𝐧(𝛚+𝐀)

𝟐𝐬𝐢𝐧 𝛚
 (and analogs)(59) 
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From (34) we obtain : min {
16R2mbmc−a4

4S2 ,
16R2mamc−b4

4S2

16R2mamb−c4

4S2 } ≥ 
1

sin2ω
  and using (2) we 

obtain a new inequality: 

𝐦𝐢𝐧 {
𝟏𝟔𝐑𝟐𝐦𝐛𝐦𝐜−𝐚𝟒

𝟒𝐒𝟐 ,
𝟏𝟔𝐑𝟐𝐦𝐚𝐦𝐜−𝐛𝟒

𝟒𝐒𝟐 ,
𝟏𝟔𝐑𝟐𝐦𝐚𝐦𝐛−𝐜𝟒

𝟒𝐒𝟐 } ≥ 𝐦𝐚𝐱 {(
𝐦𝐜

𝐡𝐜
+

𝐦𝐛

𝐡𝐛
)

𝟐

, (
𝐦𝐜

𝐡𝐜
+ +

𝐦𝐚

𝐡𝐚
)

𝟐

, (
𝐦𝐚

𝐡𝐚
+

𝐦𝐛

𝐡𝐛
)𝟐} 

(60) 

We know that b+c=4Rcos
A

2
cos

B−C

2
 (and analogs)→ cos

A

2
≥

b+c

4R
 (and analogs); 

cos
A

2
= √

rb+rc

4R
 (and analogs); bc=2Rha (and analogs);After simple manipulation we obtain : 

rb + rc − ha ≥
b2+c2

4R
 (and analogs) and we get a new inequality: 

𝐫𝐛+𝐫𝐜−𝐡𝐚

𝐡𝐚
≥

𝟏

𝟐
(

𝐛

𝐜
+

𝐜

𝐛
)(and analogs)(61) 

From (61) and 
sin(ω+A)

sin ω
=

b

c
+

c

b
 (and analogs) we obtain : 

𝐫𝐛 + 𝐫𝐜 − 𝐡𝐚

𝐡𝐚
≥

𝐬𝐢𝐧(𝛚 + 𝐀)

𝟐𝐬𝐢𝐧 𝛚
(𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(𝟔𝟐) 

Using (61) and 
ma

ha
≥

1

2
 (

b

c
+

c

b
)(and analogs) we obtain : 

√𝐦𝐚(𝐫𝐛+𝐫𝐜−𝐡𝐚)

𝐡𝐚
 ≥ 

𝟏

𝟐
 (

𝐛

𝐜
+

𝐜

𝐛
)(and analogs)(63) 

From (63) and 
sin(ω+A)

sin ω
 = 

b

c
+

c

b
 (and analogs), we obtain a new inequality : 

√𝐦𝐚(𝐫𝐛 + 𝐫𝐜 − 𝐡𝐚)

𝐡𝐚
≥

𝐬𝐢𝐧(𝛚 + 𝐀)

𝟐𝐬𝐢𝐧 𝛚
(𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(𝟔𝟒) 

From (63) after summation we obtain a new result: 

∑
√𝐦𝐚(𝐫𝐛+𝐫𝐜−𝐡𝐚)

𝐡𝐚
 ≥ 

𝟏

𝟐
(

𝐛+𝐜

𝐚
+ +

𝐚+𝐜

𝐛
+

𝐚+𝐛

𝐜
)(65) 

From (64) after summation we obtain :  

∑
√𝐦𝐚(𝐫𝐛+𝐫𝐜−𝐡𝐚)

𝐡𝐚
 ≥ 

𝟏

𝟐
∑

𝐬𝐢𝐧(𝛚+𝐀)

𝐬𝐢𝐧 𝛚
 (66) 
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We proved that b2 + c2 = na
2 + ga

2 + 2rar (and analogs)[5]., and bc=rbrc + rra (and analogs) 

and we know that  
sin(ω+A)

sin ω
 = 

b

c
+

c

b
 (and analogs) we obtain a new identity : 

𝐬𝐢𝐧(𝛚+𝐀)

𝐬𝐢𝐧 𝛚
 = 

𝐧𝐚
𝟐+𝐠𝐚

𝟐+𝟐𝐫𝐚𝐫

𝐫𝐛𝐫𝐜+𝐫𝐫𝐚
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) (67) 

and we obtain a new inequality : 

𝟏

𝐬𝐢𝐧 𝛚
≥

𝐧𝐚
𝟐 + 𝐠𝐚

𝟐 + 𝟐𝐫𝐚𝐫

𝐫𝐛𝐫𝐜 + 𝐫𝐫𝐚
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(𝟔𝟖) 

From (67) and (38) we obtain : 

𝟒𝐫𝐛𝐫𝐜

𝐥𝐚
𝟐 = 𝟐 +

𝐧𝐚
𝟐+𝐠𝐚

𝟐+𝟐𝐫𝐚𝐫

𝐫𝐛𝐫𝐜+𝐫𝐫𝐚
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(69) 

From (37) and (67) we obtain: 

𝟐 ∑
√𝐦𝐛𝐦𝐜

𝐡𝐚
 ≥ ∑

𝐬𝐢𝐧(𝛚+𝐀)

𝐬𝐢𝐧 𝛚
= ∑  

𝐧𝐚
𝟐+𝐠𝐚

𝟐+𝟐𝐫𝐚𝐫

𝐫𝐛𝐫𝐜+𝐫𝐫𝐚
 (70) 

From (20) and (67) we obtain : 

√
𝟐

𝐬𝐢𝐧 𝛚
√

𝐦𝐚

𝐡𝐚
≥

𝐧𝐚
𝟐 + 𝐠𝐚

𝟐 + 𝟐𝐫𝐚𝐫

𝐫𝐛𝐫𝐜 + 𝐫𝐫𝐚
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(𝟕𝟏) 

From (67) after summation we obtain : 

𝐛+𝐜

𝐚
+

𝐚+𝐜

𝐛
+

𝐚+𝐛

𝐜
= ∑  

𝐧𝐚
𝟐+𝐠𝐚

𝟐+𝟐𝐫𝐚𝐫

𝐫𝐛𝐫𝐜+𝐫𝐫𝐚
 (72) 

From (21) and (72) we obtain: 

√
𝟐

𝐬𝐢𝐧 𝛚
∑ √

𝐦𝐚

𝐡𝐚
≥ ∑  

𝐧𝐚
𝟐 + 𝐠𝐚

𝟐 + 𝟐𝐫𝐚𝐫

𝐫𝐛𝐫𝐜 + 𝐫𝐫𝐚
 (𝟕𝟑) 

