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By Marin Chirciu — Romania

01. Solve in R:
(2* +3%)/6!-* =5
Daniel Sitaru
Solution:
22 +32* +2.6% 25
(2*+3%)y6'* =5 (2*+3%)%' " =25 o =z
22x 3% 25
2="
S Tz 4T
2% N 3* 13 (2)" N (3)" 2 N 3 1
S — —_— =— & | = - = — — =
3x T2x T 6 \3 2) T3TTFTE

The set of the solutions is § = {—1,1}.
Remark: The problem can be developed.
Let a > b > 1 fixed. Solve in R

(a* + b*)\/(ab)1* =a + b

Marin Chirciu

Solution:
(a* + b*)/(ab)'™ = a+ b & (a* + b*)?(ab)*™* = (a + b)? &
®a2x+b2x + 2 - (ab)* B (a + b)? -
(ab)* ~ ab
a®* N b%x +2_a2+b2+2ab®a"+b"_a2+b2(:)
a*b*  a*b* B ab b* " a* ab
@(a)x+(b>x—a+b® = +1
b al b a ==

The set of the solutionis S = {—1,1}.
Note:

For a = 3,b = 2 we obtain the proposed problem by Daniel Sitaru in RMM 11/2022.

02. In AABC holds:
Z(a +2b) (a+ 2¢) < 81R?

Daniel Sitaru
Solution: Lemma:
fx,y,z>0
(x+2y)(x+22) < (x+y+2)>
Proof:
(e + 29)(x + 22) AM_GM [(x +2y) er (x +22)] _ ety +2)?

with equality for (x + 2y) = (x + 22) @ y = z.
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Let’s get back to the main problem.
Using the Lemma for (x,y, z) = (a, b, ¢) we obtain:
Lemma Mitrinovic
LHS=Z(a+2b)(a+2c) < Z(a+b+c)2 =Z(2p)2 =12p? <
Mitrinovic 27R2
< 12 -
4

The equality holds if and only if the triangle is equilateral.
Remark: In the same way:
In AABC holds:

= 81R? = RHS

Z(ma +2my) (my, + 2m,) < 3(4R +1)?

Marin Chirciu
Solution:
Using the Lemma for (x,y, z) = (mg, m;,, m.) we obtain:

Lemma Leuenberger
LHS = Z(ma +2my) (mg +2m,) < Z(ma +my, +m.)? < Z(4R +7)?

=3(4R +1)2 = RHS
Equality holds if and only if the triangle is equilateral.
Remark: In the same way:
In AABC holds:
243R?

Z(ha +2hy) (hy + 2h,) <

Marin Chirciu
Solution:
Using the Lemma for (x,y, z) = (hg, hy, h.) we obtain:

Santalo

Lemma 2
LHS = Z(ha 4+ 2h)(hy +2h) < Z(ha thy +h)? < z(p«@) —9p? <

Mitrinovic 27R? 243R?
< 9. =
4 4
Equality holds if and only if the triangle is equilateral.
Remark: In the same way.

In AABC holds:

243R?

Z(wa + 2wp)(w, + 2w,) <

Marin Chirciu
Solution:
Using the Lemma for (x,y, z) = (w,, wy,, w,) we obtain:
Santalo

LHS = Z(Wa +2wp) (Wg + 2w,) o Z(Wa +wp +w)? < Z(P\E)Z =

9p?2 Mitrinovic 9 27R?* 243R?
] < . —
pe= 4 4
Equality holds if and only if the triangle is equilateral.
Remark: In the same way.

= RHS
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In AABC holds:

243R?
Z(sa + 25p) (54 + 2s,) < YR

Marin Chirciu
Solution:
Using the Lemma for (x,y, z) = (s, Sp, S.) we obtain:
Lemma

Sa<hg
LHS = Z(Sa + ZSb) (Sa + ZSC) < Z(sa +sp + SC)Z < Z(ha + hb + hc)z =

Santalo 2 Mitrinovic 27R? 243R?
< Z(p\/’é_’) =9p2 < 9. L =4 = RHS
Equality holds if and only if the triangle is equilateral.
Remark: In the same way.

In AABC holds:

243R?

Z(ra + 2r,)(r, + 2r,) <
Marin Chirciu
Solution:
Using Lemma for (x,y,z) = (r,,1,,7.) we obtain:
Lemma
LHS = Z(ra +2r,) (ry + 21,) < Z(ra +1r,+1)%= Z(4R +71)? =RHS

Equality holds if and only if the triangle is equilateral.
Remark: In the same way.

