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150 TRIANGLE IDENTITIES AND INEQUALITIES INVOLVING BROCARD’S ANGLE
By Bogdan Fustei-Romania

Abstract: In this paper the start point are a few known identities in triangle involving Brocard’s
angle.We will design new identities and triangle inequalities in an original and natural
mathematical procedure-used in previous articles and mathnotes published in Romanian
Mathematical Magazine.

We consider ABC triangle with usual notations.We will use the next known relationships:
28
va2b2+b2c2+aZc2
mi_ 7=

h2 1682

m3 1
Tl

h2 2sinZw

sinw = (Brocard Angle);

(and analogs);

B (bz_c2)2

mb
2sin Zw 1652

Mc , Mby2
(hC + hb) < 2(h )(and analogs) 9( hb) <2(1+

) and we obtain

2 2_.2)2
me | myp 1 (b?—c?)
( + _) < oz (and analogs) (1)

he hy sinZw

From (1) we obtain:

— + E <ine (and analogs) (2);(see also [1].)
We know that: % + % <X (and analogs)[1]. and using (2) after summation we obtain :
c b
R
Br ety m(E D) B

From (2) after summation we obtain a new inequality:

R O

2sinw ~ h,

Now we will use this well known result:

. h .
rpre < myl, (and analogs)(Panaitopol) and ryr, = Ba(rptre) (and analogs) and we obtain : % >

a
rb+rc

(and analogs) (5)
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Using (2) and (5) we obtain :

2 + +
>y ral "2(and analogs)(6)

sinw T 1y c

From (6) after summation and simplification we obtain :

1

sin w

>y (7)
a

Now we will use :SiZE:ZALE + % (and analogs)(Traian Lalescu)[2].

1

sin w

> g + % (and analogs)(8)

2S=a h, = bhy = chcég = % (and analogs) and using (8) we obtain:
b

L > Be 4 Dy (and analogs) (9)
hy, he

sinw
From (2) and (9) we obtain :

mc+

2 mp+h + hy (and analogs)(10)

sinw ~  hyp h,

We know that : 4m, = 2,/2(b2 + c2) — a2 (and analogs)

= 4m,VaZ + b2 + c2=2,/2(b? + c2) — a2VaZ + bZ + cZ and using AM-GM inequality we
obtain :

4mgyy/a? + b2 + c2 < 2(b% + ¢2) —a? +a% + b? + ¢2 = 3(b? + ¢?)
4
—myyaZ + b2 +c2 <b?+c?(11)

3

From (11) and bc=2Rh, (and analogs) we obtain :

m, vaZ+bZ+c2 _b |, ¢
2h—aT so+e (and analogs) (12)

From (12) and sin(wth) _b

sin w [¢

(o} .
+ o we obtain a new result :

m, v a2+bZ+c2 < sin(w+A)

2 <
h, 3R sin

(and analogs) (13)

From (12) and (8) we obtain :
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mp mc, vaZ+bZ+c2 1

m
—2 2 <
Zmax{ha iy he 3R <ana (14)
From (12) after summation we obtain the next result:
2ya?+b?+c? (my | my m_) ﬂ e ﬂ
= (ha o + ey atb g
From (2) and % + % =2 I:b ~¢ (AM-GM) after summation we obtain :
b c b

2

mb mb mc mb 2
nw = hy + he / = ( f f ) and we obtain :
/ 2 /ﬂ me
o ™ + ™ (and analogs)(16)

From Catalan inequality :a?b(a — b) + b?(b — ¢) + ¢(c — a) = 0 [3]. we obtain:

a®b + b3c + c3a > a?b? + b%c? + a?c?

aSb+b3c+c3a aZb2+b2cZ+a2c? _ 1
482 - 482 sinZ®

From 2S=a h, = bhy, = ch. and (17) we obtain :

(17)

ab 4 bc 4 ac -
hZ  hZ h?Z " sin’w

(18)

From bc=ryr. + 11, (and analogs) and r,r. < m,l, (and analogs)(Panaitopol) we obtain:

bc <mgl, + rr,(and analogs); bc(m,l, + rr,) = b?c?(and analogs)and after summations we
obtain a new inequality :

Y. bc(m,l, + rra) 1

452 sm2

(19)

