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THE AVALANCHE OF GEOMETRIC INEQUALITIES

By Bogdan Fustei-Romania

Note by editor: The author make a beautiful mind process to discover geometrical inequalities
in triangle with Nagel and Gergonne’s cevians and Brocard’s angle in a given triangle. His way to
write articles it is absolutely outstanding for readers because these can see the entire chains of
logics.

We consider the next identity:

R . _n3+rd
. 1= Zrah, (and analogs) [1]>
ha(R_4\_Ma_ T
2n_a(r 1)_ra+na(1)

We know that: h, < n, — 2 (5 —1) >22 4 12 (3nd analogs)
r ra ny
2 2
— —+2=< E) +< /r—a> +2->
ra DNy ra ny
2R n, Ta
/T 2 /E-I_ o (and analogs)(2)

b A
We know that :m, > % cos> (and analogs);bc=2Rh,(and analogs);

. A__A . . . . .
a=4RsmEcosE (and analogs); After simple calculations we obtain a new inequality:

4m, sin% = hy, + h, (and analogs) (3)

. A f . .
We know that : sin- = %;—a (and analogs) and using (3) we obtain a new result:
a

4ma\/;::2 \/? (hy, + h.) (and analogs) (4)

sin(@te) _b - (and analogs)(Traian Lalescu)[2]; w — Brocard angle;

We know that: =

sSin C

2S=ah, = bh, = ch.=2pr-> % = % (and analogs), and after summation we have
b

a h, sin

b+c hy+h sin(A+w m r 2R hy+h . .
y—=y-b—c=y ¢ ); 4h—a ’h—a > ’T% and after summation we obtain:
a a a
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m, |r, 51n(A+w)
42 f \/ﬁz sin w
From (2) and (4) we get :

am, [ 2 (b, + ho( [+ [2) (and analogs)(e

From (6) after summation we obtain a new inequality:
Ia n, I'a
agm, 2%, +ho) ([i2+ )

From (2) and (4) we obtain :

4ma\[% 2 (hy, + hc)(\/:::: + \/;:‘;)(and analogs)(8)
From (8) after summation:
4Zma\/522(hb +hy) (\/::EJF\/;:?,) (9)

sin(A+w b
From ﬁ + (and analogs)%— >2 + = (and analogs);
1 Va2b2+b2c2+a2c?
Also — = ;
sin 2S

We consider triangle with sides :

a; =+va,b; =vb, ¢; =+/c,2S; = /r(4R + 1) ,bc=2Rh,(and analogs), ry+1y, + r.= 4R+r;
\/ a
! 2R(hathip+he) —,we obtain in the end a new inequality:

sin wq JT(4R+r)
2R Ia+rp+re E <
/r 2 ’—ha+hb+hc (\/:+\/;> (and analogs) (10)

From (4) and (10) we obtain a new inequality:

4m \/7 2 (hy, +h,) ra::;:‘cc <\E + \E) (and analogs) (11)

From (11) after summation we obtain a new result :
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I'a Ip+r I'c b
axm, |12 (IR S(hy + he) <f+ \/%)(12)

From (4) and (10) we have:

4m, ra > (h, +h,) [T f f (and analogs) (13)

h,+hp +h,

From (13) after summation we obtain a new inequality:
Ta Tatrptre a <
axm, [ [EEOVC T ) \f + \D“‘”

From (2) and (10) we obtain a new inequality:

ZR ra"'rb"'rc Na
ha+hp+h, f f <\f \f) (and analogs)(15)
ZR rz,,+rb+rc n¢
r h,+hy+he f f <f f)hnd analogs) (16)

R ¥ ___1y)

2r  hahy+hyhe+hphe

We will use

(easy to prove,we use :

h_a +— e + —C = ,hahb + h,h. + hyh, = @, 2S = ah, = bhy, = ch.)and the well known
inequality: x% + y2 + 22 > xy+yz+xz ; X,y,z -real numbers ;

(h, + hy + h)? = 3(h,hy + hyhe + hyh,) and after easy manipulations we obtain a new

result:
,R
- >
h +hb+hc( 8)

From (2) and (18) we obtain a new inequality :