From (12) and (67) we obtain:  

2
𝐦𝐚

𝐡𝐚

√𝐚𝟐+𝐛𝟐+𝐜𝟐

𝟑𝐑
 ≤ 

𝐧𝐚
𝟐+𝐠𝐚

𝟐+𝟐𝐫𝐚𝐫

𝐫𝐛𝐫𝐜+𝐫𝐫𝐚
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(𝟕𝟒) 

From (15) and (72) we obtain : 

𝟐√𝐚𝟐+𝐛𝟐+𝐜𝟐

𝟑𝐑
(

𝐦𝐚

𝐡𝐚
+

𝐦𝐛

𝐡𝐛
+

𝐦𝐜

𝐡𝐜
) ≤ ∑  

𝐧𝐚
𝟐+𝐠𝐚

𝟐+𝟐𝐫𝐚𝐫

𝐫𝐛𝐫𝐜+𝐫𝐫𝐚
 (75) 
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From (25) and (72) we obtain: 

𝟐√𝐚𝟐+𝐛𝟐+𝐜𝟐

𝟑𝐑
(

𝐦𝐚

𝐡𝐚
+

𝐦𝐛

𝐡𝐛
+

𝐦𝐜

𝐡𝐜
) ≤ ∑  

𝐧𝐚
𝟐+𝐠𝐚

𝟐+𝟐𝐫𝐚𝐫

𝐫𝐛𝐫𝐜+𝐫𝐫𝐚
≤ √

𝟐

𝐬𝐢𝐧 𝛚
∑ √

𝐦𝐚

𝐡𝐚
 (76) 

From (51) and (67) we obtain : 

2(2√
𝐦𝐚𝐦𝐛𝐦𝐜

𝐥𝐚𝐡𝐛𝐡𝐜
 −𝟏) ≥  

𝐧𝐚
𝟐+𝐠𝐚

𝟐+𝟐𝐫𝐚𝐫

𝐫𝐛𝐫𝐜+𝐫𝐫𝐚
(𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) (𝟕𝟕) 

From (53) and (67) we obtain : 

4∑ √
𝐦𝐚𝐦𝐛𝐦𝐜

𝐥𝐚𝐡𝐛𝐡𝐜
≥ 𝟔 + ∑  

𝐧𝐚
𝟐+𝐠𝐚

𝟐+𝟐𝐫𝐚𝐫

𝐫𝐛𝐫𝐜+𝐫𝐫𝐚
 (𝟕𝟖) 

From (55) and (67) we obtain : 

√
𝟐

𝐬𝐢𝐧 𝛚
(𝟐√

𝐦𝐚𝐦𝐛𝐦𝐜

𝐥𝐚𝐡𝐛𝐡𝐜
 − 𝟏) ≥ 

𝐧𝐚
𝟐+𝐠𝐚

𝟐+𝟐𝐫𝐚𝐫

𝐫𝐛𝐫𝐜+𝐫𝐫𝐚
 (79) 

From (56) and (72) we obtain: 

∑ √
𝟐

𝐬𝐢𝐧 𝛚
(𝟐√

𝐦𝐚𝐦𝐛𝐦𝐜

𝐥𝐚𝐡𝐛𝐡𝐜
 − 𝟏) ≥ ∑  

𝐧𝐚
𝟐+𝐠𝐚

𝟐+𝟐𝐫𝐚𝐫

𝐫𝐛𝐫𝐜+𝐫𝐫𝐚
 (80) 

From (57) and (67) we obtain : 

√
𝐦𝐚

𝐡𝐚
(𝟐√

𝐦𝐚𝐦𝐛𝐦𝐜

𝐥𝐚𝐡𝐛𝐡𝐜
 − 𝟏) ≥ 

𝐧𝐚
𝟐+𝐠𝐚

𝟐+𝟐𝐫𝐚𝐫

𝟐(𝐫𝐛𝐫𝐜+𝐫𝐫𝐚)
 (and analogs) (81) 

From (58) and (72) we obtain : 

∑ √
𝐦𝐚

𝐡𝐚
(𝟐√

𝐦𝐚𝐦𝐛𝐦𝐜

𝐥𝐚𝐡𝐛𝐡𝐜
 − 𝟏) ≥

𝟏

𝟐
 ∑  

𝐧𝐚
𝟐+𝐠𝐚

𝟐+𝟐𝐫𝐚𝐫

𝐫𝐛𝐫𝐜+𝐫𝐫𝐚
 (82) 

From (62) and (67) we obtain: 

𝐫𝐛+𝐫𝐜−𝐡𝐚

𝐡𝐚
≥

𝐧𝐚
𝟐+𝐠𝐚

𝟐+𝟐𝐫𝐚𝐫

𝟐(𝐫𝐛𝐫𝐜+𝐫𝐫𝐚)
 (and analogs) (83) 

From (64) and (67) we obtain : 
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√𝐦𝐚(𝐫𝐛+𝐫𝐜−𝐡𝐚)

𝐡𝐚
≥

𝐧𝐚
𝟐+𝐠𝐚

𝟐+𝟐𝐫𝐚𝐫

𝟐(𝐫𝐛𝐫𝐜+𝐫𝐫𝐚)
 (and analogs) (84) 

From (65) and (72) we obtain : 

∑
√𝐦𝐚(𝐫𝐛+𝐫𝐜−𝐡𝐚)

𝐡𝐚
 ≥ 

𝟏

𝟐
 ∑  

𝐧𝐚
𝟐+𝐠𝐚

𝟐+𝟐𝐫𝐚𝐫

𝐫𝐛𝐫𝐜+𝐫𝐫𝐚
 (85) 

We know  that: In ∆ABC ,P,P′∈ (ABC) the following relationship  holds: 

a⋅AP⋅AP′+b⋅BP⋅BP′+c⋅CP⋅CP′≥ abc (Klamkin).[6] 

If P′= Ω-first point of Brocard ,we have :A Ω = 2R 
b

a
 sin ω, B Ω = 2R 

c

b
  sin ω, 

C Ω = 2R 
a

c
  sin ω.Also we know that abc=4RS, 2S=a ha = bhb = chc. Using  Klamkin theorem we 

obtain :b⋅AP+c⋅BP+a⋅CM≥√a2b2 + b2c2 + a2c2 → 

𝐀𝐏

𝐡𝐛
+

𝐁𝐏

𝐡𝐜
+

𝐂𝐏

𝐡𝐚
≥

𝟏

𝐬𝐢𝐧 𝛚
 (86) 

