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THE AVALANCHE OF GEOMETRIC INEQUALITIES  

By Bogdan Fuștei-Romania 

Note by editor: The author make a beautiful mind  process to discover geometrical inequalities 
in triangle with Nagel and Gergonne’s cevians and Brocard’s angle in a given triangle. His way to 
write articles it is absolutely outstanding for readers because these can see the entire chains of 
logics. 

We consider the next identity: 

R

r
 ─1= 

na
2+ra

2

2raha
 (and analogs) [1]→ 

𝟐
𝐡𝐚

𝐧𝐚
(

𝐑

𝐫
 ─𝟏) = 

𝐧𝐚

𝐫𝐚
+

𝐫𝐚

𝐧𝐚
 (1) 

We know that : ha ≤ na → 2 ( 
R

r
 ─1) ≥ 

na

ra
+

ra

na
(and analogs)  

2R

r
 ≥ 

na

ra
+

ra

na
+ 2 = (√

na

ra
)

2

+(√
ra

na
)

2

 +2→ 

√
𝟐𝐑

𝐫
  ≥√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
 (and analogs)(2) 

We know that :ma ≥
b+c

2
cos

A

2
 (and analogs);bc=2Rha(and analogs); 

a=4Rsin
A

2
cos

A

2
 (and analogs); After simple calculations we obtain a new inequality: 

4𝐦𝐚 𝐬𝐢𝐧
𝐀

𝟐
≥ 𝐡𝐛 + 𝐡𝐜 (and analogs) (3) 

We know that : sin
A

2
= √

r

2R

ra

ha
 (and analogs) and using (3) we obtain a new result: 

4𝐦𝐚√
𝐫𝐚

𝐡𝐚
 ≥ √

𝟐𝐑

𝐫
 (𝐡𝐛 + 𝐡𝐜) (and analogs) (4) 

We know that: 
sin(A+ω)

sin ω
 = 

b

c
+

c

b
 (and analogs)(𝑻𝒓𝒂𝒊𝒂𝒏 𝑳𝒂𝒍𝒆𝒔𝒄𝒖)[𝟐]; ω − Brocard angle; 

2S=aha = bhb = chc=2pr→ 
b

c
=

hc

hb
 (and analogs), and after summation we have 

∑
b+c

a
 =∑

hb+hc

ha
 =∑

sin(A+ω)

sin ω
;  4

ma

ha
√

ra

ha
≥ √

2R

r

hb+hc

ha
 and after summation we obtain: 
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4∑
𝐦𝐚

𝐡𝐚
√

𝐫𝐚

𝐡𝐚
 ≥√

𝟐𝐑

𝐫
∑

𝐬𝐢𝐧(𝐀+𝛚)

𝐬𝐢𝐧 𝛚
 (5) 

From (2) and (4) we get : 

4𝐦𝐚√
𝐫𝐚

𝐡𝐚
  ≥ (𝐡𝐛 + 𝐡𝐜)(√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
) (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(6) 

From (6) after summation we obtain a new inequality: 

4∑ 𝐦𝐚√
𝐫𝐚

𝐡𝐚
 ≥ ∑(𝐡𝐛 + 𝐡𝐜) (√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
)(7) 

From (2) and (4) we obtain : 

4𝐦𝐚√
𝐫𝐚

𝐡𝐚
  ≥ (𝐡𝐛 + 𝐡𝐜)(√

𝐧𝐛

𝐫𝐛
+ √

𝐫𝐛

𝐧𝐛
)(and analogs)(8) 

From (8) after summation:  

4∑ 𝐦𝐚√
𝐫𝐚

𝐡𝐚
  ≥ ∑(𝐡𝐛 + 𝐡𝐜) (√

𝐧𝐛

𝐫𝐛
+ √

𝐫𝐛

𝐧𝐛
) (9) 

From 
sin(A+ω)

sin ω
 = 

b

c
+

c

b
 (and analogs)→

1

sin ω
 ≥ 

b

c
+

c

b
 (and analogs); 

Also 
1

sin ω
=

√a2b2+b2c2+a2c2

2S
 ; 

We consider triangle with sides : 

a1 = √a , b1 = √b, c1 = √c , 2S1 = √r(4R + r) ,bc=2Rha(and analogs), ra+rb + rc= 4R+r; 

1

sin ω1
=

√2R(ha+hb+hc)

√r(4R+r)
  ≥ √

b

c
+ √

c

b
 ,we obtain in the end a new inequality: 

√
𝟐𝐑

𝐫
  ≥ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
 (√

𝐛

𝐜
+ √

𝐜

𝐛
) (and analogs) (10) 

From (4) and (10) we obtain a new inequality: 

4𝐦𝐚√
𝐫𝐚

𝐡𝐚
  ≥ (𝐡𝐛 + 𝐡𝐜)√

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
 (√

𝐛

𝐜
+ √

𝐜

𝐛
) (and analogs) (11) 

From (11) after summation we obtain a new result : 
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4∑ 𝐦𝐚√
𝐫𝐚

𝐡𝐚
  ≥ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
∑(𝐡𝐛 + 𝐡𝐜) (√

𝐛

𝐜
+ √

𝐜

𝐛
)(12) 

From (4) and (10) we have:  

4𝐦𝐚√
𝐫𝐚

𝐡𝐚
  ≥ (𝐡𝐛 + 𝐡𝐜)√

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
 (√

𝐚

𝐜
+ √

𝐜

𝐚
)(and analogs) (13) 

From (13) after summation we obtain a new inequality: 

4∑ 𝐦𝐚√
𝐫𝐚

𝐡𝐚
  ≥ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
∑(𝐡𝐛 + 𝐡𝐜) (√

𝐚

𝐜
+ √

𝐜

𝐚
)(14) 

From (2) and (10) we obtain a new inequality: 

𝟐𝐑

𝐫
 ≥√

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
(√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
) (√

𝐛

𝐜
+ √

𝐜

𝐛
) (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(𝟏𝟓) 

𝟐𝐑

𝐫
 ≥√

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
(√

𝐧𝐜

𝐫𝐜
+ √

𝐫𝐜

𝐧𝐜
) (√

𝐛

𝐜
+ √

𝐜

𝐛
)(and analogs) (16) 

We will use 

𝐑

𝟐𝐫
 = 

𝐩𝟐

𝐡𝐚𝐡𝐛+𝐡𝐚𝐡𝐜+𝐡𝐛𝐡𝐜
 (17) 

(easy to prove,we use :  

1

ha
+

1

hb
+

1

hc
=

1

r
, hahb + hahc + hbhc =

hahbhc

r
, 2S = aha = bhb = chc)and the well known 

inequality: x2 + y2 + z2 ≥ xy+yz+xz ; x,y,z -real numbers ; 

(ha + hb + hc)2 ≥ 3(hahb + hahc + hbhc) and after easy manipulations we obtain a new 
result: 

√
𝐑

𝟐𝐫
≥

𝐩√𝟑

𝐡𝐚+𝐡𝐛+𝐡𝐜
 (18) 

From (2) and (18) we obtain a new inequality : 

𝐑

𝐫
≥

𝐩√𝟑

𝐡𝐚 + 𝐡𝐛 + 𝐡𝐜

(√
𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚

) (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(𝟏𝟗) 

From (10) and (18) we obtain a new result: 
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𝐑

𝐫
≥ √

𝟑𝐩𝟐(𝐫𝐚 + 𝐫𝐛 + 𝐫𝐜)

(𝐡𝐚 + 𝐡𝐛 + 𝐡𝐜)𝟑
(√

𝐛

𝐜
+ √

𝐜

𝐛
) (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(𝟐𝟎) 

Inequality (20) have a general form: 

𝐑

𝐫
≥ √

𝟑𝐩𝟐(𝐫𝐚+𝐫𝐛+𝐫𝐜)