In AABC holds:
S (tan2 + 2tan%) (tan + 20an ) < 3 (14 5)
an2 an2 an2 an2 < "

Using the Lemma for (x,y,z) = (tan%,tang, tang) we obtain:

Lits =Y (tanf + 2ean2) (tanh+ 2tan ) 2 Y (tan e+ tan o+ tan) =
= EilI‘l2 an2 an2 anz = anz al’l2 anz =

_ Z (4R + T')z _3 (4R +1)? Gerrétsen (4R +1)? B R+r _ 3 (1 N R) _ RHS
p B p? - r(4R +71)2 B r)
Equality holds if and only if the triangle is equilateral.

Remark: In the same way.

In AABC holds:
S (cot+ 2cot2) (cot + 2cot ) < o1 ()
co 2 co 2 co 2 co 2)= 2r

Using the Lemma for (x,y,z) = (cot%, cotg, cotg) we obtain:

Marin Chirciu
Solution:

Marin Chirciu
Solution:
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A B A C Lemma A B C 2
LHS = Z (cotz + 2 COt—) (cot— + 2 cot—) < Z (cot— + cot—+ cot—) =

2 2 2 2 2 2
27R?
B Z (p)z _ g P Mrgenie s Tam _8IRY g
- r/ 7 r2 - r2  4r2

Equality holds if and only if the triangle is equilateral.
Remark:In the same way.

In AABC holds:
( . A+2 . B)( . A+2 . C)<27
E sm2 sm2 sm2 sm2 =7
Marin Chirciu

Solution:

Using the Lemma for (x,y,z) = (sing, sing, sin g) we obtain:

LHS A , B A , C\ Lemma A B C\? Jensen
_ A . D .4 _—— e A . D _—— <
Z (sm2 + 2 sin 2) (sm2 + 2sin 2) < z (sm > + sin > + sin 2) <

Jensen 3 2 3 2 27
< 2(5) =3:(G) =F=rms

Equality holds if and only if the triangle is equilateral.
Remark: In the same way.

In AABC holds:
z( A+2 B)( A+2 C)<81
cos > cos > cos > cos 2) =T

Using the Lemma for (x,y,z) = (cosg, cosg, cos%) we obtain:

LHS A , B A , C\ Lemma A B C\? Jensen
= f— J— p— —_ < — J— —_ <
Z(COS2 + COSZ>(COS2 + COSZ> S Z(COS2 +COSZ +COSZ) s

2 2
Jensen 3v3 3v3 81
< Z(%—) :3.<%—> = = RHS

Equality holds if and only if the triangle is equilateral.
Remark: In the same way:

In AABC holds:
3oy 200 e o cef) <5
sec2 sec2 sec2 sec2 =32

Marin Chirciu
Solution:

Marin Chirciu
Solution:

. A B c )
Using Lemma for (x,y,2z) = (sec;, sec—, sec 5) we obtain:

< A 5 B A ) C\ Lemma A B C\? Jensen
= — J— J— J— < — —_ — <
LH Z (sec > + 2 sec 2) (sec > + 2 sec 2) < z (sec > + sec > + sec 2) <
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5 27R?
Jensen Zp 3 4p2 Mitri<novic 3 4- 4 9R2 RHS
< J— — - —_— . — = .
= Z (3r> 9rz  ~ 9r? r2

Equality holds if and only if the triangle is equilateral.
Remark: In the same way.

In AABC holds:
Z( A+2 B)( A+2 C)<27R2
csc csco | (escy s ) S —3

Marin Chirciu
Solution: Using the Lemma for (x,y,z) = (csc%, cscg, CcSC %) we obtain:

A B A C\ Lemma A B C 2 jensen
LHS = Z (CSCE + 2 csc—) (csc— + 2 csc—) < z (CSCE + csc—+ CSCE) <

2 2 2 2
Jensen 3R\? 9R2 27R?
TS (R 3 TR g
r r? r?

Equality holds if and only if the triangle is equilateral.