If P= G and AG= 
2

3
ma , BG =

2

3
mb , CG =

2

3
mc (86) become: 

𝐦𝐚

𝐡𝐛
+

𝐦𝐛

𝐡𝐜
+

𝐦𝐜

𝐡𝐚
≥

𝟑

𝟐𝐬𝐢𝐧 𝛚
 (87) 

 From (87) and (4) we obtain a new result : 

𝐦𝐚

𝐡𝐛
+

𝐦𝐛

𝐡𝐜
+

𝐦𝐜

𝐡𝐚
≥

𝟑

𝟐𝐬𝐢𝐧 𝛚
≥

𝐦𝐚

𝐡𝐚
+

𝐦𝐛

𝐡𝐛
+

𝐦𝐜

𝐡𝐜
 (88) 

Using triangle with sides ma, mb, mc and his elements: 

 ma =
3a

4
 (and analogs); ha =

3S

2ma
 (and analogs); Sm =

3S

4
; we obtain : 

 ma

hb
=

mb

ha
, 

 mb

hc
=

mc

hb
,

mc

ha
=

ma

hc
 , 

ma

ha
 = 

ama

2S
 = 

ama

aha
 = 

ma

ha
 (and analogs),and from (88) we obtain a 

new inequality : 

𝐦𝐛

𝐡𝐚
+

𝐦𝐜

𝐡𝐛
+

𝐦𝐚

𝐡𝐜
 ≥

𝟑

𝟐𝐬𝐢𝐧 𝛚
≥

𝐦𝐚

𝐡𝐚
+

𝐦𝐛

𝐡𝐛
+

𝐦𝐜

𝐡𝐜
 (89) 

NOTE :For (89) we also used  LEMMA. 

From (88) and (89) we obtain a new inequality: 

𝐦𝐛+𝐦𝐜

𝐡𝐚
+

𝐦𝐚+𝐦𝐜

𝐡𝐛
+

𝐦𝐚+𝐦𝐛

𝐡𝐜
≥

𝟑

𝐬𝐢𝐧 𝛚
 (90) 
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We know :
1

ha
+

1

hb
+

1

hc
=

1

r
 ,and using Cebyshev inequality twice we obtain : 

ma

ha
+

mb

hb
+

mc

hc
≤

ma+mb+mc

3r
 ≤

ma

ra
+

mb

rb
+

mc

rc
. 

We obtain two new results ,using (90): 

𝐦𝐚+𝐦𝐛+𝐦𝐜

𝐫
 ≥

𝟑

𝐬𝐢𝐧 𝛚
+ ∑

𝐦𝐚

𝐡𝐚
 (91) 

3∑
𝐦𝐚

𝐫𝐚
 ≥

𝟑

𝐬𝐢𝐧 𝛚
+ ∑

𝐦𝐚

𝐡𝐚
 (92) 

We consider without losing  generality, a ≥ b≥c.We will  show that :
mb

hb
 ≥ 

ma

ha
 →mbha ≥ mahb ; 

2S=a ha = bhb = chc.
mb

a
≥

ma

b
 →b24mb

2 ≥ a24ma
2  

b2[2(a2+c2) ─ b2] ≥ a2[2(b2 + c2) − a2]→ 2b2c2 − 2a2c2 ≥ b4 − a4→ 

2c2(b2 − a2) ≥(b2 − a2)( b2 + a2)→ (b2 − c2)( 2c2 − b2 − a2) ≥ 0. 

Now we show that : 
mb

hb
≥

mc

hc
 →mbhc ≥ mchb ; 2S=a ha = bhb = chc 

mb

c
 ≥ 

mc

b
 →bmb ≥ cmc→b24mb

2 ≥ c24mc
2 , we obtain : 

b2[2(a2+c2) ─ b2] ≥  c2[2(b2 + a2) − c2]→ 2a2b2 − 2a2c2 ≥ b4 − c4 

2a2(b2 − c2) ≥ (b2 − c2)(b2 + c2)→ (b2 − c2)( 2a2 − b2 − c2) ≥ 0 

Deci max{
ma

ha
,

mb

hb
,

mc

hc
}= 

mb

hb
 pentru a ≥ b≥c 

Vom arăta că: 
mb

hb
≥

1

2 sin ω
, sin ω = 

2S

√a2b2+b2c2+a2c2
 , 4

mb
2

hb
2  ≥

1

sin2ω
 

2S=a ha = bhb = chc ,we will obtain :
b2[2(a2+c2) ─ b2] 

4S2 ≥  
a2b2+b2c2+a2c2

4S2  

2b2c2+2b2a2─ b4 ≥ a2b2 + b2c2 + a2c2 → b2c2 + a2b2 ─ b4 ≥ a2c2→ 

→(c2 − b2)( b2 − a2) ≥ 0 wich is true because a ≥ b≥c 

In the end we obtain a new inequality:  

max{
𝐦𝐚

𝐡𝐚
,

𝐦𝐛

𝐡𝐛
,

𝐦𝐜

𝐡𝐜
}≥ 

𝟏

𝟐 𝐬𝐢𝐧 𝛚
 (93) 

From (2) and (93) we obtain a new inequality: 
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2 max{
𝐦𝐚

𝐡𝐚
,

𝐦𝐛

𝐡𝐛
,

𝐦𝐜

𝐡𝐜
}≥ 

𝟏

𝐬𝐢𝐧 𝛚
 ≥ max{

𝐦𝐜

𝐡𝐜
+

𝐦𝐛

𝐡𝐛
,

𝐦𝐜

𝐡𝐜
+

𝐦𝐚

𝐡𝐚
,

𝐦𝐚

𝐡𝐚
+

𝐦𝐛

𝐡𝐛
} (94) 

We consider x,y,z real and positive numbers.We note : ἀ={
x

y
+

y

x
,

y

z
+

z

y
,

x

z
+

z

x
} 

We will show that : max ἀ ≥ 
x

y
+

y

z
+

z

x
− 1 ≥ min ἀ 

Without losing generality we consider x ≥ y ≥z →
x

z
+

z

x
≥

x

y
+

y

x
→ 

x2y+z2y ≥x2z+y2z→(x2 − yz)(y − z) ≥ 0,  in the same way we show that : 

