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JP.001. Let 풂,풃, 풄,풅 be non-negative real numbers such that: 

풂+ 풃 + 풄 + 풅 = ퟒ. Prove that: 

ퟐ + √풂 + √풃 + √풄 + √풅 ≥ 풂풃 + 풂풄 + 풂풅 + 풃풄+ 풃풅+ 풄풅 

Proposed by Hung Nguyen Viet – Hanoi – Vietnam 

Solution by Soumitra Mukherjee-Chandar Nagore-India 

Let 풇(풙) = 풙ퟐ + ퟐ√풙 − ퟑ풙,∀	풙 ≥ ퟎ; 	풇 (풙) = ퟐ풙 + ퟏ
√풙
− ퟑ ≥ ퟎ,∀풙 ≥ ퟎ 

풇(풙) is continuous on [ퟎ,∞) and 풇 (풙) ≥ ퟎ,∀	풙 ∈ [ퟎ,∞); 풇 is increasing on [ퟎ,∞). 

풇(풙) ≥ 풇(ퟎ) ⇒ 풙ퟐ + ퟐ√풙 − ퟑ풙 ≥ ퟎ ⇒ 풙ퟐ + ퟐ√풙 ≥ ퟑ풙,∀풙 ≥ ퟎ 

풂ퟐ + ퟐ
풄풚풄

√풂
풄풚풄

≥ ퟑ 풂
풄풚풄

⇒ (풂+ 풃+ 풄 + 풅)ퟐ − ퟐ 풂풃
풄풚풄

+ ퟐ √풂
풄풚풄

≥ ퟑ 풂
풄풚풄

 

⇒ ퟏퟔ + ퟐ √풂
풄풚풄

≥ ퟏퟐ + ퟐ 풂풃
풄풚풄

⇒ ퟒ + ퟐ √풂
풄풚풄

≥ ퟐ 풂풃
풄풚풄

 

⇒ ퟐ + √풂 + √풃 + √풄+ √풅 ≥ 풂풃+ 풂풄+ 풂풅 + 풃풄 + 풃풅 + 풄풅 

 

JP.002. Determine all functions 풇:ℝ → ℝ such that: 

풇(풙 + 풂 − ퟏ)− 풙|풇(풙 + 풂 − ퟏ)| ≤ 풙 ≤ 풇(풙) − (풙 − 풂+ ퟏ)|풇(풙)| + 풂 − ퟏ 

for all 풙 ∈ ℝ, when 풂 ∈ ℝ. 

Proposed by Mihály Bencze – Romania  

Solution by Mihály Bencze – Romania 

The inequalities are equivalent with: 풇(풙 풂 ퟏ)
ퟏ |풇(풙 풂 ퟏ)|

≤ 풙 ≤ 풇(풙)
ퟏ |풇(풙)|

+ 풂 − ퟏ 

Denote 품(풙) = 풇(풙)
ퟏ |풇(풙)|

⇒ 품(풙 + 풂 − ퟏ) ≤ 풙 ≤ 품(풙) + 풂 − ퟏ 

In 품(풙 + 풂 − ퟏ) ≤ 풙 we take 풙 → 풙 − 풂 + ퟏ ⇒ 

품(풙) ≤ 풙 − 풂 + ퟏ            (1) 

but from 풙 ≤ 품(풙) + 풂 − ퟏ ⇒ 

품(풙) = 풙 − 풂+ ퟏ           (2) 

(1) ∧ (2) ⇒ 품(풙) = 풙 − 풂 + ퟏ ⇒ 풇(풙) = 풙 풂 ퟏ
ퟏ |풙 풂 ퟏ|
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JP. 003. If 풂,풃 > ퟎ then: 

ퟒ 풂ퟒ + 풂ퟐ풃ퟐ + 풃ퟒ + (풂ퟐ + 풃ퟐ)√ퟑ ≥ ퟐ풂 ퟐ풂ퟐ + 풂풃 + ퟐ풃 ퟐ풃ퟐ + 풂풃 + 

+풂 ퟐ풂ퟐ + 풃ퟐ + 풃 풂ퟐ + ퟐ풃ퟐ 

Proposed by Mihály Bencze – Romania  

Solution by Mihály Bencze – Romania 

(풂ퟐ − 풃ퟐ)ퟐ ⇒ ퟒ풂ퟒ + ퟒ풂ퟐ풃ퟐ + ퟒ풃ퟐ ≥ ퟑ풂ퟒ + ퟔ풂ퟐ풃ퟐ + ퟑ풃ퟒ ⇒ 

⇒ 풂ퟒ + 풂ퟐ풃ퟐ + 풃ퟒ ≥
√ퟑ
ퟐ

(풂ퟐ + 풃ퟐ) 