2 2
From m, = b;c (and analogs) (Tereshin), bc=2Rh, (and analogs) we obtain:

? > % (g + %)(and analogs) and useing (8) we obtain a new inequality:

2 _Tay (2 + %)2 (and analogs)->

sinw hy
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2 ma>b+c d anal 20
sinw [h, "¢ b(an analogs)(20)

From (20) after sumation we obtain a new inequality:

2 m, b+c a+c a+b
- — = + + (21)
sin h, a b c

LEMMA:Triangle ABC with sides a,b,c and triangle with sides m,, my, m. have the same Brocard
angle[4].Using this lemma and (8) we obtain a new result:

L > Ty % (and analogs) (22)

sinw mg

We consider triangle with sides m,, my, m. and his elements:

m, = %a (and analogs); h, = % (and analogs); S, = ?;

Ta_2la_TMa_Ma (and analogs)%mequallty —=>- (— —)(and analogs) becomes: Ta >
h, 2S ah, ha

|~

(ﬁ + m—) (and analogs); and using (22) we obtaln a new inequality :

mc
/ ,ma
pr + (and analogs) (23)

From (23) after summation we obtain a new result:

2 m, mp+mg
\’ sinwzq/ h, = Z m, (24)

2

From(15) and (21) we obtain :

2va2+b2+c2 (ma mp ) b+c , a+c , a+b m,
e e e e Ma (25
3R h, T hy T h, T T smoo2 h, ( )

From 2S=a h, = bh,, = ch. = 2pr,2p=a+b+ C%% = % (and analogs); we obtain:
b

D ? =Z% and using (25) we obtain:
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2va?+b%2+c2/m, m, m hb+h
Y (_+_+_)S 23 ™ g
3R h, h, h sin w

2S=a h, = bhy, =ch. =2pr,2p=a+b+g; -1+— (and analogs);

Using this relationships we obtain a new result :

2v/a2+b2+c2 (m, c a+hb+hc m,
= (ha + hy, c+ hc) = s 3+\’ Zw/ (27)

From (13) after summation we obtain :

2va%+b2+c2 my

my  mp M sin(w+A)
3R (ha + hy, + hc) <X (28)

sinw

2 my E c sin(w+A) _ E c .
From ’Sinw ’ha > e (and analogs) and and e —oth (and analogs) we obtain :

.2 my > sian+A) 5
sinw 4/ hy sinw

my > sin(w+A)

~ V2sinw

(and analogs) (29)

From (29) after summation we obtain :

2 sm(oo+A)+sm(oo+B)+sm(oo+C)

V2 sinw (30)
sin(w+A) b c my, 1,b c
i Sl Bl A (242 .
From ne o + o (and analogs) and h =2 (C + b)(and analogs) we have:
my > sin(w+A)
h; = 2sinw

m, 1

1
h, sin(w+A) ~ 2sin w(and analogs) (31)

From (31) after summation we obtain :

m, 1 3
= 2-—— (32)
h, sin(w+A) 2sinw

2 C2
and m; >

a . .
From my > after calculation we obtain :

16R?’m,m, — a* > a?b? + b%c? + a%c?(and analogs) (33);
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16R%*my, mc—a4
482 sm2

(a% + b?)(a® + c?) = (ab + ac)?(C.B.S) and ab=2Rh,. ;ac=2Rhy,;

(and analogs)(34)

16R’m,m, >4R?%(h, + hy,)?->2,/mym, > h, + hy(and analogs)(35)
From 2S=ah, = bhy, = ch, = 2pr,2p=a+b + C%E = % (and analogs); we have :
b

5 b+c _y hp+he

Z sin(w+A)

_ .From (35) we obtain :
Sin w

2 mbmC

c*hy (and analogs)(36), from (36) after summation we get a new result:
a

2 2:,/n;l]zmc > Z% _ Zsin(oo+A) (37)

sin w

We know that :1, = —a) =,/rpr, (and

analogs);%%(\E + \/%) = —“rlbrc (and analogs)é% = 2+%+ % (and analogs) (38);

p(p —a)

From (38) :

4r1:2:rc —24 S‘“(‘”+A) (and analogs) (39)

sin

From (8) and (38) we obtain a new inequality :

1 4rb c
sinw

2+ (and analogs) (40)