R , Ta
S —
r 2 h T hb Th, (and analogs)(19)

From (10) and (18) we obtain a new result:
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R 3p2(r. + 1. + b
>j p%(r, + 1, + 1) \/;4_\/% (and analogs)(20)

(h, + hy + h.)3

Inequality (20) have a general form:
R 3P2(ra+rb+rc)
s \ (ha+hp+ho)3 (hathp+ho)3 T {(\f f) f f <f f)}(Zl)

— (and analogs); 2S=ah, = bhy, = ch.=2pr=(a+b+c)r

ry, =
2S aha aha Ta
r. = = = == and analogs
a 2p—2a atb+c-2a b+c-a h, b+c-a ( & )
h b+c-a b+c b+c
ha _ =2 1 9—_1+—(andanalogs)

ra a a
Now we will use aritmetic-geometric mean inequality
X+—y>,/x ; X,y = 0, and we have: 142259 [hay
2 y:xy =9, ’ ra ra

b+c h,
> 2 |— (and analogs)(22)
a I,

—l (and analogs);

I- the incenter of the triangle ABC; Al =
— 22 (and analogs);we get a new relationship

r . A
Al = E (and analogs); sin— = |— h
%: f% lr'—: (and analogs)(23)
%:2—: a= bicla (and analogs)(24)

From (22) and (24) we obtain :
Al I, [h,
—>92_< [ =
-2 Zha /l'a (and analogs)(25)

From (23) and (25) we obtain :
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\/: h—"‘ (and analogs) (well — known inequality)(26)

From m,l, = p(p — a) = rpr. (and analogs)(Panaitopol) and ryr.=h, (rb+r°)

obtain a new result :

mhLla > rsz (and analogs) (27)

From (26) and (27) we obtain :

ma\/g > “’Zj (and analogs)(28)
From (28) after summation we obtain :

R> Ia+rp+re (29)

2r - ma+mp+mg

From(18) and (29) we obtain a new inequality:

R Ia+rp+r, V3
n 2 aTlpTIc p ( 0)
2r hy+hy+he my+mp+m

We rewrite (28) as : /% = rl::rc and using (2) we obtain a new inequality:

?ma > (rp +1¢) (\/% + ;—")(and analogs)(31)
From (31) after summation we obtain a new result:
?(ma +m,+mg) =¥ > (r, + 1) (J:::+ ;_:)(32)

From (2) and (28) we obtain :

?ma > (1, + 1) (\/Irl::: + \/%) (and analogs)(33)

From (33) after summation we obtain:

2(m, +m,+m) 23 > (rb+rc)(\/::l‘:+\/;:‘;)(34)

From (10) and (29) we obtain a new inequality:
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(ra+rp+re)3 b c

= \[(ma+mb+mc)2(ha+hb+hc) <\/: + \/;) (and analogs)(35)
(ra+rp+re)? b c a c b a

= \/(ma+mb+mc)2(ha+hb+hc) max{(\/: + \/;>' (\/: + \/;), <\[; + \[;)}

From (4) after summation we obtain:

2y, maJ;—E > ﬁ (h, + hy + h.)(36)

From (23) after summation we obtain :

AI+BI+CI 2R h,
wsna oy )

From (2) and (37) after summation we obtain a new inequality :

AI+BI+CI 1 h, n, Ta
20y (3 e [2)es

From (16) and (37) after summation we obtain a new inequality :

[ 1 1
3 1
AI+BI+CI _ 14| ra+rp+re h, b c ’nc ’rc 2
>S_T|la b ¢ = = _< i3
r ~ 3 4/ ha+hp+h, Z Iy 2 <\/: + \/;> ( e + nc) ](39)

From (15) and (37) after summation we obtain a new inequality:

[ 1 1
3 1
AI+BI+CI _ 14| ra+rp+re h, b c ’na ’ra 2
>S_T|la b ¢ = = -2 4
r ] h;,,+hb+hcZ Iy 2 <\/: + \/L) ( Ia + na) ](40)

From (26) and (2) we obtain:

= | =

= |

% h_a \/'T"‘ \/7 (and analogs) (41)
R Ic np I'p
-2 o (\/% + Jn:b>(and analogs) (42)