If 풂,풃, 풄 > ퟎ ⇒ ∑√풂ퟒ + 풂ퟐ풃ퟐ + 풃ퟒ
ퟐ
≥ ퟑ(∑풂ퟐ)ퟐ 

풂 ퟐ풂ퟐ + 풃풄
ퟐ
≤ 풂ퟐ

ퟐ
(ퟐ풂ퟐ + 풃풄) ≤ ퟑ 풂ퟐ

ퟐ
⇒ 

√풂ퟒ + 풂ퟐ풃ퟐ + 풃ퟒ + √풃ퟒ + 풃ퟐ풄ퟐ + 풄ퟒ + √풄ퟒ + 풄ퟐ풂ퟐ + 풂ퟐ ≥    (1) 

풂 ퟐ풂ퟐ + 풃풄+ 풃 ퟐ풃ퟐ + 풄풂 + 풄 ퟐ풄ퟐ + 풂풃 

In (1) we take 풄 = 풂 and 풄 = 풃 therefore 

ퟐ 풂ퟒ + 풂ퟐ풃ퟐ + 풃ퟒ + 풂ퟐ√ퟑ ≥ ퟐ풂 ퟐ풂ퟐ + 풂풃+ 풃 풂ퟐ + 풃ퟐ

ퟐ 풂ퟒ + 풂ퟐ풃ퟐ + 풃ퟒ + 풃ퟐ√ퟑ ≥ ퟐ풃 ퟐ풃ퟐ + 풂풃 + 풂 풃ퟐ + ퟐ풂ퟐ
 

After addition the conclusion follows. 

 

JP.004. Let be 풏 ∈ ℕ∗ ∖ {ퟏ} și 풂풌 ∈ ℝ;풌 ∈ ퟏ,풏. Prove that: 

풂풌ퟐ − 풂풌풂풌 ퟏ + 풂풌 ퟏ
ퟐ

풏

풌 ퟏ

≥ 풂풌

풏

풌 ퟏ

;풂풏 ퟏ = 풂ퟏ 

Proposed by D. M. Bătinețu – Giurgiu; Neculai Stanciu – Romania 

Solution  by Abhay Chandra – India 

풂풌ퟐ − 풂풌풂풌 ퟏ + 풂풌 ퟏ
ퟐ =

ퟑ
ퟒ

(풂풌 − 풂풌 ퟏ)ퟐ +
ퟏ
ퟒ

(풂풌 + 풂풌 ퟏ)ퟐ ≥
풂풌 + 풂풌 ퟏ

ퟐ  

And the result follows after summation. Equality at 풂ퟏ = 풂ퟐ = ⋯ = 풂풏 ퟏ. 
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JP.005. Prove that if 풂,풃,풙,풚, 풛 ∈ (ퟎ,∞) then: 

풚풛(풂ퟐ풚 + 풃ퟐ풛)
풙 +

풛풙(풂ퟐ풛+ 풃ퟐ풙)
풚 +

풙풚(풂ퟐ풙 + 풃ퟐ풚)
풛 ≥

ퟐ
ퟑ풂풃

(풙+ 풚 + 풛)ퟐ  

Proposed by D. M. Bătinețu – Giurgiu; Neculai Stanciu – Romania 

Solution  by Soumitra Mukherjee-Chandar Nagore-India 
풚풛
풙

(풂ퟐ풚 + 풃ퟐ풛) +
풛풙
풚

(풂ퟐ풛+ 풃ퟐ풙) +
풙풚
풛

(풂ퟐ풙 + 풃ퟐ풚) = 

= 풚ퟐ
풂ퟐ풛
풙 +

풃ퟐ풙
풛 + 풛ퟐ

풃ퟐ풚
풙 +

풂ퟐ풙
풚 + 풙ퟐ

풃ퟐ풛
풚 +

풂ퟐ풚
풙  

≥ ퟐ풂풃(풙ퟐ + 풚ퟐ + 풛ퟐ) (Applying AM ≥ 푮푴)≥ ퟐ풂풃
ퟑ

(풙 + 풚 + 풛)ퟐ 

 