(𝐡𝐚+𝐡𝐛+𝐡𝐜)𝟑 max{(√
𝐛

𝐜
+ √

𝐜

𝐛
) , (√

𝐚

𝐜
+ √

𝐜

𝐚
) , (√

𝐛

𝐚
+ √

𝐚

𝐛
)}(21) 

ra =
S

p−a
 (and analogs); 2S=aha = bhb = chc=2pr=(a+b+c)r 

ra =
2S

2p−2a
 = 

aha

a+b+c−2a
 = 

aha

b+c−a
 → 

ra

ha
=

a

b+c−a
 (and analogs) 

ha

ra
=

b+c−a

a
 = 

b+c

a
 −1 → 

b+c

a
= 1 +

ha

ra
 (and analogs) 

Now we will use aritmetic-geometric mean inequality: 

x+y

2
≥ √xy; x,y ≥ 0, and we have: 1 +

ha

ra
≥ 2√

ha

ra
 → 

𝐛 + 𝐜

𝐚
≥ 𝟐√

𝐡𝐚

𝐫𝐚

(𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(𝟐𝟐) 

I- the incenter of the triangle ABC; AI = 
b+c

2p
la (and analogs);   

AI = 
r

sin
A

2

 (and analogs); sin
A

2
= √

r

2R

ra

ha
 (and analogs);we get a new relationship: 

𝐀𝐈

𝐫
 =√

𝟐𝐑

𝐫
√

𝐡𝐚

𝐫𝐚
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(𝟐𝟑) 

𝐀𝐈

𝐫
 = 

𝐛+𝐜

𝟐𝐩𝐫
𝐥𝐚= 

𝐛+𝐜

𝐚

𝐥𝐚

𝐡𝐚
 (and analogs)(24) 

From (22) and (24) we obtain : 

𝐀𝐈

𝐫
≥ 𝟐

𝐥𝐚

𝐡𝐚

√
𝐡𝐚

𝐫𝐚
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(𝟐𝟓) 

From (23) and (25) we obtain : 
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√
𝐑

𝟐𝐫
 ≥

𝐥𝐚

𝐡𝐚
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(𝐰𝐞𝐥𝐥 − 𝐤𝐧𝐨𝐰𝐧 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲)(26) 

From mala ≥ p(p − a) = rbrc (and analogs)(Panaitopol) and rbrc= ha
(rb+rc)

2
 (and analogs) we 

obtain a new result : 

𝐦𝐚𝐥𝐚

𝐡𝐚
≥

𝐫𝐛+𝐫𝐜

𝟐
 (and analogs) (27) 

From (26) and (27) we obtain : 

𝐦𝐚√
𝐑

𝟐𝐫
≥

𝐫𝐛+𝐫𝐜

𝟐
 (and analogs)(28) 

From (28) after summation we obtain : 

√
𝐑

𝟐𝐫
≥

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐦𝐚+𝐦𝐛+𝐦𝐜
 (29) 

From(18) and (29) we obtain a new inequality: 

𝐑

𝟐𝐫
≥

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
 

𝐩√𝟑

𝐦𝐚+𝐦𝐛+𝐦𝐜
 (30) 

We rewrite (28) as : √
2R

r
  ≥

rb+rc

ma
 and using (2) we obtain a new inequality: 

𝟐𝐑

𝐫
𝐦𝐚 ≥ (𝐫𝐛 + 𝐫𝐜) (√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
)(and analogs)(31) 

From (31) after summation we obtain a new result: 

𝟐𝐑

𝐫
(𝐦𝐚 + 𝐦𝐛 + 𝐦𝐜)  ≥ ∑ ≥ (𝐫𝐛 + 𝐫𝐜) (√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
)(32) 

From (2) and (28) we obtain : 

𝟐𝐑

𝐫
𝐦𝐚 ≥ (𝐫𝐛 + 𝐫𝐜) (√

𝐧𝐛

𝐫𝐛
+ √

𝐫𝐛

𝐧𝐛
) (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(33) 

From (33) after summation we obtain: 

𝟐𝐑

𝐫
(𝐦𝐚 + 𝐦𝐛 + 𝐦𝐜)  ≥ ∑ ≥ (𝐫𝐛 + 𝐫𝐜) (√

𝐧𝐛

𝐫𝐛
+ √

𝐫𝐛

𝐧𝐛
) (34) 

From (10) and (29) we obtain a new inequality: 
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𝐑

𝐫
≥ √

(𝐫𝐚+𝐫𝐛+𝐫𝐜)𝟑

(𝐦𝐚+𝐦𝐛+𝐦𝐜)𝟐(𝐡𝐚+𝐡𝐛+𝐡𝐜)
(√

𝐛

𝐜
+ √

𝐜

𝐛
) (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(35) 

R

r
≥ √

(ra+rb+rc)3

(ma+mb+mc)2(ha+hb+hc)
 max{(√

b

c
+ √

c

b
) , (√

a

c
+ √

c

a
) , (√

b

a
+ √

a

b
)} 

From (4) after summation we obtain: 

2∑ 𝐦𝐚√
𝐫𝐚

𝐡𝐚
≥ √

𝟐𝐑

𝐫
 (𝐡𝐚 + 𝐡𝐛 + 𝐡𝐜)(36) 

From (23) after summation we obtain : 

𝐀𝐈+𝐁𝐈+𝐂𝐈

𝐫
 =√

𝟐𝐑

𝐫
∑ √

𝐡𝐚

𝐫𝐚
 (37) 

From (2) and (37) after summation we obtain a new inequality : 

𝐀𝐈+𝐁𝐈+𝐂𝐈

𝐫
≥

𝟏

𝟑
∑ √

𝐡𝐚

𝐫𝐚
(∑ √

𝐧𝐚

𝐫𝐚
+ ∑ √

𝐫𝐚

𝐧𝐚
)(38) 

From (16) and (37) after summation we obtain a new inequality : 

𝐀𝐈+𝐁𝐈+𝐂𝐈

𝐫
≥

𝟏

𝟑
√

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜

𝟒
∑ √

𝐡𝐚

𝐫𝐚
∑ [(√

𝐛

𝐜
+ √

𝐜

𝐛
)

𝟏

𝟐

(√
𝐧𝐜

𝐫𝐜
+ √

𝐫𝐜

𝐧𝐜
)

𝟏

𝟐

](39) 

From (15) and (37) after summation we obtain a new inequality: 

𝐀𝐈+𝐁𝐈+𝐂𝐈

𝐫
≥

𝟏

𝟑
√

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜

𝟒 ∑ √
𝐡𝐚

𝐫𝐚
∑ [(√

𝐛

𝐜
+ √

𝐜

𝐛
)

𝟏

𝟐

(√
𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
)

𝟏

𝟐

](40) 

From (26) and (2) we obtain: 

𝐑

𝐫
≥

𝐥𝐚

𝐡𝐚
 (√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
)(and analogs) (41) 

𝐑

𝐫
≥

𝐥𝐜

𝐡𝐜
(√

𝐧𝐛

𝐫𝐛
+ √

𝐫𝐛

𝐧𝐛
)(and analogs) (42) 

From (4) ,(41),(42) and 
R

r
≥

mc

hb
+

mb

hc
 (and analogs)[3] we obtain a new results: 
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4𝐦𝐚√
𝐫𝐚

𝐡𝐚
  ≥ (𝐡𝐛 + 𝐡𝐜)√

𝐦𝐜

𝐡𝐛
+

𝐦𝐛

𝐡𝐜
+

𝐥𝐚

𝐡𝐚
 (√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
) (and analogs)(43) 

From (43) after summation we obtain a new inequality : 

4∑ 𝐦𝐚√
𝐫𝐚

𝐡𝐚
  ≥ ∑(𝐡𝐛 + 𝐡𝐜)√

𝐦𝐜

𝐡𝐛
+

𝐦𝐛

𝐡𝐜
+

𝐥𝐚

𝐡𝐚
 (√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
) (44) 

4𝐦𝐚√
𝐫𝐚

𝐡𝐚
  ≥ (𝐡𝐛 + 𝐡𝐜)√

𝐦𝐜

𝐡𝐛
+

𝐦𝐛

𝐡𝐜
+

𝐥𝐜

𝐡𝐜
 (√

𝐧𝐛

𝐫𝐛
+ √

𝐫𝐛

𝐧𝐛
) (and analogs) (45) 