 
X

z
+

z

x
≥

y

z
+

z

y
 → max ἀ = 

x

z
+

z

x
 ;Now we have: 

x

z
+

z

x
≥

x

y
+

y

z
+

z

x
− 1 → 

x+z

z
 ≥ 

x

y
+

y

z
→(y−x)(y − z) ≤ 0 

2(
x

y
+

y

z
+

z

x
− 1) ≥( 

x

y
+

y

x
) + ( 

y

z
+

z

y
) → (𝑥 − 𝑧)[𝑦(𝑦 − 𝑧) + 𝑧(𝑥 − 𝑦)] ≥ 0 

We obtain : 
x

y
+

y

z
+

z

x
− 1 ≥ min {(

x

y
+

y

x
) , ( 

y

z
+

z

y
)} = min ἀ 

We prove max ἀ ≥ 
x

y
+

y

z
+

z

x
− 1 ≥ min ἀ in same way for x ≥ z ≥y 

For a,b,c → max ἀ=max{
a

b
+

b

a
,

b

c
+

c

b
,

a

c
+

c

a
}≥ 

a

b
+

b

c
+

c

a
− 1 and using (8) 

we obtain a new inequality: 

1+ 
𝟏

𝐬𝐢𝐧 𝛚
≥

𝐚

𝐛
+

𝐛

𝐜
+

𝐜

𝐚
 (95) 

Using LEMMA and (95) we obtain:  

1+ 
𝟏

𝐬𝐢𝐧 𝛚
≥

𝐦𝐚

𝐦𝐛
+

𝐦𝐛

𝐦𝐜
+

𝐦𝐜

𝐦𝐚
 (96) 

 ἀ={
a

b
+

b

a
,

b

c
+

c

b
,

a

c
+

c

a
},

sin(ω+A)

sin ω
 = 

na
2+ga

2+2rar

rbrc+rra
=

b

c
+

c

b
 (and analogs) ,we obtain: 

max{
𝐧𝐚

𝟐+𝐠𝐚
𝟐+𝟐𝐫𝐚𝐫

𝐫𝐛𝐫𝐜+𝐫𝐫𝐚
,

𝐧𝐛
𝟐+𝐠𝐛

𝟐+𝟐𝐫𝐛𝐫

𝐫𝐚𝐫𝐜+𝐫𝐫𝐛
,

𝐧𝐜
𝟐+𝐠𝐜

𝟐+𝟐𝐫𝐜𝐫

𝐫𝐚𝐫𝐛+𝐫𝐫𝐜
} ≥

𝐚

𝐛
+

𝐛

𝐜
+

𝐜

𝐚
− 𝟏 ≥

𝐦𝐢𝐧 {
𝐧𝐚

𝟐+𝐠𝐚
𝟐+𝟐𝐫𝐚𝐫

𝐫𝐛𝐫𝐜+𝐫𝐫𝐚
,

𝐧𝐛
𝟐+𝐠𝐛

𝟐+𝟐𝐫𝐛𝐫

𝐫𝐚𝐫𝐜+𝐫𝐫𝐛
,

𝐧𝐜
𝟐+𝐠𝐜

𝟐+𝟐𝐫𝐜𝐫

𝐫𝐚𝐫𝐛+𝐫𝐫𝐜
} (97) 

Using same method used in proving (95) and (96), we obtain new results: 

1+ 
𝟏

𝐬𝐢𝐧 𝛚
≥

𝐚

𝐜
+

𝐜

𝐛
+

𝐛

𝐚
 (98) 
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1+ 
𝟏

𝐬𝐢𝐧 𝛚
≥

𝐦𝐚

𝐦𝐜
+

𝐦𝐜

𝐦𝐛
+

𝐦𝐛

𝐦𝐚
 (99) 

Using (95),(96),(98),(99) after summation we obtain  new results : 

1+ 
𝟏

𝐬𝐢𝐧 𝛚
≥

𝟏

𝟐
∑

𝐛+𝐜

𝐚
 (100) 

1+ 
𝟏

𝐬𝐢𝐧 𝛚
≥

𝟏

𝟐
∑

𝐦𝐛+𝐦𝐜

𝐦𝐚
 (101) 

We know 
ha

r
 =1+ 

b+c

a
 (and analogs);∑  

b+c

a
 = 

ha+hb+hc−3r

r
 and using (100) we obtain :  

5+ 
𝟐

 𝐬𝐢𝐧 𝛚
 ≥ 

𝐡𝐚+𝐡𝐛+𝐡𝐜

𝐫
 (102) 

We consider ∆ABC acute. We will prove this inequality: 

2ma
2

rb+rc
 ≤ 

b2+c2

4R
 (and analogs) ; We can write : 

b2+c2

2R
(rb + rc) ≥ 4ma

2 

4ma
2=2(b2 + c2) − a2(and analogs); 2bc cos A=b2 + c2 − a2 (and analogs); 

rb + rc = 4Rcos2 A

2
  (and analogs); 2cos2 A

2
 = 1+ cos A (and analogs); 

We get : rb + rc = 2R(1+ cos A) (and analogs) ; 

4ma
2=b2 + c2 + 2bc cos A; 

b2+c2

2R
(rb + rc) = ( b2 + c2)( 1+ cos A) 

We need to prove : ( b2 + c2)( 1+ cos A) ≥  b2 + c2 + 2bc cos A 

We obtain :(b − c)2  cos A ≥ 0 -true because  cos A > 0 (since ∆ABC acute) 

Easy can be proved that : ha(rb + rc)=2rbrc (and analogs) 

2ma
2

rb+rc
 ≤ 

b2+c2

4R
→

2ma
2

ha(rb+rc)
 ≤ 

b2+c2

4Rha
; bc=2Rha(and analogs)→ 

𝐦𝐚
𝟐

𝐫𝐛𝐫𝐜
 ≤ 

𝐛𝟐+𝐜𝟐

𝟐𝐛𝐜
 (and analogs) for ∆ABC acute(103) 

From (103) and 
sin(ω+A)

sin ω
=

b

c
+

c

b
 (and analogs) we obtain : 

𝟐𝐦𝐚
𝟐

𝐫𝐛𝐫𝐜
 ≤ 

𝐬𝐢𝐧(𝛚+𝐀)

𝐬𝐢𝐧 𝛚
 (and analogs) for ∆ABC acute (104) 

𝟐𝐦𝐚
𝟐

𝐫𝐛𝐫𝐜
≤

𝟏

𝐬𝐢𝐧 𝛚
 (and analogs) for ∆ABC acute (105) 
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From (105) after summation we obtain: 