From (4),(41),(42) and h mb (and analogs)[3] we obtain a new results:
b
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4ma\/;:2 2 (hy, + hc)\/'lf—hc + % + 1'1— (\/‘:: + \/;:) (and analogs)(43)

From (43) after summation we obtain a new inequality :

E: a E: | lnC m la a a
a me m l‘?_ -2 —=
4m, ;—a 2 (hy, + hc)\[g + h—:’ + e ( /1::)’ + /:‘;) (and analogs) (45)

From (45) after summation we obtain a new inequality :

4Ym, ra>z(hb+hc)j—+—+h \F \f(%)

From > — + (and analogs) and (35) we obtain a new inequality:

(rag+rp+re)3 a
r > \/(ma+mb+mc)2(ha+hb+hc) max{(f f) \/: f <f * +\[>} +max

mp me ma
h. ’ h, + h.’ hb }(47)

From (2) and (30) we obtain a new inequality :

E na Ia+Tp+Te pV3 (48)
r ha+hp+he my+mp+m,

From % = % + % (and analogs) and (48) we obtain the next result :
b c

2R _ mc | my n, ra+rp+re pv3
; > + + \/7 \/7 \/ha+hb+hc p—— (andanalogs) (49)

From (19) and (41) after summation we obtain a new result :

Na
\/7 \/7 ha+hb+hc)(and analogs) (50)

From (41) and (48) after summation we obtain a new inequality :
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n, ra+rp+re pVv3
\f \f ( \[a+hb+h ma+mb+mc>(and analogs) (51)

We know that: \/% + ﬁ = Z—“IFbrC (and analogs) (very easy to obtain !)
a

Using this identity and (10) we obtain a new inequality :

\/Z;R > /ﬁ% —)\[25: 1,2 /ﬁ\/ﬁ (and analogs)(52)
From (52) after summation we obtain a new inequality :
\f \/MM+M+J?(53)
2r ha+hy+h I, +1p+1
From (2) and (53) we obtain a new result :

R Ia+rp+re +/Thrc++/Talc++/Talp n I.
o b cy e vacVva ( fr—"+ n—")(and analogs)(54)
a a

h,+hp+h, lLa+1p+1¢

Inequality (54) can take the next form :

R Ia+rp+re /Ibrc+y/Talc+y/Talb n I, n I n I,
= |2 ey 2 e NI VA maxi| 2+ [2), | 2+ [2),( =+ [=)H55)
r h,+hp+h, Iy +1lp+1c Iy n, Iy ny Ic ne

From (48) and (54) after summation we obtain a new inequality :

2R> Ny + Ta Ia+Ip+Ic /Tblcty/ Talcty/Talb ra+rp+re V3
- Ty LLF) ha+hy+he L+l +1¢ hy+hp+he ma+mb+mc

(and analogs)(56)

From (19) and (54) after summation we obtain a new inequality :

fa gy fatfy*le yTbTetyTale™yia™ ) (2nd analogs) (57)
ha+hb+hc ha+hp +he latlp+le

From (19) and 2 " = % + % (and analogs) after summation we obtain a new result :
b c

E mc mb n,
. hy, e he ha+hb+hc \/7 \/7 (and analogs)(58)

2n,r n
—2 =2 We have a new inequality :
aha ha

na+ra

From %—1- o (and analogs) 9— -12
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From (59) and (35) after summation we obtain a new inequality :

2R Ny (ra+rp+re)3 b c
; 21+ ha + \[(ma+mb+mc)2(ha+hb+hc) (\/: + \/;> (and analogs) (60)

From (59),(41) and (42) we obtain new inequalities :

2R na L /h /r_a
—2 1+ . + e ( y + na)(and analogs) (61)
2R Ma L ’“_b /r_b

. 21+ b + he ( o + nb)(and analogs) (62)

From (48) and (59) after summation we obtain a new inequality :

Ny ra+rp+re pV3
f f \[ha+hb+hc —— (and analogs) (63)

Inequality (63) can be written as :

2R n, np n n n Ia+rp+r, V3
> 1+ max ( a Dp c + maX Ny ne atIp+Ic P
r h, " hy ' h¢ ha+hp+he my+mp+m,