From (45) after summation we obtain a new inequality : 

𝟒 ∑ 𝐦𝐚√
𝐫𝐚

𝐡𝐚
  ≥ ∑(𝐡𝐛 + 𝐡𝐜)√

𝐦𝐜

𝐡𝐛
+

𝐦𝐛

𝐡𝐜
+

𝐥𝐜

𝐡𝐜
 (√

𝐧𝐛

𝐫𝐛
+ √

𝐫𝐛

𝐧𝐛
)(46) 

From 
R

r
≥

mc

hb
+

mb

hc
 (and analogs) and (35) we obtain a new inequality: 

𝟐𝐑

𝐫
≥ √

(𝐫𝐚+𝐫𝐛+𝐫𝐜)𝟑

(𝐦𝐚+𝐦𝐛+𝐦𝐜)𝟐(𝐡𝐚+𝐡𝐛+𝐡𝐜)
 max{(√

𝐛

𝐜
+ √

𝐜

𝐛
) , (√

𝐚

𝐜
+ √

𝐜

𝐚
) , (√

𝐛

𝐚
+ +√

𝐚

𝐛
)} +max{

𝐦𝐜

𝐡𝐛
+

𝐦𝐛

𝐡𝐜
,

𝐦𝐜

𝐡𝐚
+

𝐦𝐚

𝐡𝐜
,

𝐦𝐚

𝐡𝐛
+

𝐦𝐛

𝐡𝐚
}(47) 

From (2) and (30) we obtain a new inequality : 

𝐑

𝐫
≥ (√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
) √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
 

𝐩√𝟑

𝐦𝐚+𝐦𝐛+𝐦𝐜
 (48) 

From 
R

r
≥

mc

hb
+

mb

hc
 (and analogs) and (48) we obtain the next result : 

𝟐𝐑

𝐫
≥

𝐦𝐜

𝐡𝐛
+

𝐦𝐛

𝐡𝐜
+ (√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
) √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
 

𝐩√𝟑

𝐦𝐚+𝐦𝐛+𝐦𝐜
 (and analogs) (49) 

From (19) and (41) after summation we obtain a new result : 

𝟐𝐑

𝐫
≥ (√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
) (

𝐥𝐚

𝐡𝐚
+

𝐩√𝟑

𝐡𝐚+𝐡𝐛+𝐡𝐜
)(and analogs) (50) 

From (41) and (48) after summation we obtain a new inequality : 
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𝟐𝐑

𝐫
≥ (√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
) (

𝐥𝐚

𝐡𝐚
+ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
 

𝐩√𝟑

𝐦𝐚+𝐦𝐛+𝐦𝐜
 ) (and analogs) (51) 

We know that: √
b

c
+ √

c

b
=

2√rbrc

la
 (and analogs)  (very easy to obtain !) 

Using this identity and (10) we obtain a new inequality : 

√
𝟐𝐑

𝐫
  ≥ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜

𝟐√𝐫𝐛𝐫𝐜

𝐥𝐚
 →√

𝐑

𝟐𝐫
 𝐥𝐚 ≥ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
√𝐫𝐛𝐫𝐜 (and analogs)(52) 

From (52) after summation we obtain a new inequality : 

√
𝐑

𝟐𝐫
  ≥ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜

√𝐫𝐛𝐫𝐜+√𝐫𝐚𝐫𝐜+√𝐫𝐚𝐫𝐛

𝐥𝐚+𝐥𝐛+𝐥𝐜
 (53) 

From (2) and (53) we obtain a new result : 

𝐑

𝐫
  ≥ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜

√𝐫𝐛𝐫𝐜+√𝐫𝐚𝐫𝐜+√𝐫𝐚𝐫𝐛

𝐥𝐚+𝐥𝐛+𝐥𝐜
(√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
)(and analogs)(54) 

Inequality (54) can take the next form : 

𝐑

𝐫
  ≥ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜

√𝐫𝐛𝐫𝐜+√𝐫𝐚𝐫𝐜+√𝐫𝐚𝐫𝐛

𝐥𝐚+𝐥𝐛+𝐥𝐜
𝐦𝐚𝐱 {(√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
) , (√

𝐧𝐛

𝐫𝐛
+ √

𝐫𝐛

𝐧𝐛
) , (√

𝐧𝐜

𝐫𝐜
+ √

𝐫𝐜

𝐧𝐜
)}(55) 

From (48) and (54) after summation we obtain a new inequality : 

𝟐𝐑

𝐫
 ≥ (√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
) (√

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜

√𝐫𝐛𝐫𝐜+√𝐫𝐚𝐫𝐜+√𝐫𝐚𝐫𝐛

𝐥𝐚+𝐥𝐛+𝐥𝐜
+ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
 

𝐩√𝟑

𝐦𝐚+𝐦𝐛+𝐦𝐜
) 

(and analogs)(56) 

From (19) and (54) after summation we obtain a new inequality : 

𝟐𝐑

𝐫
 ≥ (√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
) (

𝐩√𝟑

𝐡𝐚+𝐡𝐛+𝐡𝐜
+ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜

√𝐫𝐛𝐫𝐜+√𝐫𝐚𝐫𝐜+√𝐫𝐚𝐫𝐛

𝐥𝐚+𝐥𝐛+𝐥𝐜
) (and analogs) (57) 

From (19) and 
R

r
≥

mc

hb
+

mb

hc
 (and analogs) after summation we obtain a new result : 

𝟐𝐑

𝐫
 ≥ 

𝐦𝐜

𝐡𝐛
+

𝐦𝐛

𝐡𝐜
+

𝐩√𝟑

𝐡𝐚+𝐡𝐛+𝐡𝐜
(√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
) (and analogs)(58) 

From 
R

r
 ─1= 

na
2+ra

2

2raha
 (and analogs) →

R

r
 ─1 ≥ 

2nara

2raha
 = 

na

ha
 .We have a new inequality : 
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𝐑

𝐫
 ≥ 1+

𝐧𝐚

𝐡𝐚
 (and analogs) (59) 

From (59) and (35) after summation we obtain a new inequality : 

𝟐𝐑

𝐫
 ≥1+ 

𝐧𝐚

𝐡𝐚
+ √

(𝐫𝐚+𝐫𝐛+𝐫𝐜)𝟑

(𝐦𝐚+𝐦𝐛+𝐦𝐜)𝟐(𝐡𝐚+𝐡𝐛+𝐡𝐜)
(√

𝐛

𝐜
+ √

𝐜

𝐛
) (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) (60) 

From (59),(41) and (42) we obtain new inequalities : 

𝟐𝐑

𝐫
 ≥ 1+ 

𝐧𝐚

𝐡𝐚
+

𝐥𝐚

𝐡𝐚
 (√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
)(and analogs) (61) 

𝟐𝐑

𝐫
 ≥ 1+ 

𝐧𝐚

𝐡𝐚
 + 

𝐥𝐜

𝐡𝐜
(√

𝐧𝐛

𝐫𝐛
+ √

𝐫𝐛

𝐧𝐛
)(and analogs) (62) 

From (48) and (59) after summation we obtain a new inequality : 

𝟐𝐑

𝐫
 ≥ 1+ 

𝐧𝐚

𝐡𝐚
 +(√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
) √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
 

𝐩√𝟑

𝐦𝐚+𝐦𝐛+𝐦𝐜
 (and analogs) (63) 

Inequality (63) can be written as : 

𝟐𝐑

𝐫
 ≥ 1+ max(

𝐧𝐚

𝐡𝐚
,

𝐧𝐛

𝐡𝐛
,

𝐧𝐜

𝐡𝐜
) + 𝐦𝐚𝐱 {(√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
) , (√

𝐧𝐛

𝐫𝐛
+ √

𝐫𝐛

𝐧𝐛
) , (√

𝐧𝐜

𝐫𝐜
+ √

𝐫𝐜

𝐧𝐜
)} √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
 

𝐩√𝟑

𝐦𝐚+𝐦𝐛+𝐦𝐜
 

(64) 