𝟑

𝟐𝐬𝐢𝐧 𝛚
≥ ∑

𝐦𝐚
𝟐

𝐫𝐛𝐫𝐜
 (106) for ∆ABC acute 

We know that: 4ma
2 = na

2 + ga
2 +2rbrc (and analogs)[5]. and naga ≥ mala (and analogs)[7]., 

rbrc ≤ mala (and analogs)(Panaitopol),we obtain : 

1≤
𝐦𝐚𝐥𝐚

𝐫𝐛𝐫𝐜
≤

𝐧𝐚𝐠𝐚

𝐫𝐛𝐫𝐜
≤

𝐧𝐚
𝟐+𝐠𝐚

𝟐

𝐫𝐛𝐫𝐜
≤

𝐛

𝐜
+

𝐜

𝐛
− 𝟏 =

𝐬𝐢𝐧(𝛚+𝐀)

𝐬𝐢𝐧 𝛚
− 𝟏 ≤

𝟏

𝐬𝐢𝐧 𝛚
− 𝟏 (and analogs) 

for ∆ABC acute (107) 

If triangle ABC is acuteangled then we have ERDOS Inequality : 

R+r ≤ max (ha, hb, hc) (RMM-Famous Inequalitys Marathon 1-100,inequality 31)[8]. 

If ha = max(ha, hb, hc) →ha ≥ R+r→
ha

r
 =1+ 

b+c

a
≥

R+r

r
 →

b+c

a
≥

R

r
 

b+c

a
= 1 +

ha

ra
 (and analogs);We know that: 

R

r
 ≥1+

na

ha
 (and analogs); 

We obtain : 
ha

ra
≥

na

ha
 ; 

ha

ra
≥

nb

hb
 ; 

ha

ra
≥

nc

hc
.→ hahb ≥ ranb  and hahc ≥ ranc 

After summation we obtain: ha(hb + hc) ≥ ra(nb + nc) 

𝐡𝐚

𝐫𝐚
≥

𝐧𝐛+𝐧𝐜

𝐡𝐛+𝐡𝐜
 (𝟏𝟎𝟖) , for ∆ABC acute and a=min(a,b,c) 

We can prove easy that :a2=2R
hbhc

ha
 (and analogs), using this identity we obtain: 

hahb

hc
≥

ranb

hc
 and  

hahc

hb
 ≥

ranc

hb
 and after summation we obtain : 

b2+c2

2R
 ≥ ra(

nb

hc
+

nc

hb
) (109), for ∆ABC acute and a=min(a,b,c) 

From (109) we obtain : 

𝐛𝟐+𝐜𝟐

𝐛𝐜
 ≥ 

 𝐫𝐚

𝐡𝐚
(

𝐧𝐛

𝐡𝐜
+

𝐧𝐜

𝐡𝐛
) (110) for ∆ABC acute and a=min(a,b,c) 

From (110) and 
sin(ω+A)

sin ω
 = 

b

c
+

c

b
 we obtain :  

𝐬𝐢𝐧(𝛚+𝐀)

𝐬𝐢𝐧 𝛚
≥

𝐫𝐚

𝐡𝐚
(

𝐧𝐛

𝐡𝐜
+

𝐧𝐜

𝐡𝐛
)(111) for ∆ABC acute and a=min(a,b,c) 

From (111) and (8) we obtain : 
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𝐡𝐚

𝐫𝐚
 

𝟏

𝐬𝐢𝐧 𝛚
 ≥ 

𝐧𝐛

𝐡𝐜
+

𝐧𝐜

𝐡𝐛
 (112) for ∆ABC acute and a=min(a,b,c) 

From ma ≥
b2+c2

4R
 (Tereshin) and (109) we obtain : 

𝟐
𝐦𝐚

 𝐫𝐚
≥

𝐧𝐛

𝐡𝐜
+

𝐧𝐜

𝐡𝐛
 (𝟏𝟏𝟑) for ∆ABC acute and a=min(a,b,c) 

We consider ∆A1B1C1 with a1 = √a , b1 = √b , c1 = √c, 2S1=√r(4R + r) 

(8) becomes:√
ab+bc+ac

r(4R+r)
 ≥√

b

c
+ √

c

b
 (and analogs) ab+bc+ac=2R(ha + hb + hc) 

ra + rb + rc = 4R + r,we obtain : 

√
𝟐𝐑

𝐫
  ≥√

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
 max{√

𝐚

𝐛
+ √

𝐛

𝐚
, √

𝐛

𝐜
+ √

𝐜

𝐛
, √

𝐚

𝐜
+ √

𝐜

𝐚
} (114) 

2ma1
=√2(b + c) − a (and analogs) useing (22) we obtain a new inequality: 

√
𝟐𝐑

𝐫
  ≥√

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
 max{√

𝟐(𝐛+𝐜)−𝐚

𝟐(𝐚+𝐜)−𝐛
+ √

𝟐(𝐚+𝐜)−𝐛

𝟐(𝐛+𝐜)−𝐚
, √

𝟐(𝐚+𝐜)−𝐛

𝟐(𝐚+𝐛)−𝐜
+ √

𝟐(𝐚+𝐛)−𝐜

𝟐(𝐚+𝐜)−𝐛
, √

𝟐(𝐛+𝐜)−𝐚

𝟐(𝐚+𝐛)−𝐜
+ √

𝟐(𝐚+𝐛)−𝐜

𝟐(𝐛+𝐜)−𝐚
} (115) 

From (95),(96),(98),(99) we obtain: 

√
𝟐𝐑

𝐫
 ≥ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
(√

𝐚

𝐛
+ √

𝐛

𝐜
+ √

𝐜

𝐚
− 𝟏)(116) 

√
𝟐𝐑

𝐫
 ≥ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
(√

𝐚

𝐜
+ √

𝐜

𝐛
+ √

𝐛

𝐚
− 𝟏)(117) 

√
𝟐𝐑

𝐫
 ≥ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
(√

𝟐(𝐛+𝐜)−𝐚

𝟐(𝐚+𝐜)−𝐛
+ √

𝟐(𝐚+𝐜)−𝐛

𝟐(𝐚+𝐛)−𝐜
 +√

𝟐(𝐚+𝐛)−𝐜

𝟐(𝐛+𝐜)−𝐚
 −𝟏 )(118) 

√
𝟐𝐑

𝐫
≥ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
(√

𝟐(𝐛+𝐜)−𝐚

𝟐(𝐚+𝐛)−𝐜
+ √

𝟐(𝐚+𝐛)−𝐜

𝟐(𝐚+𝐜)−𝐛
 +√

𝟐(𝐚+𝐜)−𝐛

𝟐(𝐛+𝐜)−𝐚
− 𝟏) (119) 