From (39) and ryr, < myl, (and analogs)(Panaitopol) we obtain :

m,

4222+ % (and analogs)(41)

Iy

After some simple manipulation and summation we obtain a new result from (41):

3 +1 Z sin(w+A) < Z mg, (42)

2 4 sin

Also from (41) we obtain:

sin(w+A) 2sin w

< (and analogs) (43)

2m, -1,

From (43) after summation we obtain :
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y Snwth) — osin w (ll + ll + ll) (44)

2m, -1,
2
From m, > e (and analogs) (Tereshin), bc=2Rh, (and analogs) and Sln(w+A) b’ b+cc (and
analogs) we obtaln M 2Ma__ (and analogs) (45);

sinw ~ sin(w+A)
From (45) after summation we obtain :

h, + hy + h < m, N my,
2sinw ~ sin(w+A) sin(w + B) sm(oo +C

mpme b C
2 fm > \/; + \/% (and analogs)(47)

From (47) and %(\[% + \/%) = —“rlbrc (and analogs) we obtain:

/n;:hmc “rb ° (and analogs) (48)

éla\/mbmC = \/hbhcrbrc and after summation we obtain :

Z la\/ mpm, = 2 vV hbhcrbrc (49)

From rpr. < m,l, (and analogs)(Panaitopol)—>

%(\/% + \/%) = Vrl"rc < %(and analogs) (50)

From (47) and (50) after simple manipulations we obtain :

mampme b ¢
2(2\/% —1) = 2+ (and analogs) (51)

M - 9 ++ (and analogs) we obtain :

2(2 /% ~1) > Y (and analogs) (52)
aflpc

From (51) after summation we obtain :

) (46)

From (35) we obtain :

From (51) and
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4y, |MEime > 64 2104 104 12 (53)
From 2 -1+ — (and analogs) and (53) we obtain a new inequality :

mympme a+hb+hc
4y, [z 3+ = (54)

.2 mampme E 2
From (51) and (8) we obtain: Sinw\z ’ L hoh 1) > (C + b) (and analogs)

We will obtain
2 mampme E <
\/Smw (2 / L hohe 1) > Sty (and analogs)(55)

From (56) after summation we obtain a new result:

2_ (g [mamome _ bre y ate ath
Z\/sin(‘o(2 I,hphe 1) = + + (56)

From (51) and % > % (% + %)(and analogs) we obtain :

ma I_mambmc _ 1, c2 in:
ha(2 LRt 1) > " (C + b) (and analogs) and we obtain:
ma /_mambmc _ ib_ ¢
\/ha 2  Boh 1)2 2(c + b)(and analogs) (57)

From (58) after summation we obtain a new inequality:

* j w2 R D2 C D) (s8)

sm(u)+A) b
c

m, mympme sin(w+A)
\jha (2 ’—lahbhc 1)2 By (and analogs)(59)

From (58) and %(and analogs) we obtain a new result :
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16R?mpm¢e—a* 16R?mam.—b* 16R2mamb—c4}

From (34) we obtain : min{ and using (2) we

452 ’ 452 452 ~ sin2w
obtain a new inequality:
. 16R’mpm¢-a* 16R*mym.-b* 16RZm mp—c* ( mb)z (mC ma)2 m, , mp\2
min = max — — — — 4+ —
{ 482 ! 482 ! 482 } { hy/ ' \h Tt h,/ '’ (ha + hb) }

(60)
We know that b+c=4Rcos%cos% (and analogs)—> cos% > % (and analogs);

cos% = % (and analogs); bc=2Rh, (and analogs);After simple manipulation we obtain :

2
rp +1r.—h, > d (and analogs) and we get a new inequality:

rp+re—hy

1,b C
— E(E + g)(and analogs)(61)

From (61) and Sln(w+A) b

%(and analogs) we obtain :

r, +r.—h, - sin(w + A)
h, ~ 2sinw

(and analogs)(62)

Using (61) and % > % (g + E)(and analogs) we obtain :

yma(rp+rc—hy) S

1b
h, 2c

)(and analogs)(63)

sm(w+A) E

From (63) and + % (and analogs), we obtain a new inequality :

Jm,(r, + r. —hy) - sin(w + A)
h, ~ 2sinw

(and analogs)(64)

From (63) after summation we obtain a new result:

a c " Ma
21/m (rl;l:r h) ;(b+c + +a_+c+ﬂ)(65)