(64)

From (59) and (55) after summation we obtain a new inequality :
RS 1+ max(E b E)+ Ira”b”c (IbletyTale Ty Talh max{(\/g+ \/g)( fn—b+ fr—b)<\/£+
r h, " hy " h¢ h,+hy+h, I+ +]1 Iy n, Ip ny Ic
re
Ju)}es

From (59) after a simple manipulation we obtain a new result :

5 3 [nanpne
. 21+ /hahbhc (66)

. R m m . . . .
and using - > h—c + h—b (and analogs) after summation we obtain a new inequality :
b c

2R m¢ myp 3 [NaNpNe

> — 4+ —

21+ e Tt fhah . (and analogs) (67)
R

2
(; — 1) h,hy, 2 nyny, (and analogs) ,after summation we obtain :
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2
(% 1) (hahy + hyhe + hphe) 2 ngny, + nane + nyn,

(5 _ 1)2 hahp+hahc+hphe > NaNp+NaNct+npne R _ p?

r p2 = p2 ’ 2r  hahp+hahe+hphe

We obtain a new result :

R R ./nanp+nanc+npn
2514 = allp allc bc(68)
r \’Zr p

2R ’ZR Nngnp+ngnc+npyn
22504 _\/ab allcTlpllc
r r P

From (2) and (68) we obtain a new inequality :
a a V Ha atic C
% > 2+(\[’:: + \/;:) 2 nb+npn hon (and analogs) (69)

From (10) and (68) we obtain a new result :

2R ra+rp+re 1/nanb+nanc+nbnc
=> /
. 22+ T <f f) (and analogs) (70)

From (18) and (68) we obtain a new inequality :

R 3(ngnp+ngne+npn
>1 \/(ab allc bc)(71)
hy+hp+h,

From (29) and (68) we obtain a new inequality:

Ia+rp+re /Nahp+Nanc+npne
21+—= n (72)

my+mp+me

==

From (28) and (68) we obtain a new result :

C a a*tc C
%2 1 4 DptfeyHalb alle T ible oy analogs) (73)

m, a+b+c

From (26) and (68) we obtain a new inequality :

a \/ a atic C
%2 1+ LR nb+npn obn (and analogs) (74)

h,

From (53) and (68) we obtain a new inequality :

R Ia+rp+re o/ Tblcty/Talety/Taly ,/nanb+nanc+nbnc
-21+ (75)
r h,+hp+he

I+l +1c
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E> ry+rp+re /p—a+yp—-b+p-c [nyny+nync.+npn, (76)
r- J

hy+hp+he Iy +1p+1c

From (55) and (75) after summation we obtain :
2R >1+ ra+Tp+Tre /Thlct/Talcty/Talp nanb+nanc+nbnc na nb
ro h,+hp+h Lo+l + p
J,E)}) i

From (19) and (66) after summation we obtain a new inequality :

E 3 nanbnc Ny
—21+ /hahbh a+hb+h f f (and analogs)(78)
From (20) and (66) after summation we obtain a new inequality :
2R 3 [manpn 3p2(ratrptre) [ [b c
21+ hyhph, * (ha+hb+hc)3 <\[; + \[;> (and analogS) (79)

From (41) and (66) after summation we obtain a new inequality :

225 143 (Dallbllc | \/'T" r" (and analogs) (80)

hahy, hc ha

From (42) and (66) after summation we obtain a new inequality:

3 nanbnc np
21+ b hc \/7 \/7 (and analogs) (81)

From (54) and (66) after summation we obtain a new inequality :
2R 3 [nanpng Ia+rp+re /Iplct+/Talct4/Talp n, Iy
> —a —a
r ]'-i-\/hahbhc + \/ha+hb+hc Iy +Hp+1¢ («/ Iy T w/na>(and analogs) (82)

R . . . .
From (66) and . = % + % (and analogs) after summation we obtain a new inequality :
b c

2R m¢ my 3 [Nghpne
2R my | 2 [ahyne
21+ 5+ =+ [T (and analogs) (83)
b+c

We shown :— \/7R \/hi" (and analogs )[4] and using (2) we obtain a new inequality :

bte \/E \/7 h"‘\/*(andanalogs)(34)
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From (84) after summation we obtain a new inequality :