JP.006.  Prove that if 풂,풃, 풄 ∈ ℝ	,풂 + 풃 + 풄 = ퟐ then: 

ퟐ(풂ퟒ + 풃ퟒ + 풄ퟒ) + ퟏퟎ(풂ퟐ + 풃ퟐ + 풄ퟐ) > ퟓ(풂ퟑ + 풃ퟑ + 풄ퟑ) + ퟏ 

Proposed by Daniel Sitaru-Romania 

Solution by proposer 

ퟐ풂ퟒ + ퟏퟎ풂ퟐ − ퟓ풂ퟑ − ퟖ풂+ ퟓ = 

= ퟐ풂ퟒ − ퟑ풂ퟑ + ퟓ풂ퟐ − ퟐ풂ퟑ + ퟑ풂ퟐ − ퟓ풂 + ퟐ풂ퟐ − ퟑ풂 + ퟓ = 

= 풂ퟐ(ퟐ풂ퟐ − ퟑ풂+ ퟓ) − 풂(ퟐ풂ퟐ − ퟑ풂 + ퟓ) + (ퟐ풂ퟐ − ퟑ풂 + ퟓ) = 

= (ퟐ풂ퟐ − ퟑ풂+ ퟓ)(풂ퟐ − 풂 + ퟏ) = ퟐ 풂 −
ퟑ
ퟒ

ퟐ

+
ퟑퟏ
ퟒ 풂 −

ퟏ
ퟐ

ퟐ

+
ퟑ
ퟒ > 0 

ퟐ풂ퟒ + ퟏퟎ풂ퟐ − ퟓ풂ퟑ − ퟖ풂 + ퟓ > ퟎ 

ퟐ풃ퟒ + ퟏퟎ풃ퟐ − ퟓ풃ퟑ − ퟖ풃 + ퟓ > ퟎ 

ퟐ풄ퟒ + ퟏퟎ풄ퟐ − ퟓ풄ퟑ − ퟖ풄 + ퟓ > ퟎ 

ퟐ(풂ퟒ + 풃ퟒ + 풄ퟒ) + ퟏퟎ(풂ퟐ + 풃ퟐ + 풄ퟐ) + ퟏ > ퟓ(풂ퟑ + 풃ퟑ + 풄ퟑ) + ퟖ(풂 + 풃 + 풄) 

ퟐ(풂ퟒ + 풃ퟒ + 풄ퟒ) + ퟏퟎ(풂ퟐ + 풃ퟐ + 풄ퟐ) > ퟓ(풂ퟑ + 풃ퟑ + 풄ퟑ) + ퟏퟔ − ퟏퟓ 

ퟐ(풂ퟒ + 풃ퟒ + 풄ퟒ) + ퟏퟎ(풂ퟐ + 풃ퟐ + 풄ퟐ) > ퟓ(풂ퟑ + 풃ퟑ + 풄ퟑ) + ퟏ 
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JP.007. Prove that if: 풂,풃,풄 > ퟎ;풂+ 풃 + 풄 = ퟑ then: 

풂
ퟏ
풃ퟑ +

ퟏ
풄ퟑ ≥

ퟏퟖ
풂ퟑ + 풃ퟑ + 풄ퟑ 

Proposed by Daniel Sitaru – Romania  

Solution by Hung Nguyen Viet – HaNoi – VietNam  

Let 풂,풃, 풄 be positive real numbers such that 풂 + 풃 + 풄 = ퟑ. Prove that 

풂
ퟏ
풃ퟑ +

ퟏ
풄ퟑ + 풃

ퟏ
풄ퟑ +

ퟏ
풂ퟑ + 풄

ퟏ
풂ퟑ +

ퟏ
풃ퟑ ≥

ퟏퟖ
풂ퟑ + 풃ퟑ + 풄ퟑ 

By Cauchy – Schwarz inequality we obtain: 

풂
ퟏ
풃ퟑ +

ퟏ
풄ퟑ

풄풚풄

=
풃+ 풄
풂ퟑ +

풄 + 풂
풃ퟑ +

풂+ 풃
풄ퟑ  

=
(풃 + 풄)ퟐ

(풃 + 풄)풂ퟑ +
(풄 + 풂)ퟐ

(풄 + 풂)풃ퟑ +
(풂+ 풃)ퟑ

(풂+ 풃)풄ퟑ ≥
ퟒ(풂+ 풃 + 풄)ퟐ

(풃 + 풄)풂ퟑ + (풄 + 풂)풃ퟑ + (풂+ 풃)풄ퟑ = 

=
ퟑퟔ

(풂+ 풃 + 풄)(풂ퟑ + 풃ퟑ + 풄ퟑ) − (풂ퟒ + 풃ퟒ + 풄ퟒ) =
ퟑퟔ

ퟑ(풂ퟑ + 풃ퟑ + 풄ퟑ)− (풂ퟒ + 풃ퟒ + 풄ퟒ) 