From (64) after summation we obtain :

Z \/m;,,(rb+rc hy) 2 sin(w+A) (66)

2 sin w
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We proved that b? + ¢2 = n2 + g2 + 2r,r (and analogs)[5]., and bc=ryr. + rr, (and analogs)
sin(w+A) _

sinw
sin(w+A) _ n§+g§+2rar

b . . .
and we know that - + % (and analogs) we obtain a new identity :

(and analogs) (67)

sinw Ipre+rr,
and we obtain a new inequality :

1 >n§+g§+2rar
sinw ~  1npr.+rr,

(and analogs)(68)

From (67) and (38) we obtain :

4rpre n§+g§+2ra

=2+ * (and analogs)(69)

1§ Iprc+rr,

From (37) and (67) we obtain:

. 2. 52
2 Z,/nllll;mc > Z sin(w+A) _ Z n;+ga+2rar (70)

sinw Iplc+IT,

From (20) and (67) we obtain :

/ 2 ,m nZ + g2 + 2r,r
- —>-2 8a °~ (and analogs)(71)
sinw |[h,

I + Ir,
From (67) after summation we obtain :

b+c  a+c , a+b n2+g2+2r,r
e Ay TatEatohal (7)
a b c Iprc+rr,

From (21) and (72) we obtain:

2 z 242
Z %ZZ n; + gz + 2r,r 73)
a

sin w Iyl + 11,

From (12) and (67) we obtain:
ﬂ‘/ a2+b2+c2 < n§+g§+2rar

h, 3R T rpretrr

2 (and analogs)(74)

From (15) and (72) we obtain :

2vaZ+bZ+cZ (m m m nZ+g2+2r,r
—(_a_|__b_|__C) < ¥ MatBat2hr gp,

3R h, hy h, rprc+rr,
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From (25) and (72) we obtain:
2va2+b?+c? (m; | my | m n2+gZ+2r,r 2 ’&
3R (ha + hy + hc) = Z Iplc+IT, = sinmz h, (76)
From (51) and (67) we obtain :
mympme n§+g§ +2r,r
2(2 /—lahbhc 1) > Trertm (and analogs) (77)

From (53) and (67) we obtain :

2,452
42 mympme > 6 +Z n;+ga+2r,r (78)

I,hpyhe Iprc+rr,

From (55) and (67) we obtain :

2 mampm, nZ+g2+2r,r
: (2 allpMme 1) > la gatala (79)
sinw I,hphe Irprc+rr,

From (56) and (72) we obtain:

2 mympmg n§+g§+2rar
— > —atsart®al
2\/sinw (21’ I,hphe 1) - 2 Iplc+Ir, (80)

From (57) and (67) we obtain :

m, mympme S n§+g§+2rar
\/ha 2 /—lahbhc 1)2 2 (yrtiry) (and analogs) (81)

From (58) and (72) we obtain :

m, mympmg 1 n§+g§+2rar
—a —a’b e >\ Aa'sat®al
Zjha (21/ I,hphe 1) -2 Z Iplc+rr, (82)

From (62) and (67) we obtain:

+rc.—h Z+g3+2
"M >, RaT8a7 Nt (and analogs) (83)

h, T 2(rpretrry)

From (64) and (67) we obtain :
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mg, (rp+re—hy) > nZ+gZi2r,r
h, T 2(rpretrry)

(and analogs) (84)

From (65) and (72) we obtain :
vaa(rb"'rc a) > = 2 na+ga+2ra ( 5)

Ipre+IT,
We know that: In AABC ,P,P’€ (ABC) the following relationship holds:
a-AP-AP'+b-BP-BP +c-CP-CP’> abc (Klamkin).[6]
If P'= Q-first point of Brocard ,we have :A Q = ZRE sinw, BQ=2R E sin w,

cQ-= ZR% sin w.Also we know that abc=4RS, 2S=a h, = bhy, = ch.. Using Klamkin theorem we
obtain :b-AP+c-BP+a-CM2VaZb? + b2c2 + a2c2 >

4= +—>

hy h, sinw

(86)

If P= G and AG=§ma ,BG = gmb ,CG = gmc (86) become:

hy h, Zsmoo

(87)
From (87) and (4) we obtain a new result :