From (59) and (55) after summation we obtain a new inequality : 

𝟐𝐑

𝐫
 ≥ 1+ max(

𝐧𝐚

𝐡𝐚
,

𝐧𝐛

𝐡𝐛
,

𝐧𝐜

𝐡𝐜
) +√

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜

√𝐫𝐛𝐫𝐜+√𝐫𝐚𝐫𝐜+√𝐫𝐚𝐫𝐛

𝐥𝐚+𝐥𝐛+𝐥𝐜
𝐦𝐚𝐱 {(√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
) , (√

𝐧𝐛

𝐫𝐛
+ √

𝐫𝐛

𝐧𝐛
) , (√

𝐧𝐜

𝐫𝐜
+

√
𝐫𝐜

𝐧𝐜
)} (65) 

From (59) after a simple manipulation we obtain a new result : 

𝐑

𝐫
 ≥ 1+√

𝐧𝐚𝐧𝐛𝐧𝐜

𝐡𝐚𝐡𝐛𝐡𝐜

𝟑
 (66) 

and using 
R

r
≥

mc

hb
+

mb

hc
 (and analogs) after summation we obtain a new inequality : 

𝟐𝐑

𝐫
 ≥ 1+ 

𝐦𝐜

𝐡𝐛
+

𝐦𝐛

𝐡𝐜
+ √

𝐧𝐚𝐧𝐛𝐧𝐜

𝐡𝐚𝐡𝐛𝐡𝐜

𝟑
 (and analogs) (67) 

(
R

r
 ─ 1)

2

hahb ≥ nanb (and analogs) ,after summation we obtain : 
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 (
R

r
 ─ 1)

2

(hahb + hahc + hbhc) ≥ nanb + nanc + nbnc 

(
R

r
 ─ 1)

2 hahb+hahc+hbhc

p2  ≥ 
nanb+nanc+nbnc

p2  ,  
R

2r
 = 

p2

hahb+hahc+hbhc
 

We obtain a new result : 

𝐑

𝐫
 ≥ 1+√

𝐑

𝟐𝐫
 
√𝐧𝐚𝐧𝐛+𝐧𝐚𝐧𝐜+𝐧𝐛𝐧𝐜

𝐩
 (68) 

2R

r
 ≥ 2+√

2R

r
 
√nanb+nanc+nbnc

p
 

From (2) and (68) we obtain a new inequality : 

𝟐𝐑

𝐫
 ≥ 2+(√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
)

√𝐧𝐚𝐧𝐛+𝐧𝐚𝐧𝐜+𝐧𝐛𝐧𝐜

𝐩
 (and analogs) (69) 

From (10) and (68) we obtain a new result : 

𝟐𝐑

𝐫
 ≥ 2+√

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
 (√

𝐛

𝐜
+ √

𝐜

𝐛
)

√𝐧𝐚𝐧𝐛+𝐧𝐚𝐧𝐜+𝐧𝐛𝐧𝐜

𝐩
 (and analogs) (70) 

From (18) and (68) we obtain a new inequality : 

𝐑

𝐫
 ≥ 1 + 

√𝟑(𝐧𝐚𝐧𝐛+𝐧𝐚𝐧𝐜+𝐧𝐛𝐧𝐜)

𝐡𝐚+𝐡𝐛+𝐡𝐜
 (71) 

From (29) and (68) we obtain a new inequality: 

𝐑

𝐫
 ≥ 1+ 

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐦𝐚+𝐦𝐛+𝐦𝐜

√𝐧𝐚𝐧𝐛+𝐧𝐚𝐧𝐜+𝐧𝐛𝐧𝐜

𝐩
 (72) 

From (28) and (68) we obtain a new result : 

𝐑

𝐫
 ≥ 1 + 

𝐫𝐛+𝐫𝐜

𝐦𝐚

√𝐧𝐚𝐧𝐛+𝐧𝐚𝐧𝐜+𝐧𝐛𝐧𝐜

𝐚+𝐛+𝐜
 (and analogs) (73) 

From (26) and (68) we obtain a new inequality : 

𝐑

𝐫
 ≥ 1 + 

𝐥𝐚

𝐡𝐚

√𝐧𝐚𝐧𝐛+𝐧𝐚𝐧𝐜+𝐧𝐛𝐧𝐜

𝐩
 (and analogs) (74) 

From (53) and (68) we obtain a new inequality : 

𝐑

𝐫
 ≥ 1+ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜

√𝐫𝐛𝐫𝐜+√𝐫𝐚𝐫𝐜+√𝐫𝐚𝐫𝐛

𝐥𝐚+𝐥𝐛+𝐥𝐜

√𝐧𝐚𝐧𝐛+𝐧𝐚𝐧𝐜+𝐧𝐛𝐧𝐜

𝐩
 (75) 
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𝐑

𝐫
 ≥ 1+ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜

√𝐩−𝐚+√𝐩−𝐛+√𝐩−𝐜

𝐥𝐚+𝐥𝐛+𝐥𝐜
√

𝐧𝐚𝐧𝐛+𝐧𝐚𝐧𝐜+𝐧𝐛𝐧𝐜

𝐩
 (76) 

From (55) and (75) after summation we obtain : 

𝟐𝐑

𝐫
 ≥1+√

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜

√𝐫𝐛𝐫𝐜+√𝐫𝐚𝐫𝐜+√𝐫𝐚𝐫𝐛

𝐥𝐚+𝐥𝐛+𝐥𝐜
(

√𝐧𝐚𝐧𝐛+𝐧𝐚𝐧𝐜+𝐧𝐛𝐧𝐜

𝐩
𝐦𝐚𝐱 {(√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
) , (√

𝐧𝐛

𝐫𝐛
+ √

𝐫𝐛

𝐧𝐛
) , (√

𝐧𝐜

𝐫𝐜
+

√
𝐫𝐜

𝐧𝐜
)}) (77) 

From (19) and (66) after summation we obtain a new inequality : 

𝟐𝐑

𝐫
 ≥ 1+√

𝐧𝐚𝐧𝐛𝐧𝐜

𝐡𝐚𝐡𝐛𝐡𝐜

𝟑
 + 

𝐩√𝟑

𝐡𝐚+𝐡𝐛+𝐡𝐜
(√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
) (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(78) 

From (20) and (66) after summation we obtain a new inequality : 

𝟐𝐑

𝐫
 ≥ 1+√

𝐧𝐚𝐧𝐛𝐧𝐜

𝐡𝐚𝐡𝐛𝐡𝐜

𝟑
 +√

𝟑𝐩𝟐(𝐫𝐚+𝐫𝐛+𝐫𝐜)

(𝐡𝐚+𝐡𝐛+𝐡𝐜)𝟑 (√
𝐛

𝐜
+ √

𝐜

𝐛
) (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) (79) 

From (41) and (66) after summation we obtain a new inequality : 

𝟐𝐑

𝐫
 ≥ 1+√

𝐧𝐚𝐧𝐛𝐧𝐜

𝐡𝐚𝐡𝐛𝐡𝐜

𝟑
 + 

𝐥𝐚

𝐡𝐚
 (√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
)(and analogs) (80) 

From (42) and (66) after summation we obtain a new inequality: 

𝟐𝐑

𝐫
 ≥ 1+√

𝐧𝐚𝐧𝐛𝐧𝐜

𝐡𝐚𝐡𝐛𝐡𝐜

𝟑
 +

𝐥𝐜

𝐡𝐜
(√

𝐧𝐛

𝐫𝐛
+ √

𝐫𝐛

𝐧𝐛
)(and analogs) (81) 

From (54) and (66) after summation we obtain a new inequality : 