ZH >Z \/‘Ta \F ha\F bu tz% Zb+° we obtain this result :
e o3 D e
b+c R

Usmg — ? (and analogs ) and useing (2) we obtain :
a

bic f \/;T; f (and analogs )(86)

From (86) after summation we obtain a new inequality :

e ([ )2

Usmgw=\/Tma\f(andanalogs)and(15)weobta|n

b+c _ 4| ra+rp+re n, h,
— /ha+h‘;+hc\/ f f <f f) (and analogs ) (88)

From (88) after summation we obtain :

sin(A+w) 4| ra+rp+re h_a h_a N, Ta E c
o ey (s ) oo
b+c

Uselng—— \/7Rha\/7 (and analogs ) and (16) we obtain a new inequality :

E 4 [ rp+rp+re n, h,
a /ha+hb+hc\/ \/7 \/7 \[ \[ 2 (and analogs ) (90)

From (90) after summation we obtain a new inequality :

sin(A+w) 4’ Ia+rp+re wha  |hy n, T a [
Z sin w = ha+hp+h, Z la \/ra (\/; + \/:a) (\/: + \/;) (91)

v

v
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From (18) and (29) after summation ,we obtain :

2R ~ _fatlhtre pv3

r - ma+mp+me hy+hy+h,

(92)

, ha |h . . .
From (92) and E = %—a r—a (and analogs ) we obtain a new inequality :
a

la

b+c Fa+rp+r, pVv3 h, [h,
— > ( 2 < -2 |2 (and analogs )(93
— \my+mp+m, + ha+hp+he/ 1, Ia ( g )( )

a
From (93) we obtain a new inequality :

sin(A+w I +rp+r,
Z ( ) 2 ( aTlbTIc + (94)
sin w m,+mp+me a+hb+h \’

From (92) and (2) we obtain a new inequality :

2R Ia+Ip+r, ny
2= < / / and analogs ) (95
r (mz,,+mb+mc ha+hb+hc ( g ) ( )

From (53) and (18) after summation we obtain :
ZR Ta+Tp+re y/Thlcty/Talct/Talp (96)
ha+hb+hc h,+hp+h Lo+l +1¢

Using (96) and % = \/;TRE % (and analogs )we obtain a new inequality :

Ia

EZ( pV3 4 [FatTbtre yTbletyTaretyTary )1 ((andanalogs) (97)

a ha+hp+he ha+hp +he I+l +c

From (97) after summation we obtain a new inequality:

Zsin(A+m) > ( pV3 + ra+rp+re /Tplcty/ Talct rarb)zk E(98)
la \| Ia

sin @ hy+hp+he h,+hp+he Ia+lp -+

From (53) and (29) after summation we obtain a new inequality :
2R > Ia+rp+re + ra+rp+re /ThTety/TalcHy/Talp (99)
r - my+mp+mg h,+hy+he I +1p+1¢

Using (99)andw—\/7Rha\/7(and analogs ) we obtain a new inequality :
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b+c Ia+Ip+r, Ia+rp+re +/Ibrcty/Talcty/Talp \ h h,
— > ( asbie 4 [T bievDe Nt VA ) o fr—a(and analogs) (100)
a a

a my+mp+me ha+hp+he I+ +1¢

From (100) after summation we obtain a new inequality :

z:sin(A+oo) 2( Ia+Irp+re + ra+rp+re /Tblct+y/ Talct ral‘b)zll‘_:\/l:_}(lol)

sin w m,+mp+me h,+hp+h, La+1p+1¢

From (2) and (99) we obtain a new inequality :

2R Iy+Ip+r, ra+rp+re /Iplecty/Talct/Talp n I,
Syl 4 bt e N 2N EC VS -2+ |2)(and analogs)(102)
r m,+mp+me h,+hy+h, I+l +1¢ Ia n,

From (2) and (96) we obtain a new inequality :

Bz(h pV3 + Fa+rp+re /Tprety/Talct rarb) (\/?4_ \/;:a) (and analogs) (103)

r a+hp+he h,+hp+h, ILa+1p+1¢

From (96) and (29) we obtain a new inequality :