3
_+h_c+E 2sinw — h_+_+_(88)

Using triangle with sides m,, my,, m. and his elements:

— S S .
2= %a (and analogs); h, = % (and analogs); S, = 37; we obtain :
a

my mp mp m¢e g my; m, amy amy My .
== ==— == == = = — (and analogs),and from (88) we obtain a
hp ha’ he hy ' h, he " hy, 258 ah, h, ( 8s), (88)

new inequality :

3

h_a+E+h_c ZSmw_h +—+—c(89)
NOTE :For (89) we also used LEMMA.
From (88) and (89) we obtain a new inequality:
mb+mc ma+mc ma+mb
h, T hy T h, = sin ® (90)
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We know — + - + — ; ,and using Cebyshev inequality twice we obtain :
b hc

Ma+Mp+Me My  Mp

mc mc
Ay by T« —<
ha+hb+hc_ 3r ra-l-rb+rC

We obtain two new results ,using (90):

ma+mp+me 3 m,
r “sinw 2 (91)

32‘;‘—:zﬁ+ 2':—:(92)
We consider without losing generality, a > b>c.We will show that :r:—:)’ > r;—: ->mph, > myhy ;
25=ah, = bhy, = ch..—> > =% >b24m} > a’4m}
b2[2(a%+c?) - b?] 2 a?[2(b? + ¢?) — a%]> 2b%c? — 2a%c? >b* —a*>
2c¢2(b? — a?) 2(b? — a?)(b? + a?)> (b? — c?)(2c? —b? —a?)20.
Now we show that : % = rl?—cc ->mph. = mchy ; 2S=a h, = bh, = ch,

b

nlb >—< >hmy, > cm.>b%4mi > c?4m?, we obtain :

b?[2(a%?+c?) - b?] = c?[2(b% + a%) — c?]-> 2a%b? — 2a%c? = b* — ¢*
2a%(b% — ¢?) = (b? — c?)(b%? + ¢?)> (b? — c?)(2a®2 —b%? — ¢?)20

m m
Deci max{ Ta b Moy T hentru a2 bxc
"hp "he” hy
«i x.Mp 1 . 2S mi 1
Vom arataca: — > sinw = 4 =2 >——
hy — 2sinw’ VaZb2+bZcZ+a?c2’  hi “sin?w

b2[2(a%+c?) —b?] - a?b?+b?c?+a?c?
45?2 - 452

2S=a h, = bhy = ch.,we will obtain :
2b%c?+2b%a?—b* = a?b? + b%c? + a®c? - b%c? 4+ a?b? —b* 2 a%c*>
->(c? — b?)(b% — a?) = 0 wich is true because a > b>c

In the end we obtain a new inequality:

m, mp mg 1
Ta Ob My
rnax{ha'hb'hc _ZSinw( )

From (2) and (93) we obtain a new inequality:
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2 max {— —mb —m“}> —2 max{ + 2 m° + —a ma + T3 (94)
hb hy,
. . , (X VY L Z X  Z
We consider x,y,z real and positive numbers.We note : a={; + o + 'z + ;}

Wewillshowthat:maxd2§+§+§—1 > min Q

Without losing generality we consider x >y >z % +2 + z -

> X
Xy
x2y+z2y 2x%z+y%z->(x? — yz)(y — z) = 0, in the same way we show that :
il s maxa=2+Z,Nowwehave: S+ 2224 Y421
zZ X zZ Yy z X zZ Xy zZ X

X+Z _ X
—2

S+ ISy (y —2) <0

AAL+I-D 2 +D+E+D) > (- Dy -2 +2x-y)] 20

X Z

Weobtain:§+z+z—12min{(§+z),(z+z)}=mind
y z X y y
Weprovemaxd2§+§+f—(—1ZmindinsamewayforXZZZy

Forabc%maxa-max{ + +§3+£} %+%+§—1andusing(8)

we obtain a new inequality:

1

sinw

1+

a b C
Zg-l-;-l-; (95)

Using LEMMA and (95) we obtain:

> 2 Dby 2 ()

sinw myp me

1+

a sin(w+A) ni+gi+2ror b c .
= —} (wtA) _matgat2rar _ b, € (and analogs) ,we obtain:
c sin Iprc+ITy c b