𝟐𝐑

𝐫
 ≥ 1+√

𝐧𝐚𝐧𝐛𝐧𝐜

𝐡𝐚𝐡𝐛𝐡𝐜

𝟑
 + √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜

√𝐫𝐛𝐫𝐜+√𝐫𝐚𝐫𝐜+√𝐫𝐚𝐫𝐛

𝐥𝐚+𝐥𝐛+𝐥𝐜
(√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
)(and analogs) (82) 

From (66) and 
R

r
≥

mc

hb
+

mb

hc
 (and analogs) after summation we obtain a new inequality :  

𝟐𝐑

𝐫
 ≥ 1 + 

𝐦𝐜

𝐡𝐛
+

𝐦𝐛

𝐡𝐜
+ √

𝐧𝐚𝐧𝐛𝐧𝐜

𝐡𝐚𝐡𝐛𝐡𝐜

𝟑
 (and analogs) (83) 

We shown :
b+c

a
 = √

2R

r
 
ha

la
√

ha

ra
 (and analogs )[4] and using (2) we obtain a new inequality : 

𝐛+𝐜

𝐚
 ≥ (√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
)

𝐡𝐚

𝐥𝐚
√

𝐡𝐚

𝐫𝐚
 (and analogs ) (84) 
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From (84) after summation we obtain a new inequality : 

∑
b+c

a
 ≥ ∑ (√

na

ra
+ √

ra

na
)

ha

la
√

ha

ra
 ,but ∑

sin(A+ω)

sin ω
 =∑

b+c

a
 , we obtain this result : 

∑
𝐬𝐢𝐧(𝐀+𝛚)

𝐬𝐢𝐧 𝛚
 ≥ ∑ (√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
)

𝐡𝐚

𝐥𝐚
√

𝐡𝐚

𝐫𝐚
 (85) 

Using 
b+c

a
 =√

2R

r
 
ha

la
√

ha

ra
 (and analogs ) and useing (2) we obtain : 

𝐛+𝐜

𝐚
≥ (√

𝐧𝐛

𝐫𝐛
+ √

𝐫𝐛

𝐧𝐛
)

𝐡𝐚

𝐥𝐚
√

𝐡𝐚

𝐫𝐚
 (and analogs )(86) 

From (86) after summation we obtain a new inequality : 

∑
𝐬𝐢𝐧(𝐀+𝛚)

𝐬𝐢𝐧 𝛚
 ≥ ∑ (√

𝐧𝐛

𝐫𝐛
+ √

𝐫𝐛

𝐧𝐛
)

𝐡𝐚

𝐥𝐚
√

𝐡𝐚

𝐫𝐚
 (87) 

Using 
b+c

a
 = √

2R

r
 
ha

la
√

ha

ra
 (and analogs ) and (15) we obtain : 

𝐛+𝐜

𝐚
≥ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜

𝟒
 √

𝐡𝐚

𝐫𝐚
(√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
) (√

𝐛

𝐜
+ √

𝐜

𝐛
)

𝐡𝐚

𝐥𝐚
 (and analogs ) (88) 

From (88) after summation we obtain : 

∑
𝐬𝐢𝐧(𝐀+𝛚)

𝐬𝐢𝐧 𝛚
 ≥ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜

𝟒 ∑
𝐡𝐚

𝐥𝐚
√

𝐡𝐚

𝐫𝐚
(√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
) (√

𝐛

𝐜
+ √

𝐜

𝐛
) (89) 

Useing 
b+c

a
 = √

2R

r
 
ha

la
√

ha

ra
 (and analogs ) and (16) we obtain a new inequality : 

𝐛+𝐜

𝐚
≥ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜

𝟒
√

𝐡𝐚

𝐫𝐚
(√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
) (√

𝐚

𝐜
+ √

𝐜

𝐚
)

𝐡𝐚

𝐥𝐚
 (and analogs ) (90) 

From (90) after summation we obtain a new inequality : 

∑
𝐬𝐢𝐧(𝐀+𝛚)

𝐬𝐢𝐧 𝛚
 ≥ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜

𝟒 ∑
𝐡𝐚

𝐥𝐚
√

𝐡𝐚

𝐫𝐚
(√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
) (√

𝐚

𝐜
+ √

𝐜

𝐚
) (91) 
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From (18) and (29) after summation ,we obtain : 

√
𝟐𝐑

𝐫
≥

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐦𝐚+𝐦𝐛+𝐦𝐜
+

𝐩√𝟑

𝐡𝐚+𝐡𝐛+𝐡𝐜
 (92) 

From (92) and 
b+c

a
 = √

2R

r
 
ha

la
√

ha

ra
 (and analogs ) we obtain a new inequality : 

𝐛+𝐜

𝐚
≥ (

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐦𝐚+𝐦𝐛+𝐦𝐜
+

𝐩√𝟑

𝐡𝐚+𝐡𝐛+𝐡𝐜
) 

𝐡𝐚

𝐥𝐚
√

𝐡𝐚

𝐫𝐚
 (and analogs )(93) 

From (93) we obtain a new inequality : 

∑
𝐬𝐢𝐧(𝐀+𝛚)

𝐬𝐢𝐧 𝛚
 ≥ (

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐦𝐚+𝐦𝐛+𝐦𝐜
+

𝐩√𝟑

𝐡𝐚+𝐡𝐛+𝐡𝐜
) ∑

𝐡𝐚

𝐥𝐚
√

𝐡𝐚

𝐫𝐚
 (94) 

From (92) and (2) we obtain a new inequality : 

𝟐𝐑

𝐫
  ≥ (

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐦𝐚+𝐦𝐛+𝐦𝐜
+

𝐩√𝟑

𝐡𝐚+𝐡𝐛+𝐡𝐜
) (√

𝐧𝐛

𝐫𝐛
+ √

𝐫𝐛

𝐧𝐛
) (and analogs ) (95) 

From (53) and (18) after summation we obtain : 

√
𝟐𝐑

𝐫
≥

𝐩√𝟑

𝐡𝐚+𝐡𝐛+𝐡𝐜
 +√

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜

√𝐫𝐛𝐫𝐜+√𝐫𝐚𝐫𝐜+√𝐫𝐚𝐫𝐛

𝐥𝐚+𝐥𝐛+𝐥𝐜
 (96) 

Using (96) and 
b+c

a
 = √

2R

r
 
ha

la
√

ha

ra
 (and analogs )we obtain a new inequality : 

𝐛+𝐜

𝐚
≥ (

𝐩√𝟑

𝐡𝐚+𝐡𝐛+𝐡𝐜
 + √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜

√𝐫𝐛𝐫𝐜+√𝐫𝐚𝐫𝐜+√𝐫𝐚𝐫𝐛

𝐥𝐚+𝐥𝐛+𝐥𝐜
)

𝐡𝐚

𝐥𝐚
√

𝐡𝐚

𝐫𝐚
 (and analogs) (97) 

From (97) after summation we obtain a new inequality: 

∑
𝐬𝐢𝐧(𝐀+𝛚)

𝐬𝐢𝐧 𝛚
 ≥ (

𝐩√𝟑

𝐡𝐚+𝐡𝐛+𝐡𝐜
 + √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜

√𝐫𝐛𝐫𝐜+√𝐫𝐚𝐫𝐜+√𝐫𝐚𝐫𝐛

𝐥𝐚+𝐥𝐛+𝐥𝐜
) ∑

𝐡𝐚

𝐥𝐚
√

𝐡𝐚

𝐫𝐚
 (98) 

From (53) and (29) after summation we obtain a new inequality : 

√
𝟐𝐑

𝐫
≥

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐦𝐚+𝐦𝐛+𝐦𝐜
 +√

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜

√𝐫𝐛𝐫𝐜+√𝐫𝐚𝐫𝐜+√𝐫𝐚𝐫𝐛

𝐥𝐚+𝐥𝐛+𝐥𝐜
 (99) 

Using (99) and 
b+c

a
 = √

2R

r
 
ha

la
√

ha

ra
 (and analogs ) we obtain a new inequality : 
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𝐛+𝐜

𝐚
≥ (

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐦𝐚+𝐦𝐛+𝐦𝐜
 + √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜

