
A NEW PROOF FOR ERDÖS LEMMA

1. Abstract

In 1845 Bertrand postulated that there is always a prime between n and

2n, and he verified this for n < 3×106 [1]. Chebyshev gave an analytic proof

of the postulate in 1850. In 1932, in his first paper, Erdös gave a beautiful

elementary proof using nothing more than a few easily verified facts about

the middle binomial coefficient see [3]. He first proved four lemmas ([2]).

In this article, we provide a new proof for one of these lemmas.

Theorem 1.1. ∀n ∈ N we have,∏
p≤n

p < 4n (1)

where the product is over primes.

Proof. Define a function

a(n) =

1, when n is prime.

0, otherwise.

Then for prime p we have,

ϑ(x) :=
∑
p≤x

ln(p) =
∑
n≤x

a(n) ln(n)

Observe that ∑
n≤x

a(n) = π(x)

Summing by parts we get

ϑ(x) =

∑
n≤x

a(n)

 · ln(x)−
x∫

2

∑
n≤t

a(n)

 d (ln(t))

ϑ(x) = π(x) ln(x)−
x∫

2

π(t)

t
dt

Now it is known that ∀x ≥ 17 (see [4])

x

ln(x)
< π(x) <

30 ln(113)

113

x

ln(x)

=⇒ π(x) <
30 ln(113)

113

x

ln(x)
and − π(x) < − x

ln(x)
1
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Substituting these inequalities in above equation we get

ϑ(x) <
30 ln(113)

113

x

ln(x)
· ln(x)−

x∫
2

t

ln(t)
· 1
t
dt

=
30 ln(113)

113
x− li(x)|x2

=
30 ln(113)

113
x− (li(x)− li(2))

<
30 ln(113)

113
x (∴ since li(x)-li(2) > 0)

< ln(4) · x
(
∴

30 ln(113)

113
< ln(4)

)
Hence we have

ϑ(x) < ln (4x)

or
∑
p≤x

ln(p) < ln (4x)

or ln

∏
p≤x

p

 < ln (4x)

Manually checking ∀x ≤ 17 and combining with above we get,∏
p≤x

p < 4x

■
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