From (100) we obtain a new result : 

√
𝟐𝐑

𝐫
 ≥ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
(

𝟏

𝟐
∑ √𝐛+√𝐜

√𝐚
− 𝟏)(120) 

We show that: 3 +∑
b+c

a
 =∑

2na

√(b−c)2+4r2
 [9].,from (15) we obtain : 
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3+
𝟐√𝐚𝟐+𝐛𝟐+𝐜𝟐

𝟑𝐑
(

𝐦𝐚

𝐡𝐚
+

𝐦𝐛

𝐡𝐛
+

𝐦𝐜

𝐡𝐜
) ≤ ∑

𝟐𝐧𝐚

√(𝐛−𝐜)𝟐+𝟒𝐫𝟐
 (121) 

From (21) we obtain a new inequality : 

3+√
𝟐

𝐬𝐢𝐧 𝛚
∑ √

𝐦𝐚

𝐡𝐚
≥ ∑

𝟐𝐧𝐚

√(𝐛−𝐜)𝟐+𝟒𝐫𝟐
(𝟏𝟐𝟐) 

From (25) we obtain a new result :  

3+ 
2√a2+b2+c2

3R
(

ma

ha
+

mb

hb
+

mc

hc
) ≤ ∑

2na

√(b−c)2+4r2
 ≤ 3+√

2

sin ω
∑ √

ma

ha
 (123) 

From 
ma

ha
≥

1

2
 (

b

c
+

c

b
 )(and analogs) after summation we obtain: 

𝟑

𝟐
+∑  

𝐦𝐚

𝐡𝐚
 ≥ ∑

𝐧𝐚

√(𝐛−𝐜)𝟐+𝟒𝐫𝟐
 (124) 

From 
sin(ω+A)

sin ω
 = 

b

c
+

c

b
 (and analogs) we obtain : 

3+∑
𝐬𝐢𝐧(𝛚+𝐀)

𝐬𝐢𝐧 𝛚
=∑

𝟐𝐧𝐚

√(𝐛−𝐜)𝟐+𝟒𝐫𝟐
 (125) 

From (37) we obtain a new inequality: 

𝟑

𝟐
+ ∑

√𝐦𝐛𝐦𝐜

𝐡𝐚
 ≥ ∑

𝐧𝐚

√(𝐛−𝐜)𝟐+𝟒𝐫𝟐
 (126) 

From (53) we obtain a new result: 

4∑ √
𝐦𝐚𝐦𝐛𝐦𝐜

𝐥𝐚𝐡𝐛𝐡𝐜
≥ 𝟑 + ∑

𝟐𝐧𝐚

√(𝐛−𝐜)𝟐+𝟒𝐫𝟐
 (127) 

From (56) we obtain a new inequality : 

3+∑ √
𝟐

𝐬𝐢𝐧 𝛚
(𝟐√

𝐦𝐚𝐦𝐛𝐦𝐜

𝐥𝐚𝐡𝐛𝐡𝐜
 − 𝟏)≥∑

𝟐𝐧𝐚

√(𝐛−𝐜)𝟐+𝟒𝐫𝟐
(128) 

From (58) we obtain a new result: 

𝟑 + 𝟐 ∑ √
𝐦𝐚

𝐡𝐚
(𝟐√

𝐦𝐚𝐦𝐛𝐦𝐜

𝐥𝐚𝐡𝐛𝐡𝐜
 − 𝟏) ≥ ∑

𝟐𝐧𝐚

√(𝐛−𝐜)𝟐+𝟒𝐫𝟐
 (129) 

From (65) we obtain a new inequality : 
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3+2∑
√𝐦𝐚(𝐫𝐛+𝐫𝐜−𝐡𝐚)

𝐡𝐚
 ≥ ∑

𝟐𝐧𝐚

√(𝐛−𝐜)𝟐+𝟒𝐫𝟐
 (130) 

From (100) we obtain : 

 5+
𝟐

 𝐬𝐢𝐧 𝛚
≥ ∑

𝟐𝐧𝐚

√(𝐛−𝐜)𝟐+𝟒𝐫𝟐
 (131) 

From √
ab+bc+ac

r(4R+r)
 ≥√

b

c
+ √

c

b
 (and analogs)→ √

2R

r
  ≥√

ra+rb+rc

ha+hb+hc
(√

b

c
+ √

c

b
) 

1

2
(√

b

c
+ √

c

b
) =

√rbrc

la
(and analogs)→ √

2R

r
≥ 2

√rbrc

la
√

ra+rb+rc

ha+hb+hc
 (and analogs), we obtain a new 

result : 

√
𝐑

𝟐𝐫
𝐥𝐚 ≥ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
√𝐫𝐛𝐫𝐜 (and analogs) (132) 

From (132) after summation we obtain a new inequality: 

√
𝐑

𝟐𝐫
≥ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
 

√𝐫𝐛𝐫𝐜+√𝐫𝐚𝐫𝐜+√𝐫𝐚𝐫𝐛

𝐥𝐚+𝐥𝐛+𝐥𝐜
(133) 

We proved : ma≤ ha +R(
b−c

a
)2 (and analogs)[1].,using  

b

c
=

hc

hb
 (and analogs) and 

sin(ω+A)

sin ω
 = 

b

c
+

c

b
 

(and analogs) after a easy manipulation we obtain a new inequality: 

ma

hb
+

mb

ha
 ≤

a

b
+

b

a
+

R

hb
(

b−c

a
)2 +

R

ha
(

a−c

b
)2  

𝐦𝐚

𝐡𝐛
+

𝐦𝐛

𝐡𝐚
 ≤

𝐬𝐢𝐧(𝛚+𝐂)

𝐬𝐢𝐧 𝛚
 +

𝐑

𝐡𝐛
(

𝐛−𝐜

𝐚
)𝟐 +

𝐑

𝐡𝐚
(

𝐚−𝐜

𝐛
)𝟐 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) (134) 

From (134) we obtain a new inequality:  

𝐦𝐚

𝐡𝐛
+

𝐦𝐛

𝐡𝐚
 ≤ 

𝟏

𝐬𝐢𝐧 𝛚
 +

𝐑

𝐡𝐛
(

𝐛−𝐜

𝐚
)𝟐 +

𝐑

𝐡𝐚
(

𝐚−𝐜

𝐛
)𝟐 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) (135) 

In ∆ABC with usual notations: 