R V3 Ia+Irp+re /ThletTalctyTalh\ TIa+rp+r,
_>< p + atTptTc c alc a ) atTptTc (104)

r \h,+hy+h, h,+hyp+h, Iy +1p+1c m,+mp+mg

From (99) and (18) we obtain a new inequality:

r

Ry ( Ta+Ip+re n Fa+rp+re /Tprety/Talct rarb) pV3 (105)

~ \mga+mp+m, h,+hp+h, Iy +Hp+1¢ h,+hp+h,

We consider x,y,z >0 ,real numbers.Then we have :

XY XHT AT (X X4Z y4z ¥ (X(GH)-y(4D) | x+2)-y(xt)
X

y y+z x4z 'y y+z x+z X 7 y(y+z) - X(x+27)
z(x-y)  z(x-y) _ 1 __1 w2 2 —(y_
y(y+z) 2 x(x+2z) = Z(X y) [y(y+z) x(x+z)] 20X y _(X y)(x+y)

2(x=y)?* (x+y+2)

L |
Sy, >0, which is true !

After simple calculations ,we obtain :

We have a new inequality : x,y,z >0 ,real numbers.

X, ¥y

y X y+z

X+z

yt+z
+ (and analogs ) (106)

. b b
From (106) we obtain : =+ Cy2x, ox (and analogs) ,x-real number ,x>0
c b c+x b+x

Sin(.A+m) 2 bx 4 & (and analogs) ,x-real number ,x>0 (107)
sin w c+x b+x
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From (107) we obtain a new inequality :
1 b+x

c+x
— > — + —— (and analogs) ,x-real number ,x>0 (108)
sinw c+x b+x

LEMMA:Triangle ABC with sides a,b,c and triangle with sides ma, mb, mc have the same
Brocard angle.[5]

Useing this result ,from (108) we obtain a new inequality:

1 > myp+Xx mc+
sinw  me+x  my

(and analogs) ,x-real number ,x>0 (109)

From (107) we obtain a new result :

sm(A+oo) b+a

sinw

+ o2 (and analogs) (110)

From (108) we obtain a new result :

L >lﬂ H—a(andanalogs)(lll)

sinw c+a

From (109) we obtain a new result :

1 S mp+m, mc+mg,

sinw ~ m¢+m,  mp+

We consider AA;B;C; with: a; =+/a, b; =vb, ¢; = Vcand 2S;=,/r(4R + 1),

bc=2Rh,(and analogs), ry+r}, + r.= 4R+r.From (111) we obtain a new inequality:

TatIp+re \/—+\/— Va++/c
\/7 h, +hy +h, \/—h/— \/_N_)(and analogs) (113)

(and analogs) (112)

From (1) and (106) we have : 222 (; —1) S Matx |

ra+x = np+x

ra+x
2= x-real number ,x>0

2 (E —1) > % (na—ﬂ + r"‘er)(and analogs) ,x-real number ,x>0 (114)

r a+Xx  Na+x

Because n, > h, from (114) we obtain a new inequality:

R Na+x | Iatx
2 (; 1) > —— + = — (and analogs), x-real number ,x>0 (115)
Also n, g, = myl,(and analogs)-> % > I:a % (and analogs) and using (114) we obtain a new

inequality :

2 (5 —1) >Mala (ﬂ + raer)(and analogs) x-real number ,x>0 (116)

r h, ga \rp+x na+x
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We consider AA;B;C; with: a; =+/a,b; =+Vb, ¢; = Vcand 2S,=/r(4R + 1),

bc=2Rh,(and analogs), ry+ry, + r.= 4R+r ,from (108) we obtain a new result :

\[7 ra:bi:: :;: (and analogs) x-real number ,x>0 (117)
ha+hy
From (106) 9\[ :/F_: :/C:X x-real number ,x>0 but f f rbrc

We obtain a new inequality :

2,/rpre > vb+x n Je+x
l, — Je+x  Vb+x

From (106) 9\/11: f ‘/r_:: fratx and using (2) we obtain a new inequality : /er =
a a

YHatX e ratx (and analogs) ,x-real number ,x>0 (119)