, (a b b C
a={=+-,-+=
{b+a'c b’

2,42 2, .2 2,52
nay+g3+2rar ny+giy+2rpr ng+ge+2rer a b [
max{aga a bt8bt+4rb ct8c C} E+;+;_1>

IpIc+ITy, ~ TalcHITy  Iarp+rre
n§+g§+2rar n12,+g12,+2rbr n%+g%+2rcr} (97)

min{ , ,
Iprc+IT, Ialc+ITh IaIp+ITc

Using same method used in proving (95) and (96), we obtain new results:

1+ 2++(98)

sin w
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> a4 S 2 (gg)

sinw T me my

1+

Using (95),(96),(98),(99) after summation we obtain new results :

b+c

+—— > 2—(100)
1 1 myp+mg
1+ sin = 22 m, (101)

and using (100) we obtain :

We know 22 -1+ 2¢ (and analogs); Z bt w

2 ha+hp+h,
5+ >tathbt
sin w

<(102)

We consider AABC acute. We will prove this inequality:

2m3% < b2+c?

. b
(and analogs) ; We can write :

2+C2( + ) > 4 2

rp+re . 4R R T'b TTc) = %My

4m2=2(b? + c?) — a?(and analogs); 2bc cos A=b? + ¢? — a? (and analogs);
I, +re = 4Rc052§ (and analogs); 2cos? % = 1+ cos A (and analogs);

We get : 1, + 1. = 2R(1+ cos A) (and analogs) ;

4m2=b? + ¢% + 2bc cos A; 2

(rb +ro) = (b? + c?)( 1+ cosA)
We need to prove : (b? + CZ)( 1+ cos A) = b? + c? + 2bc cos A
We obtain :(b — ¢)? cosA >0 -true because cos A >0 (since AABC acute)

Easy can be proved that : h,(ry + r.)=2rpr. (and analogs)

2m3 _ b?+c? 2m3 b +c?
a S - a
Irp+re 4R a(rb+rc) 4Rh

; bc=2Rh,(and analogs)->

2

2 2
Ma < bz% (and analogs) for AABC acute(103)

I'pIc

sm(m+A) b

From (103) and %(and analogs) we obtain :

2m? < sm(oo+A)
rpre ~ sin

(and analogs) for AABC acute (104)

2m3
2 <
IpTrc sin o

(and analogs) for AABC acute (105)
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From (105) after summation we obtain:

2% ms .- (106) for AABC acute

2sin w

We know that: 4m2 = nZ + g2 +2ryr, (and analogs)[5]. and n,g, = m,l, (and analogs)[7].,
rprc < myl, (and analogs)(Panaitopol),we obtain :

1<Mala  Maga _ ni+ed _ b _|_ €_q =3t 1< _ 1(andanalogs)
Iple Ipre I'pre c sinw sinw
for AABC acute (107)

If triangle ABC is acuteangled then we have ERDOS Inequality :
R+r < max (h,, hy, h.) (RMM-Famous Inequalitys Marathon 1-100,inequality 31)[8].

b+c R+r _b+c

If h, = max(h,, hy, h¢) >h, = R+r9— Slto— > > 2

b:C =1 + — (and analogs);We know that: — >1+ (and analogs);

. h h h

We obtain : =2 > 22 ; a>nb a>n°9hhb>ranb and h h, > ryn,
Ta ha hy ' 1y

After summation we obtain: h,(hy + h.) = r,(ny, + n.)

np+ne
hy+h,

ha > (108) , for AABC acute and a=min(a,b,c)

We can prove easy that :a2=2R% (and analogs), using this identity we obtain:
a

h;h ran hyh
alb > faflb oppg fale yMalle g after summation we obtain :

h¢ - h¢ hb l'1b
2 2

bote 2 l‘a(n—b + E) (109), for AABC acute and a=min(a,b,c)
2R h¢ hy

From (109) we obtain :

b%+c2 >E ny
bc ~ hy'h

+ %) (110) for AABC acute and a=min(a,b,c)
b

sin (u)+A) b

From (110) and + we obtain :