√𝐫𝐛𝐫𝐜+√𝐫𝐚𝐫𝐜+√𝐫𝐚𝐫𝐛

𝐥𝐚+𝐥𝐛+𝐥𝐜
) 

𝐡𝐚

𝐥𝐚
√

𝐡𝐚

𝐫𝐚
 (and analogs) (100) 

From (100) after summation we obtain a new inequality : 

∑
𝐬𝐢𝐧(𝐀+𝛚)

𝐬𝐢𝐧 𝛚
 ≥ (

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐦𝐚+𝐦𝐛+𝐦𝐜
 + √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜

√𝐫𝐛𝐫𝐜+√𝐫𝐚𝐫𝐜+√𝐫𝐚𝐫𝐛

𝐥𝐚+𝐥𝐛+𝐥𝐜
) ∑

𝐡𝐚

𝐥𝐚
√

𝐡𝐚

𝐫𝐚
 (101) 

From (2) and (99) we obtain a new inequality : 

𝟐𝐑

𝐫
 ≥(

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐦𝐚+𝐦𝐛+𝐦𝐜
 + √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜

√𝐫𝐛𝐫𝐜+√𝐫𝐚𝐫𝐜+√𝐫𝐚𝐫𝐛

𝐥𝐚+𝐥𝐛+𝐥𝐜
) (√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
) (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(102) 

From (2) and (96) we obtain a new inequality : 

𝟐𝐑

𝐫
 ≥(

𝐩√𝟑

𝐡𝐚+𝐡𝐛+𝐡𝐜
 + √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜

√𝐫𝐛𝐫𝐜+√𝐫𝐚𝐫𝐜+√𝐫𝐚𝐫𝐛

𝐥𝐚+𝐥𝐛+𝐥𝐜
) (√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
) (and analogs) (103) 

From (96) and (29) we obtain a new inequality : 

𝐑

𝐫
 ≥(

𝐩√𝟑

𝐡𝐚+𝐡𝐛+𝐡𝐜
 + √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜

√𝐫𝐛𝐫𝐜+√𝐫𝐚𝐫𝐜+√𝐫𝐚𝐫𝐛

𝐥𝐚+𝐥𝐛+𝐥𝐜
)

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐦𝐚+𝐦𝐛+𝐦𝐜
 (104) 

From (99) and (18) we obtain a new inequality: 

𝐑

𝐫
 ≥ (

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐦𝐚+𝐦𝐛+𝐦𝐜
 + √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜

√𝐫𝐛𝐫𝐜+√𝐫𝐚𝐫𝐜+√𝐫𝐚𝐫𝐛

𝐥𝐚+𝐥𝐛+𝐥𝐜
)

𝐩√𝟑

𝐡𝐚+𝐡𝐛+𝐡𝐜
 (105) 

We consider x,y,z >0 ,real numbers.Then we have : 

x

y
+ 

y

x
 ≥ 

x+z

y+z
+ 

y+z

x+z
 →

x

y
 ─ 

x+z

y+z
 ≥ 

y+z

x+z
 ─ 

y

x
 →

x(y+z)−y(x+z)

y(y+z)
 ≥ 

x(y+z)−y(x+z)

x(x+z)
 → 

z(x−y)

y(y+z)
 ≥ 

z(x−y)

x(x+z)
 → z(x − y) [

1

y(y+z)
  ─ 

1

x(x+z)
] ≥0 ;x2 − y2 =(x−y)(x+y) 

After simple calculations ,we obtain : 
z(x−y)2(x+y+z)

xy(x+z)(y+z)
 ≥ 0 , which is true ! 

We have a new inequality : x,y,z >0 ,real numbers. 

𝐱

𝐲
+ 

𝐲

𝐱
 ≥ 

𝐱+𝐳

𝐲+𝐳
+ 

𝐲+𝐳

𝐱+𝐳
 (and analogs ) (106) 

From (106) we obtain : 
b

c
+ 

c

b
 ≥ 

b+x

c+x
+

c+x

b+x
 (and analogs) ,x-real number ,x>0  

𝐬𝐢𝐧(𝐀+𝛚)

𝐬𝐢𝐧 𝛚
 ≥ 

𝐛+𝐱

𝐜+𝐱
+

𝐜+𝐱

𝐛+𝐱
 (and analogs) ,x-real number ,x>0 (107) 
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From (107) we obtain a new inequality : 

𝟏

𝐬𝐢𝐧 𝛚
 ≥ 

𝐛+𝐱

𝐜+𝐱
+

𝐜+𝐱

𝐛+𝐱
 (and analogs) ,x-real number ,x>0 (108) 

LEMMA:Triangle ABC with sides a,b,c and triangle with sides ma, mb, mc have the same 
Brocard angle.[5] 

Useing this result ,from (108) we obtain a new inequality: 

𝟏

𝐬𝐢𝐧 𝛚
 ≥ 

𝐦𝐛+𝐱

𝐦𝐜+𝐱
+

𝐦𝐜+𝐱

𝐦𝐛+𝐱
 (and analogs) ,x-real number ,x>0 (109) 

From (107) we obtain a new result : 

𝐬𝐢𝐧(𝐀+𝛚)

𝐬𝐢𝐧 𝛚
 ≥ 

𝐛+𝐚

𝐜+𝐚
+

𝐜+𝐚

𝐛+𝐚
 (and analogs) (110) 

From (108) we obtain a new result : 

𝟏

𝐬𝐢𝐧 𝛚
 ≥ 

𝐛+𝐚

𝐜+𝐚
+

𝐜+𝐚

𝐛+𝐚
 (and analogs) (111) 

From (109) we obtain a new result : 

𝟏

𝐬𝐢𝐧 𝛚
 ≥ 

𝐦𝐛+𝐦𝐚

𝐦𝐜+𝐦𝐚
+

𝐦𝐜+𝐦𝐚

𝐦𝐛+𝐦𝐚
 (and analogs) (112) 

We consider ∆A1B1C1 with: a1 = √a , b1 = √b , c1 = √c and 2S1=√r(4R + r), 

bc=2Rha(and analogs), ra+rb + rc= 4R+r.From  (111) we obtain a new inequality: 

√
𝟐𝐑

𝐫
≥ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
(

√𝐚+√𝐛

√𝐚+√𝐜
+

√𝐚+√𝐜

√𝐚+√𝐛
)(and analogs) (113) 

From (1) and (106) we have : 2
ha

na
(

R

r
 ─1) ≥

na+x

ra+x
+

ra+x

na+x
 ,x-real number ,x>0 

𝟐 (
𝐑

𝐫
 ─𝟏) ≥

𝐧𝐚

𝐡𝐚
(

𝐧𝐚+𝐱

𝐫𝐚+𝐱
+

𝐫𝐚+𝐱

𝐧𝐚+𝐱
)(and analogs) ,x-real number ,x>0 (114) 

Because na ≥ ha from (114) we obtain a new inequality: 

𝟐 (
𝐑

𝐫
 ─𝟏) ≥

𝐧𝐚+𝐱

𝐫𝐚+𝐱
+

𝐫𝐚+𝐱

𝐧𝐚+𝐱
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬), x-real number ,x>0 (115) 

Also naga ≥ mala(and analogs)→ 
na

ha
 ≥

ma

ha

la

ga
 (and analogs) and using (114) we obtain a new 

inequality :  

𝟐 (
𝐑

𝐫
 ─𝟏) ≥

𝐦𝐚

𝐡𝐚

𝐥𝐚

𝐠𝐚
(

𝐧𝐚+𝐱

𝐫𝐚+𝐱
+

𝐫𝐚+𝐱

𝐧𝐚+𝐱
)(and analogs) x-real number ,x>0 (116) 
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We consider ∆A1B1C1 with: a1 = √a , b1 = √b , c1 = √c and 2S1=√r(4R + r), 

bc=2Rha(and analogs), ra+rb + rc= 4R+r ,from (108) we obtain a new result : 

√
𝟐𝐑

𝐫
≥ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
(

√𝐛+𝐱

√𝐜+𝐱
+

√𝐜+𝐱

√𝐛+𝐱
)(and analogs) x-real number ,x>0 (117) 