Lt+x  /npt+x
From m,l, = p(p — a) = ryr. (and analogs)(Panaitopol) and (118) we obtain a new inequality :
fma == (\/_er + \/E+X) , X-real number ,x>0 (and analogs) (120)

, X-real number ,x>0 (118)

Ve+x - vVb+x

hy+x
he+x  hp+x

From (106) E—b + % 2
c b

sin(A+w)

b ¢ .
<o = T (and analogs) we obtain :

2S=ah, = bhy, = ch.»> E—b = %(and analogs),

E < hp+x | h+x )
. + b2 horx | hotx (and analogs) ,x-real number ,x>0 (121)
Sin(_A+m) 2 By +x 4 Betx (and analogs) ,x-real number ,x>0 (122)
sin hc+x  hp+x
From (122) we obtain a new inequality : L, Dptx + A +x (and analogs) ,x-real number ,x>0
"sinw ~ hetx  hp+x
(123)
From (106) we obtain : hb ‘/—+X , X-real number ,x>0
vr_+x
and h—b = %(and analogs) ,we obtain :
b Jr_+x Jhe+x
\/7 + \/—H + hix x-real number ,x>0 (and analogs) (124)
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We use (124) and \E + \g = Z—“Irbrc (and analogs) and we obtain :
a

1/rbrc 1 (Jhp+x | Jhetx
L AW + o)’ x-real number ,x>0 (and analogs) (125)

From (125) and m,l, = p(p —a) = rpr. (and analogs)(Panaitopol), we obtain a new inequality :

/ (‘/\/j: + %), x-real number ,x>0 (and analogs) (126)
b

From (124) and (10) we obtain a new result :

FatTp+rc \/_+x
,/ I, +hp+he J_+x ) , X-real number ,x>0 (and analogs) (127)

From (2),(117),(127) we obtain two new inequalitys:

2R ra+rp+re [(Vb+x \/_+x n;,l

. 2 ’ha"‘hb"'hc (\/E+x \/_+X f f , X-real number ,x>0 (and analogs) (128)
B Iat+rp+re n, 1/ +x :

. ’ha"‘hb"'hc / J_+X X) ,X-real number ,x>0 (and analogs)(129)

In same manner we obtain :

2R ra+rp+re [(Vb+x \/—+x rb

. 2 /ha+hb+hc (\/E+x \/_+X ’ ’ ,Xx-real number ,x>0 (and analogs) (130)
2R ra+rp+re (hp+x | /h +x nc

. 2 /ha+hb+hc (Jh_c+x \/_+X ’ ’ o ,Xx-real number ,x>0 (and analogs)(131)

l +X hy+
a + a
ha+x Ia+x

From (106) 9 la + , X-real number ,x>0 (and analogs)

Using (26) we obtain :

R h, _ Li+x hy+x
’— e x-real number ,x>0 (and analogs) (132
2r T l, ~ hy+x T l+x ’ ! ( gs) ( )

We consider x,y,z >0 ,real numbers

y+Z y+Z

—+ Iy g X2
X y+z @ x+z

<\E>2+\P+2\/V\/V \/yT <&>+2ff
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2 2
(\F+\/§> 2( [z, /&) 9ﬁ+\ﬁ2 [z, [ree
y X y+z X+z y X A|y+z X+z

We obtain a new inequality : x,y,z >0 ,real numbers
\F + \F 2 f”—z + /y—ﬂ (and analogs) (133)
y X y+z X+z

b ¢ x+b2 c2+x
c

From (133) we obtain :

+-2 (and analogs) , x-real number ,x>0 (134)

b x+c2 bZ+4x

From (134) we obtain :

: 2 2
Sin(A+w) /X+b + CZZ (and analogs) , x-real number ,x>0 (135)

sinow  \ x+c2 b

From (135) we obtain:
1 x+b?2 cZ+x
> / f -
ine 2 e + Tex (and analogs) , x-real number ,x>0 (136)

LEMMA:Triangle ABC with sides a,b,c and triangle with sides ma, mb, mc have the same
Brocard angle. And from (136) we obtain a new inequality:

We use now :