M 2T c)(111) for AABC acute and a=min(a,b,c)

sinw ~ hy h¢

From (111) and (8) we obtain :
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L % (112) for AABC acute and a=min(a,b,c)
b

r, sinw  h¢

From m, > T (Tereshm) and (109) we obtain :

m, n

> h—b + % (113) for AABC acute and a=min(a,b,c)
c b

2

Ta

We consider AA1B1C1 with a; = \/5 , b1 = \/B ,C1 = \/(_:, 251=,1 r(4‘R + I‘)

ab+bc+ac b c
(8) becomes: /W 2\/; + \/% (and analogs) ab+bc+ac=2R(h, + hy, + h,)

r, + 1, +r. = 4R + r,we obtain :

2R Ia+rp+rIc a b |b c [a ¢
225 Lt e a b |b c fa c
/r 2 /ha+hb+hcmax{\/;+\/;,\/:+\/;,\/:+\/;}(114)

2m31=,/2(b + ¢) — a (and analogs) useing (22) we obtain a new inequality:

2R , Ia+Tp+Te 2(b+c)—a 2(a+c)-b 2(a+c)-b 2(at+b)—c [2(b+c)-a 2(at+b)—c
\/T 2 h,+hy+h, max{\/z(a+c)—b + \/Z(b+c)—a ’ \/Z(a+b)—c + \/2(a+c)—b ’ \/2(a+b)—c + \/2(b+c)—a} (115)

From (95),(96),(98),(99) we obtain:
2 i o i nae
2 e e e -
VB = [ [y [fam, [ gy
VB2 et i e, a0ty g
From (100) we obtain a new result :
B2 [ty By

b+c 2ng,

We show that: 3+Z— Zm

=

[9].,from (15) we obtain :
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2va2+bZ2+cZ (m
+

N (= mb 2n,
3 3R (ha o hb ) Z,/(b c)2+4r2( 21)

From (21) we obtain a new inequality :

m;:l 2n,
sm(nz\’ 2,/(b c)2+4r2( 22)

From (25) we obtain a new result :

2va®+b2+c? my, 2n,4 ma
3+ 3R ( + + ) Z,/(b c)2+4r2 Z (123)

1,b . .
From % = 2 (E + % )(and analogs) after summation we obtain:
a

_Z —2 ZW(ZZ")

sin(@+A) _b % (and analogs) we obtain :

sin

From

sin(w+A) 2n,4
3+, sin o 2:\/(b ©)2+4r2 (125)

From (37) we obtain a new inequality:

;_I_Z\/n;bmc 22
a

Ny
To ooz (126)

From (53) we obtain a new result:

mambmc 2n,
4y I,hph, 3t L= \ (b—c)2+4r? (127)

From (56) we obtain a new inequality :

mympm; 2n,
3+, \jsmw (21/ I,hphe 1)22 ‘/(b—c)2+4r2(128)

From (58) we obtain a new result:

m, mampm 2n,
3+2Y jg (2 /—lahbhc -1 2 Z——(129)

From (65) we obtain a new inequality :
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v my(rp+re—hy) 2n,
Yy o > —_—
3+42) = >y —— (130)

From (100) we obtain :

2n,
smw - Zw/(b—c)2+4r2 (131)
ab+bc+ac b c 2R ra+rp+re b C.
From /—r(4R+r) 2\/:+\/;(and analogs)—> ’r > /—ha+hb+hc (\/:+\/;)

%(\/% + \[g) = _VrlbrC(and analogs)> f% > 2 “rlbrc ERALRAYS (and analogs), we obtain a new
a a

ha+hp+h

result :

I‘a+l‘b+l‘c
f hothyth 1/rbr (and analogs) (132)

From (132) after summation we obtain a new inequality:

5 Ia+rp+re +/Ibrcty/Talcty/Tal b,
2r = h,+hp+h L+l +1 (133)
2 _ sin(w+A) b C
We proved : m,< h, +R(—) (and analogs)[1]. usmg -—=—= (and analogs) and ne "< + o

(and analogs) after a easy manipulation we obtain a new mequallty.

my mp _a Rbcz —cz
< — (—
o he Sb - -G

ma My Sin(w+0) : (?)2 + hi (?)2 (and analogs) (134)
b a

hy ha sin

From (134) we obtain a new inequality:

= (u)2 + hi (?)2 (and analogs) (135)

my
_+_
hy h, sinw hb

In AABC with usual notations:
8(a®b? + b%c? + a%c?) = (a+ b + c)(a+ b)(b + ¢)(c + a)([10]-RMM-SP380)