From (106) →√
b

c
+ √

c

b
 ≥

√b+x

√c+x
+

√c+x

√b+x
 , x-real number ,x>0 but √

b

c
+ √

c

b
=

2√rbrc

la
  

We obtain a new inequality : 

𝟐√𝐫𝐛𝐫𝐜

𝐥𝐚
≥

√𝐛+𝐱

√𝐜+𝐱
+

√𝐜+𝐱

√𝐛+𝐱
 , x-real number ,x>0 (118) 

From (106) →√
na

ra
+ √

ra

na
≥

√na+x

√ra+x
+

√ra+x

√na+x
 and using (2) we obtain a new inequality : √

𝟐𝐑

𝐫
 ≥

√𝐧𝐚+𝐱

√𝐫𝐚+𝐱
+

√𝐫𝐚+𝐱

√𝐧𝐚+𝐱
 (and analogs) ,x-real number ,x>0 (119) 

From mala ≥ p(p − a) = rbrc (and analogs)(Panaitopol) and (118) we obtain a new inequality : 

√
𝐦𝐚

𝐥𝐚
 ≥

𝟏

𝟐
(

√𝐛+𝐱

√𝐜+𝐱
+

√𝐜+𝐱

√𝐛+𝐱
) , x-real number ,x>0 (and analogs) (120) 

From (106) 
hb

hc
+ 

hc

hb
 ≥ 

hb+x

hc+x
+

hc+x

hb+x
 (and analogs) ,x-real number ,x>0  

2S=aha = bhb = chc→ 
hb

hc
 =

c

b
 (and analogs) , 

sin(A+ω)

sin ω
 = 

b

c
+

c

b
 (and analogs) we obtain : 

𝐛

𝐜
+ 

𝐜

𝐛
 ≥ 

𝐡𝐛+𝐱

𝐡𝐜+𝐱
+

𝐡𝐜+𝐱

𝐡𝐛+𝐱
 (and analogs) ,x-real number ,x>0 (121) 

𝐬𝐢𝐧(𝐀+𝛚)

𝐬𝐢𝐧 𝛚
 ≥ 

𝐡𝐛+𝐱

𝐡𝐜+𝐱
+

𝐡𝐜+𝐱

𝐡𝐛+𝐱
 (and analogs) ,x-real number ,x>0 (122) 

From (122) we obtain a new inequality : 
1

sin ω
 ≥ 

hb+x

hc+x
+

hc+x

hb+x
 (and analogs) ,x-real number ,x>0 

(123) 

From (106) we obtain : √
hb

hc
+ √

hc

hb
 ≥

√hb+x

√hc+x
+

√hc+x

√hb+x
 , x-real number ,x>0  

and  
hb

hc
 =

c

b
 (and analogs) ,we obtain :  

√
𝐛

𝐜
+ √

𝐜

𝐛
 ≥

√𝐡𝐛+𝐱

√𝐡𝐜+𝐱
+

√𝐡𝐜+𝐱

√𝐡𝐛+𝐱
 , x-real number ,x>0 (and analogs) (124) 
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We use (124) and √
b

c
+ √

c

b
=

2√rbrc

la
 (and analogs) and we obtain : 

√𝐫𝐛𝐫𝐜

𝐥𝐚
≥

𝟏

𝟐
(

√𝐡𝐛+𝐱

√𝐡𝐜+𝐱
+

√𝐡𝐜+𝐱

√𝐡𝐛+𝐱
), x-real number ,x>0 (and analogs) (125) 

From (125) and mala ≥ p(p − a) = rbrc (and analogs)(Panaitopol), we obtain a new inequality :  

√
𝐦𝐚

𝐥𝐚
 ≥

𝟏

𝟐
(

√𝐡𝐛+𝐱

√𝐡𝐜+𝐱
+

√𝐡𝐜+𝐱

√𝐡𝐛+𝐱
), x-real number ,x>0 (and analogs) (126) 

From (124) and (10) we obtain a new result : 

√
𝟐𝐑

𝐫
≥ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
(

√𝐡𝐛+𝐱

√𝐡𝐜+𝐱
+

√𝐡𝐜+𝐱

√𝐡𝐛+𝐱
) , x-real number ,x>0 (and analogs) (127) 

From (2),(117),(127) we obtain two new inequalitys: 

𝟐𝐑

𝐫
 ≥ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
(

√𝐛+𝐱

√𝐜+𝐱
+

√𝐜+𝐱

√𝐛+𝐱
) (√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
), x-real number ,x>0 (and analogs) (128) 

𝟐𝐑

𝐫
 ≥ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
(√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
) (

√𝐡𝐛+𝐱

√𝐡𝐜+𝐱
+

√𝐡𝐜+𝐱

√𝐡𝐛+𝐱
) ,x-real number ,x>0 (and analogs)(129) 

In same manner we obtain : 

𝟐𝐑

𝐫
 ≥ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
(

√𝐛+𝐱

√𝐜+𝐱
+

√𝐜+𝐱

√𝐛+𝐱
) (√

𝐧𝐛

𝐫𝐛
+ √

𝐫𝐛

𝐧𝐛
) ,x-real number ,x>0 (and analogs) (130) 

𝟐𝐑

𝐫
 ≥ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
(

√𝐡𝐛+𝐱

√𝐡𝐜+𝐱
+

√𝐡𝐜+𝐱

√𝐡𝐛+𝐱
) (√

𝐧𝐜

𝐫𝐜
+ √

𝐫𝐜

𝐧𝐜
) ,x-real number ,x>0 (and analogs)(131) 

From (106) → 
la

ha
 +

ha

la
 ≥ 

la+x

ha+x
+

ha+x

la+x
 , x-real number ,x>0 (and analogs) 

Using (26) we obtain : 

√
𝐑

𝟐𝐫
 +

𝐡𝐚

𝐥𝐚
 ≥ 

𝐥𝐚+𝐱

𝐡𝐚+𝐱
+

𝐡𝐚+𝐱

𝐥𝐚+𝐱
 , x-real number ,x>0 (and analogs) (132) 

We consider x,y,z >0 ,real numbers 

x

y
+ 

y

x
 ≥ 

x+z

y+z
+ 

y+z

x+z
→2 + 

x

y
+ 

y

x
 ≥ 

x+z

y+z
+ 

y+z

x+z
 +2→ 

(√
x

y
)

2

+ (√
y

x
)

2

+ 2√
x

y
 √

y

x
 ≥ (√

x+z

y+z
)

2

+ (√
y+z

x+z
)

2

+ 2√
x+z

y+z
 √

y+z

x+z
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(√
x

y
+ √

y

x
)

2

 ≥ (√
x+z

y+z
+ √

y+z

x+z
)

2

→√
x

y
+ √

y

x
 ≥√

x+z

y+z
+ √

y+z

x+z
 

We obtain a new inequality : x,y,z >0 ,real numbers 

√
𝐱

𝐲
+ √

𝐲

𝐱
 ≥√

𝐱+𝐳

𝐲+𝐳
+ √

𝐲+𝐳

𝐱+𝐳
 (and analogs) (133) 

From (133) we obtain :  

𝐛

𝐜
+ 

𝐜

𝐛
 ≥ √

𝐱+𝐛𝟐

𝐱+𝐜𝟐 + √
𝐜𝟐+𝐱

𝐛𝟐+𝐱
 (and analogs) , x-real number ,x>0 (134) 

From (134) we obtain : 

𝐬𝐢𝐧(𝐀+𝛚)

𝐬𝐢𝐧 𝛚
 ≥ √

𝐱+𝐛𝟐

𝐱+𝐜𝟐 + √𝐜𝟐+𝐱

𝐛𝟐+𝐱
 (and analogs) , x-real number ,x>0 (135) 

From (135) we obtain: 

𝟏

𝐬𝐢𝐧 𝛚
 ≥ √

𝐱+𝐛𝟐

𝐱+𝐜𝟐 + √𝐜𝟐+𝐱

𝐛𝟐+𝐱
 (and analogs) , x-real number ,x>0 (136) 