2 2
1 >\/x+mb +Jmc +’;(and analogs) , x-real number ,x>0 (137)

sinw 4/ x+m2 mp2+

From (133) we obtain :

b c x+b c+x
\E + \/; = ’E + P (and analogs) , x-real number ,x>0 (138)

\/% + \/% = 2—“lrbr° (and analogs) and using (138) we obtain :

Jrore S 10 Jxtb | fedx
L 22 e T bix (and analogs) , x-real number ,x>0 (139)

From (139) and m,l, = p(p — a) = rpr. (and analogs)(Panaitopol) we obtain a new inequality :
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/ma 1 /ﬂ /”_X .
m = 2( — + b+x> (and analogs) , x-real number ,x>0 (140)

= (and analogs) and (133) we obtain :

hy
From 2 =
om 1

\f \/’ X+hb (and analogs) , x-real number ,x>0 (141)

Fom (141) and \[% + ﬁ = 2—“lrbrc (and analogs) we obtain a new inequality :
a

rbrc % /th f°+ (and analogs) , x-real number ,x>0 (142)

From (142) and m,l, = p(p — a) = rpr. (and analogs)(Panaitopol) we obtain

m, 1 x+hy h.+x }
’ L > 2( /Hhc + /—hbH)(and analogs) , x-real number ,x>0 (143)

From (138) and (10) we obtain a new inequality:

/B f_ra”b”c /ﬂ f”_x .
. > by thp T he < p + - )(and analogs) , x-real number ,x>0 (144)

From (141) and (10) we obtain a new inequality :

2R Ia+rp+re x+hy hc+
’— > a and analogs) , x-real number ,x>0 (145
r \/ha+hb+hc (\/x+hc ( gs), ’ ( )

From (133) 9\/£ + \/T—a = /w + ’ﬂ(and analogs) , x-real number ,x>0
ra na X+Try ng+x

and useing (2) we obtain a new inequality :

’2 > /ﬂ + fﬂ (and analogs) , x-real number ,x>0 (146)
r X+, ny+x

2 2
Jx+na \/ra;i and using (1) we obtain a new inequality :

From (133) > ‘r‘— + ;— > B
R n, x+n,2 ra2+x
2 (; 1) = h—a<\/x+ra2 + \/naz x) , X-real number ,x>0 (147)

From (147) and Ja > &;—a (and analogs) we obtain a new inequality
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R 1 +n,?2 24+
2 (— —1) >Tasa( TR [l 7))y real number x>0 (148)
r h, ga xX+ry2 ny2+x

. R . o
Now we write . > % + % (and analogs) for triangle with sides ma, mb, mc
b c

R. = mympme - 3S
m 38 M 2(my+mp+me)’
triangle with sides: a;, = m, , b;=m}, ¢;=m_.), 2S=ah, = bhy = ch =2pr=(a+b+c)r

alzz a (and analogs) , ha1= % (and anangs)(We used

. . . myp m m m
After simple manipulations: —+ = —<¢, —1=—b
hC1 hb hb hC

1
We obtain a new inequality :

Rm _ 2(ma+mp+me)mympme > me
I'm 952 T hp

+ % (and analogs) (149)

Now we use identity in triangle 160(www.ssmrmh.ro): ). —4=*% na+ga —2(1 — %)[6] and

hZ (sin )2
LEMMA:Triangle ABC with sides a,b,c and triangle with sides ma, mb, mc have the same
Brocard angle.

1 =2_1412 Zna+ga (A)

(sin oo)z r

1

rla +ga
m_r -1+ Z n 1(B);alzmarb1=mblcl=mc
m m

1 — 1 9__1+ 2:na+ga:r__1_|_ Znal+gal

(sinw)2  (sin wmy,)? hi,

R _ Ry , 1w (n3,+g3, nZ+g2
-=—+- - a; =m, , by=my, ¢;=m
r m 2 2 h§1 nz ) 1 a» M b, *1 c

R _ 2(ma+mp+me)m;mpme + 1 Z (n§1+g§1 nZ+g2

- h2 h? )' a; = m, , b1=mb » C1=IM¢ (150)
1

r 952 2

. . . . . . . R
This last identity can be used to obtain new inequalitys from all results which have -as

component.
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