8(a2b2 + b2c2 + a2c2) ≥ (a + b + c)(a + b)(b + c)(c + a)([10]-RMM-SP380) 

la =
2√bc

b+c
√rbrb (and analogs)→ lalblc=

8abc

(a+b)(b+c)(c+a)
rarbrc; abc=4RS 

We obtain: 
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𝐚𝟐𝐛𝟐+𝐛𝟐𝐜𝟐+𝐚𝟐𝐜𝟐

𝟒𝐒𝟐 ≥
(𝐚+𝐛+𝐜)𝐚𝐛𝐜

𝟒𝐒𝟐

𝐫𝐚𝐫𝐛𝐫𝐜

𝐥𝐚𝐥𝐛𝐥𝐜
 →

𝟏

𝐬𝐢𝐧𝟐𝛚
≥

𝟐𝐑

𝐫

𝐫𝐚𝐫𝐛𝐫𝐜

𝐥𝐚𝐥𝐛𝐥𝐜
 (136) 

From (114) and (136) we obtain a new inequality: 

𝟏

𝐬𝐢𝐧 𝛚
≥ √

(𝐫𝐚+𝐫𝐛+𝐫𝐜)𝐫𝐚𝐫𝐛𝐫𝐜

(𝐡𝐚+𝐡𝐛+𝐡𝐜)𝐥𝐚𝐥𝐛𝐥𝐜
 max( √

𝐚

𝐛
+ √

𝐛

𝐚
, √

𝐛

𝐜
+ √

𝐜

𝐛
, √

𝐚

𝐜
+ √

𝐜

𝐚
  ) (137) 

From (115) and (136) we obtain a new result : 

𝟏

𝐬𝐢𝐧 𝛚
≥ √

(𝐫𝐚+𝐫𝐛+𝐫𝐜)𝐫𝐚𝐫𝐛𝐫𝐜

(𝐡𝐚+𝐡𝐛+𝐡𝐜)𝐥𝐚𝐥𝐛𝐥𝐜
 max{√

𝟐(𝐛+𝐜)−𝐚

𝟐(𝐚+𝐜)−𝐛
+ √

𝟐(𝐚+𝐜)−𝐛

𝟐(𝐛+𝐜)−𝐚
, √

𝟐(𝐚+𝐜)−𝐛

𝟐(𝐚+𝐛)−𝐜
+ √

𝟐(𝐚+𝐛)−𝐜

𝟐(𝐚+𝐜)−𝐛
, √

𝟐(𝐛+𝐜)−𝐚

𝟐(𝐚+𝐛)−𝐜
+ √

𝟐(𝐚+𝐛)−𝐜

𝟐(𝐛+𝐜)−𝐚
} (138) 

From (116) and (136) we obtain a new inequality: 

𝟏

𝐬𝐢𝐧 𝛚
≥ √

(𝐫𝐚+𝐫𝐛+𝐫𝐜)𝐫𝐚𝐫𝐛𝐫𝐜

(𝐡𝐚+𝐡𝐛+𝐡𝐜)𝐥𝐚𝐥𝐛𝐥𝐜
(√

𝐚

𝐛
+ √

𝐛

𝐜
+ √

𝐜

𝐚
− 𝟏)(139) 

From (117) and (136) we obtain a new result : 

𝟏

𝐬𝐢𝐧 𝛚
≥ √

(𝐫𝐚+𝐫𝐛+𝐫𝐜)𝐫𝐚𝐫𝐛𝐫𝐜

(𝐡𝐚+𝐡𝐛+𝐡𝐜)𝐥𝐚𝐥𝐛𝐥𝐜
(√

𝐚

𝐜
+ √

𝐜

𝐛
+ √

𝐛

𝐚
− 𝟏)(140) 

From (118) and (136) we obtain a new inequality: 

𝟏

𝐬𝐢𝐧 𝛚
≥ √

(𝐫𝐚+𝐫𝐛+𝐫𝐜)𝐫𝐚𝐫𝐛𝐫𝐜

(𝐡𝐚+𝐡𝐛+𝐡𝐜)𝐥𝐚𝐥𝐛𝐥𝐜
 (√

𝟐(𝐛+𝐜)−𝐚

𝟐(𝐚+𝐜)−𝐛
+ √

𝟐(𝐚+𝐜)−𝐛

𝟐(𝐚+𝐛)−𝐜
 + √

𝟐(𝐚+𝐛)−𝐜

𝟐(𝐛+𝐜)−𝐚
 − 𝟏)(141) 

From(119) and (136) we obtain a new inequality: 

𝟏

𝐬𝐢𝐧 𝛚
≥ √

(𝐫𝐚+𝐫𝐛+𝐫𝐜)𝐫𝐚𝐫𝐛𝐫𝐜

(𝐡𝐚+𝐡𝐛+𝐡𝐜)𝐥𝐚𝐥𝐛𝐥𝐜
(√

𝟐(𝐛+𝐜)−𝐚

𝟐(𝐚+𝐛)−𝐜
+ √

𝟐(𝐚+𝐛)−𝐜

𝟐(𝐚+𝐜)−𝐛
 + √

𝟐(𝐚+𝐜)−𝐛

𝟐(𝐛+𝐜)−𝐚
− 𝟏)(142) 

From (120) and (136) we obtain a new inequality: 

𝟏

𝐬𝐢𝐧 𝛚
≥ √

(𝐫𝐚+𝐫𝐛+𝐫𝐜)𝐫𝐚𝐫𝐛𝐫𝐜

(𝐡𝐚+𝐡𝐛+𝐡𝐜)𝐥𝐚𝐥𝐛𝐥𝐜
(

𝟏

𝟐
∑ √𝐛+√𝐜

√𝐚
− 𝟏)(143) 

We can prove easy that:ha(ra − r) = 2rar (and analogs),  

 b2 + c2 = na
2 + ga

2 + 2rar ≥ 2naga+2rar=2naga + ha(ra − r) 

𝐬𝐢𝐧(𝛚+𝐀)

𝐬𝐢𝐧 𝛚
 = 

𝐛

𝐜
+

𝐜

𝐛
≥

𝟐𝐧𝐚𝐠𝐚+𝐡𝐚(𝐫𝐚−𝐫)

𝟐𝐑𝐡𝐚
=

𝟏

𝐑
(
𝐧𝐚𝐠𝐚

𝐡𝐚
+

𝐫𝐚−𝐫

𝟐
) (and analogs)(144) 

From (144) after summation we obtain a new result: 
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∑
b+c

a
 ≥ 

1

R
(∑

naga

ha
+ 2R − r)=2+

1

R
∑

naga

ha
 −

r

R
 

∑
b+c

a
=

ha+hb+hc−3r

r
 ≥2+ 

1

R
∑

naga

ha
 −

r

R
 →

ha+hb+hc

r
≥5+ 

1

R
∑

naga

ha
 −

r

R
 =

5R−r

R
 +

1

R
∑

naga

ha
 

We obtain a new inequality : 