We use now : 

 LEMMA:Triangle ABC with sides a,b,c and triangle with sides ma, mb, mc have the same 
Brocard angle. And from (136)  we obtain a new inequality: 

𝟏

𝐬𝐢𝐧 𝛚
 ≥ √

𝐱+𝐦𝐛
𝟐

𝐱+𝐦𝐜
𝟐 + √

𝐦𝐜
𝟐+𝐱

𝐦𝐛
𝟐+𝐱

 (and analogs) , x-real number ,x>0 (137) 

From (133) we obtain : 

√
𝐛

𝐜
+ √

𝐜

𝐛
 ≥ √

𝐱+𝐛

𝐱+𝐜
+ √

𝐜+𝐱

𝐛+𝐱
 (and analogs) , x-real number ,x>0 (138) 

√
b

c
+ √

c

b
=

2√rbrc

la
 (and analogs) and using (138) we obtain : 

√𝐫𝐛𝐫𝐜

𝐥𝐚
≥

𝟏

𝟐
(√

𝐱+𝐛

𝐱+𝐜
+ √

𝐜+𝐱

𝐛+𝐱
) (and analogs) , x-real number ,x>0 (139) 

From (139) and mala ≥ p(p − a) = rbrc (and analogs)(Panaitopol) we obtain a new inequality : 
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√
𝐦𝐚

𝐥𝐚
 ≥

𝟏

𝟐
(√

𝐱+𝐛

𝐱+𝐜
+ √

𝐜+𝐱

𝐛+𝐱
) (and analogs) , x-real number ,x>0 (140) 

From 
hb

hc
 =

c

b
 (and analogs) and (133) we obtain : 

√
𝐛

𝐜
+ √

𝐜

𝐛
 ≥ √

𝐱+𝐡𝐛

𝐱+𝐡𝐜
+ √

𝐡𝐜+𝐱

𝐡𝐛+𝐱
 (and analogs) , x-real number ,x>0 (141) 

Fom (141) and √
b

c
+ √

c

b
=

2√rbrc

la
 (and analogs) we obtain a new inequality : 

√𝐫𝐛𝐫𝐜

𝐥𝐚
≥

𝟏

𝟐
(√

𝐱+𝐡𝐛

𝐱+𝐡𝐜
+ √

𝐡𝐜+𝐱

𝐡𝐛+𝐱
)(and analogs) , x-real number ,x>0 (142) 

From (142) and mala ≥ p(p − a) = rbrc (and analogs)(Panaitopol) we obtain: 

√
𝐦𝐚

𝐥𝐚
 ≥

𝟏

𝟐
(√

𝐱+𝐡𝐛

𝐱+𝐡𝐜
+ √

𝐡𝐜+𝐱

𝐡𝐛+𝐱
)(and analogs) , x-real number ,x>0 (143) 

From (138) and (10) we obtain a new inequality: 

√
𝟐𝐑

𝐫
≥ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
 (√

𝐱+𝐛

𝐱+𝐜
+ √

𝐜+𝐱

𝐛+𝐱
 )(and analogs) , x-real number ,x>0 (144) 

From (141) and (10) we obtain a new inequality : 

√
𝟐𝐑

𝐫
≥ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜
(√

𝐱+𝐡𝐛

𝐱+𝐡𝐜
+ √

𝐡𝐜+𝐱

𝐡𝐛+𝐱
)(and analogs) , x-real number ,x>0 (145) 

From (133) →√
na

ra
+ √

ra

na
≥ √

x+na

x+ra
+ √

ra+x

na+x
(and analogs) , x-real number ,x>0 

and useing (2) we obtain a new inequality :  

√
𝟐𝐑

𝐫
≥ √

𝐱+𝐧𝐚

𝐱+𝐫𝐚
+ √

𝐫𝐚+𝐱

𝐧𝐚+𝐱
 (and analogs) , x-real number ,x>0 (146) 

From (133) → 
na

ra
+

ra

na
≥ √

x+na
2

x+ra
2 + √

ra
2+x

na
2+x

 and using (1 ) we obtain a new inequality : 

𝟐 (
𝐑

𝐫
 ─𝟏) ≥

𝐧𝐚

𝐡𝐚
(√

𝐱+𝐧𝐚
𝟐

𝐱+𝐫𝐚
𝟐 + √

𝐫𝐚
𝟐+𝐱

𝐧𝐚
𝟐+𝐱

)  , x-real number ,x>0 (147) 

From (147) and 
na

ha
 ≥

ma

ha

la

ga
 (and analogs) we obtain a new inequality : 
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𝟐 (
𝐑

𝐫
 ─𝟏) ≥

𝐦𝐚

𝐡𝐚

𝐥𝐚

𝐠𝐚
(√

𝐱+𝐧𝐚
𝟐

𝐱+𝐫𝐚
𝟐 + √

𝐫𝐚
𝟐+𝐱

𝐧𝐚
𝟐+𝐱

)  , x-real number ,x>0 (148) 

Now we write 
R

r
≥

mc

hb
+

mb

hc
 (and analogs) for triangle with sides ma, mb, mc 

Rm= 
mambmc

3S
 ,rm= 

3S

2(ma+mb+mc)
 , ma1

=
3

4
 a (and analogs) , ha1

= 
3S

2ma
 (and analogs)(We used 

triangle with sides: a1 = ma  ,  b1=mb ,  c1=mc), 2S=aha = bhb = chc=2pr=(a+b+c)r 

After simple manipulations∶
mb1

hc1

=
mc

hb
 , 

mc1

hb1

= 
mb

hc
 

We obtain a new inequality : 

𝐑𝐦

𝐫𝐦
=

𝟐(𝐦𝐚+𝐦𝐛+𝐦𝐜)𝐦𝐚𝐦𝐛𝐦𝐜

𝟗𝐒𝟐 ≥
𝐦𝐜

𝐡𝐛
+

𝐦𝐛

𝐡𝐜
 (and analogs) (149) 

Now we use identity in triangle 160(www.ssmrmh.ro): ∑
𝑛𝑎

2+𝑔𝑎
2

ℎ𝑎
2  =2(1 +

1

(sin 𝜔)2 −
R

r
)[6] and 

LEMMA:Triangle ABC with sides a,b,c and triangle with sides ma, mb, mc have the same 
Brocard angle. 

1

(sin ω)2 =
R

r
− 1 +

1

2
 ∑

na
2+ga

2

ha
2  (A) 

1

(sin 𝜔𝑚)2 =
Rm

rm
− 1 +

1

2
 ∑

na1
2 +ga1

2

ha1
2  (B) , a1 = ma  ,  b1=mb ,  c1=mc 

1

(sin ω)2 =
1

(sin 𝜔𝑚)2 →
R

r
− 1 +

1

2
 ∑

na
2+ga

2

ha
2 =

Rm

rm
− 1 +

1

2
 ∑

na1
2 +ga1

2

ha1
2  

R

r
=

Rm

rm
+

1

2
∑ (

na1
2 +ga1

2

ha1
2 −

na
2+ga

2

ha
2 ), a1 = ma  ,  b1=mb ,  c1=mc 

𝐑

𝐫
=

𝟐(𝐦𝐚+𝐦𝐛+𝐦𝐜)𝐦𝐚𝐦𝐛𝐦𝐜

𝟗𝐒𝟐  + 
𝟏

𝟐
∑ (

𝐧𝐚𝟏
𝟐 +𝐠𝐚𝟏

𝟐

𝐡𝐚𝟏
𝟐 −

𝐧𝐚
𝟐+𝐠𝐚

𝟐

𝐡𝐚
𝟐 ), 𝐚𝟏 = 𝐦𝐚  ,  𝐛𝟏=𝐦𝐛 ,  𝐜𝟏=𝐦𝐜 (150) 

This last identity can be used to obtain new inequalitys from all results which have 
𝐑

𝐫
 as 

component. 
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