03.Ifa,b,c > 0 then:
b
Za—b + 2b—c 4+ 2¢-a > 2°+2° +2¢
- 31/2a+b+c
Daniel Sitaru
Solution:
Qb 4 gbc 4 ge-a 5 2t 20 +2¢ 2% 20 2¢ 2042042
A L T T L P
With the substitution (W, W, W) = (x,y, z) the conclusion can be written:
3

x3 y3 23 x3+y3+23  x0z3 4+ ybx3+2%y3 x3+y3+ 23
—t=+—== o > &
y3  z3  «x3 Xyz x3y3z3 Xyz

© x%23 + yOx3 + z6y3 > x2y2z2(x3 + y3 + 23), (*) which follows from means inequality:

AM—GM
x07% + x02% + y°x3 > 3{/x6z3 - x623 . ybx3 = 33 x15y626 = 3x5y2z2 (1)
we write the other two analog inequalities y®x3 + y%x3 + z%y3 > 3y522x2 (2),
z%y3 + z6y3 + 2623 > 3z°x%y? (3).

We add the inequalities (1), (2), (3), we divide by 3 and we obtain (*).

Equality holdsifandonlyif x =y =z a=b =c.

04.1f x,y,z > 0 thenin AABC

x aJa
Zyﬂ'ﬁz“ﬁ

D.M. Bdtinetu-Giurgiu, Claudia Nanuti - Romania

Solution:

x ava X a? X a? 1 X
LHS:Z -—:Z . :z . = Z -aZZ
y+z /ha y+z /aha y+2z \2F 2F y+z
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Tsintsifas 1

> - 2V3F = \6F = RHS
\V2F
Lemma (G. Tsintsifas).
In AABC holds:
= a%+ 2L b% +-=c% > 23S, wherex,y,z >0
y+z z+x x+y
G. Tsintsifas
Solution:
Bergstrom
X 2 _ X _ 2 _ yXtytz 5 2
We have - a? = z(w +1-1)a® = e —Ya? >
X a)? (2p)?
> S 2= ———————2(p* —r? —4Rr) =
_(x+y+z)2(y+z) a (x+y+z)2(x+y+z) (p?-r )

=2p? —2(p? =12 —4Rr) = 2(r? + 4Rr)
Above, we’ve used the known identities in triangle:
Ya=2pandYa?=2(p?—1?—4Rr).
It remains to prove that 2(r% + 4Rr) > 23S © 12 4+ 4Rr > /3rp © 4R + 1 = pV/3,
witch is Doucet’s inequality.Equality holds ifandonlyifa =b =candx =y = z.

05. In AABC holds:

a3 73
> 2vV/3F
Z b+c
D.M. Batinetu-Giurgiu, Dan Nanuti - Romania
Solution:
a3 Holder a)3 a)3 a)? 21)? 4n? Mitrinovic
=Y o _ GaP (Lo @) _ 4t mergoe , o
b+c 3(b+c¢c) 3:-2Ya 6 6 6
= 2v/3F = RHS.

Equality holds if and only if the triangle is equilateral.
Remark: The problem can be developed.

In AABC holds:
a3 43
> >
Zb+lc_l+ 1F’)“_ 0
Marin Chirciu
Solution:
LHS = Z @’ Hoier (Xa) Qe _ Fa® _ @p)F
~ Lib+ Ac 3 (b+Ac) 31+1DYa 3-(1+1) 3-(A+1)
4p2 Mitrinovic 4\/§ 4\/§

-7 S A Yk RHS.
3-A+1) = Aa+1P" T ¥

Equality holds if and only if the triangle is equilateral
Note: For A = 1 we obtain the problem J.2104 from RMM-40 Spring Edition2024, proposed
by D.M. Batinetu-Giurgiu, Dan Nanuti.
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a3 3
> 2+ 3F.
Zb+c_ 3

D.M. Batinetu-Giurgiu, Dan Ndnuti - Romania

In AABC holds:

Remark: The problem can be developed.

In AABC holds:
S (Z_P)"‘l.i 150
b+ic \3 A+1"7
Marin Chirciu
Solution:
LHS = a" Hoger (Yo" _ @Ea" _ Eom
B Z b+Ac = 3" 2¥(b+Ac) 3"2(A+1)Ya 3"2(1+1)
(Zp)n_l 2p n-1 3 2n—1pn—1 2n_1pn_3p2 Mitrinovic
T3 2R+ 1) (?) A+l 3G+ D 3G+ D -

Mitrinovic 2"_1p“_3 . 3\/§pr Zn_lp"_3 - 3v3F
> =
- 3n72(1+ 1) 3n2(A + 1)
Equality holds if and only if the triangle is equilateral.
Note: For A = 1 and n = 3 we obtain the problem J.2104 from RMM-40 Spring Edition 2024,
proposed by D.M. Batinetu-Giurgiu, Dan Nanuti.

= RHS

Reference:
Romanian Mathematical Magazine-www.ssmrmh.ro
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