2+vbc 8abc

l, = P A/ TpTp (and analogs)—> lalblc=m I rprc; abc=4RS

We obtain:

RMM-150 TRIANGLE IDENTITIES AND INEQUALITIES INVOLVING BROCARD’S ANGLE



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

a2b2+b2c2+a2c? (a+b+c)abc raryre 1 > ErarbrC (136)
482 - 482 Lilple “sin?2w — r Ll

From (114) and (136) we obtain a new inequality:

1 (ra+rp+re)rarpre a b b c fa c
e = \ (et hy+hollple max( \/; + \/; \/: + \/;,\/: + \/; ) (137)

From (115) and (136) we obtain a new result :

1 (ra+Tp+ro)rarpre 2(b+c)—a 2(a+c)-b  [2(a+c)-b 2(a+b)—c  [2(b+c)—a 2(a+b)—c
—— > |[xafbTcJla’bic
sinw — [ (ha+hp+ho)lalplc maX{\/2(3+C)—b + \/2(b+c)—a ! \/2(a+b)—c + \/2(a+c)—b ! \/2(a+b)—c + \/Z(b+c)—a} (138)

From (116) and (136) we obtain a new inequality:

1 (ratrp+rorarpre [ [a b < _
o> [ B P o))

From (117) and (136) we obtain a new result :

1 (ra+rp+re)rarpre a < E _
sin = «’ (ha+hp +ho)lalplc <\/: + \/; + \/; 1>(140)
From (118) and (136) we obtain a new inequality:
1 (ra+rp+re)rarpre 2(b+c)—a 2(a+c)-b 2(a+b)—c _
sin = \/(hz,,+hb+hc)lz,,lblc <\/2(a+c)—b + \/2(a+b)—c + \/2(b+c)—a 1>(141)
From(119) and (136) we obtain a new inequality:
1 (ra+rp+re)rarpre 2(b+c)—a 2(a+b)—c 2(a+c)-b _
sin = \/(hz,,+hb+hc)l;,,lblc <\/2(a+b)—c + \/2(a+c)—b + \/2(b+c)—a 1>(142)

From (120) and (136) we obtain a new inequality:

1 (ratTp+rorarpre (1 vb++/c _
sne = «/(ha+hb+hc)lalblc (22 Va 1)(143)

We can prove easy that:h,(r, —r) = 2r,r (and analogs),

b% + ¢ =nZ + g2+ 2r,r = 2n,g,+2r,r=2n,g, + h,(r, — r)

sin(lw+A) b ¢ 2n,g,+hy(ra—1r) 1,n,8, |, ra—r
—_—— =4 -> =—
ine . + o2 2Rh, R( . + 5 ) (and analogs)(144)

From (144) after summation we obtain a new result:
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b+c 1 ¢ Naga —p)=o4lyNaga T
D - ZR(Z . + 2R r)-2+RZ b TR

Z b+c — hy+hp+he-3r >4 12 Naga T A/h;,l+hb+hc >5+ 12 Naga T =5R—r +lz Nag8a
a r R h, R r R h, R R R h,

We obtain a new inequality :

5R_r+naga+“bgb+“cgc

ha ' hp © he
ha+hy+he (145)

2

R
r

From (136) and (145) we obtain a new inequality:

Naga , "b8b , Nc8c
SR—r+-2524 020
1 h hy he IaIpre

2sinZw h,+hp+h, Lalple

(146)

5R—r = 4R +r =r, + 1}, + 1. (true because R > 2r — Euler) .From (146) we obtain a new
result:

n
ra+rb+rc+“aga+ b8b , Nc8c

1 hy hy he Iaprc (147)
2sinZm h, +hp+h, Lalplc
ga = h, (and analogs)->
1 S5R-r+na+np+n¢ rarpre (148)
2sinw —  ha+thp+he Lyl
1 Ia+Tp+Tc+Na+Np+Ne KRl (149)
2sinZe — h,+hp+he Llple
From n,g, = m,l, (and analogs)->
la , mplp mcle
5R-r+5aa, Thbb
1 r ha hy he Iarpre (150)
2sinZe — h,+hyp+he Lyl

Any future inequalities will be presented as problems in Romanian Mathematical Magazine.
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