𝐑

𝐫
 ≥ 

𝟓𝐑−𝐫+
𝐧𝐚𝐠𝐚

𝐡𝐚
+

𝐧𝐛𝐠𝐛
𝐡𝐛

+
𝐧𝐜𝐠𝐜

𝐡𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
 (145) 

From (136) and (145) we obtain a new inequality: 

𝟏

𝟐𝐬𝐢𝐧𝟐𝛚
≥

𝟓𝐑−𝐫+
𝐧𝐚𝐠𝐚

𝐡𝐚
+

𝐧𝐛𝐠𝐛
𝐡𝐛

+
𝐧𝐜𝐠𝐜

𝐡𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜

𝐫𝐚𝐫𝐛𝐫𝐜

𝐥𝐚𝐥𝐛𝐥𝐜
 (146) 

 5R−r ≥ 4R + r = ra + rb + rc (true because R ≥ 2r − Euler) .From (146) we obtain a new 
result: 

𝟏

𝟐𝐬𝐢𝐧𝟐𝛚
≥

𝐫𝐚+𝐫𝐛+𝐫𝐜+
𝐧𝐚𝐠𝐚

𝐡𝐚
+

𝐧𝐛𝐠𝐛
𝐡𝐛

+
𝐧𝐜𝐠𝐜

𝐡𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜

𝐫𝐚𝐫𝐛𝐫𝐜

𝐥𝐚𝐥𝐛𝐥𝐜
 (147) 

ga ≥ ha (and analogs)→ 

𝟏

𝟐𝐬𝐢𝐧𝟐𝛚
≥

𝟓𝐑−𝐫+𝐧𝐚+𝐧𝐛+𝐧𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜

𝐫𝐚𝐫𝐛𝐫𝐜

𝐥𝐚𝐥𝐛𝐥𝐜
 (148) 

𝟏

𝟐𝐬𝐢𝐧𝟐𝛚
≥

𝐫𝐚+𝐫𝐛+𝐫𝐜+𝐧𝐚+𝐧𝐛+𝐧𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜

𝐫𝐚𝐫𝐛𝐫𝐜

𝐥𝐚𝐥𝐛𝐥𝐜
 (149) 

From naga ≥ mala (and analogs)→ 

𝟏

𝟐𝐬𝐢𝐧𝟐𝛚
≥

𝟓𝐑−𝐫+
𝐦𝐚𝐥𝐚

𝐡𝐚
+

𝐦𝐛𝐥𝐛
𝐡𝐛

+
𝐦𝐜𝐥𝐜

𝐡𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜

𝐫𝐚𝐫𝐛𝐫𝐜

𝐥𝐚𝐥𝐛𝐥𝐜
 (150) 

Any future inequalities will be presented as problems in Romanian Mathematical Magazine. 

REFERENCES: 

[1] . Bogdan Fuștei-Romania, Mohamed Amine Ben Ajiba-Morocco-NEW TRIANGLE 
INEQUALITIES WITH BROCARD’S ANGLE- https://www.ssmrmh.ro/2022/12/03/new-
inequalities-in-triangle-with-brocards-angle/ 

[2] . Traian Lalescu- Geometria Triunghiului, Ed. Apollo, Craiova 1993 

[3] .  https://www.ssmrmh.ro/2020/12/04/catalans-inequality/ 

[4] .  Viorel Gh. Vodă-Triunghiul -Ringul cu trei colțuri 1979 

https://www.google.com/url?sa=i&url=https%3A%2F%2Fwww.ssmrmh.ro%2F2019%2F07%2F19%2Fabout-nagel-and-gergonnes-cevians%2F&psig=AOvVaw3c9dPMaJZYH2SLdig0Y6vW&ust=1677546157673000&source=images&cd=vfe&ved=2ahUKEwio0uzHwLT9AhURh6QKHaUCAe8Qr4kDegQIARAr
https://www.google.com/url?sa=i&url=https%3A%2F%2Fwww.ssmrmh.ro%2F2019%2F07%2F19%2Fabout-nagel-and-gergonnes-cevians%2F&psig=AOvVaw3c9dPMaJZYH2SLdig0Y6vW&ust=1677546157673000&source=images&cd=vfe&ved=2ahUKEwio0uzHwLT9AhURh6QKHaUCAe8Qr4kDegQIARAr
https://www.ssmrmh.ro/2020/12/04/catalans-inequality/


 
www.ssmrmh.ro 

22 RMM-150 TRIANGLE IDENTITIES AND INEQUALITIES INVOLVING BROCARD’S ANGLE 

 

[5] .  Bogdan Fuștei- ABOUT NAGEL AND GERGONNE’S CEVIANS- 
https://www.ssmrmh.ro/2019/07/19/about-nagel-and-gergonnes-cevians/ 

[6] . https://www.ssmrmh.ro/2021/12/04/a-simple-proof-for-klamkins-inequality/ 

[7] . Bogdan Fuștei- ABOUT NAGEL AND GERGONNE’S CEVIANS-(IV)- 
https://www.ssmrmh.ro/2020/02/19/about-nagels-and-gergonnes-cevians-iv/ 

[8] . RMM-Famous Inequalities Marathon 1-100- http://www.ssmrmh.ro 

[9] . Bogdan Fuștei-100 OLD AND NEW INEQUALITIES AND IDENTITIES IN TRIANGLE- 

https://www.ssmrmh.ro/2023/01/20/100-old-and-new-inequalities-and-identities-in-
triangle/ 

[10] . https://www.ssmrmh.ro/2021/02/17/solution-sp380-rmm-autumn-edition-2022/ 

  

https://www.ssmrmh.ro/2021/12/04/a-simple-proof-for-klamkins-inequality/
https://www.ssmrmh.ro/2020/02/19/about-nagels-and-gergonnes-cevians-iv/
http://www.ssmrmh.ro/
https://www.ssmrmh.ro/2023/01/20/100-old-and-new-inequalities-and-identities-in-triangle/
https://www.ssmrmh.ro/2023/01/20/100-old-and-new-inequalities-and-identities-in-triangle/
https://www.ssmrmh.ro/2023/01/20/100-old-and-new-inequalities-and-identities-in-triangle/

	[2] . Traian Lalescu- Geometria Triunghiului, Ed. Apollo, Craiova 1993