It suffices to show that: 풂ퟒ + 풃ퟒ + 풄ퟒ ≥ 풂ퟑ + 풃ퟑ + 풄ퟑ 

Indeed, this is true by Cauchy – Schwarz inequality as follows: 
풂ퟒ 풃ퟒ 풄ퟒ

풂ퟑ 풃ퟑ 풄ퟑ
≥ 풂ퟑ 풃ퟑ 풄ퟑ

풂ퟐ 풃ퟐ 풄ퟐ
≥ 풂ퟐ 풃ퟐ 풄ퟐ

풂 풃 풄
≥ 풂 풃 풄

ퟑ
= ퟏ and we are done. 

 

JP.008. If 풂,풃, 풄 are the length’s sides in any triangle the following relationship doesn’t holds: 

풂
풃 +

풃
풄 +

풄
풂 =

ퟐ
ퟑ

풃
풂 +

풄
풃+

풂
풄  

Proposed by Redwane El Mellas – Morroco 

Solution 1 by Kevin Soto Palacios – Huarmey – Peru 

Si: 풂,풃, 풄 son lados de un triángulo, la siguiente relación no se mantiene. 
풂
풃

+ 풃
풄

+ 풄
풂

= ퟐ
ퟑ

풃
풂

+ 풄
풃

+ 풂
풄

. Multiplicando (× 풂풃풄) 

풂ퟐ풄 + 풃ퟐ풂+ 풄ퟐ풃 =
ퟐ
ퟑ

(풃ퟐ풄 + 풄ퟐ풂+ 풂ퟐ풃) 

ퟐ
ퟑ

= 풃ퟐ풄 풄ퟐ풂 풂ퟐ풃
풂ퟐ풄 풃ퟐ풂 풄ퟐ풃

→ Llevando a razones y proporciones 
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−
ퟓ
ퟏ =

풂풃(풂 + 풃) + 풃풄(풃+ 풄) + 풂풄(풂+ 풄)
풂풃(풃 − 풂) + 풃풄(풄− 풃) + 풄풂(풂 − 풄) 

Por desigualad triangular, sebemos: 

풃 + 풄 > 풂 ⇔ 풃풄(풃+ 풄) > 풂풃풄, 

풂 + 풄 > 풃	 ⇔ 풂풄(풂+ 풄) > 풂풃풄, 

풂 + 풃 > 풄 ⇔ 풂풃(풂+ 풃) > 풂풃풄 

풂풃(풂+ 풃) + 풃풄(풃+ 풄) + 풂풄(풂 + 풄) > ퟑ풂풃풄    (1) 

풃 > 풂 − 풄 ⇔ 풂풄(풂 − 풄) < 풂풃풄, 

풄 > 풃 − 풂 ⇔ 풂풃(풃 − 풂) < 풂풃풄, 

풂 > 풄 − 풃 ⇔ 풃풄(풄 − 풃) < 풂풃풄 

풂풃(풃 − 풂) + 풃풄(풄 − 풃) + 풄풂(풂 − 풄) < ퟑ풂풃풄 → ퟏ
풂풃(풃 풂) 풃풄(풄 풃) 풄풂(풄 풂)

> ퟏ
ퟑ풂풃풄

    (2) 

Multiplicando (1) × (2): 
풂풃(풂 풃) 풃풄(풃 풄) 풂풄(풂 풄)
풂풃(풂 풃) 풃풄(풃 풄) 풄풂(풄 풂)

> ퟏ → −ퟓ > ퟏ  (Es falso) 

Solution 2 by Soumava Chakraborty – Kolkata – India 

ퟑ
풂
풃 +

풃
풄 +

풄
풂 = ퟐ

풃
풂 +

풄
풃 +

풂
풄 ⇒

풂
풃 +

풃
풄 +

풄
풂 = ퟐ

풃
풂 −

풂
풃 +

풄
풃 −

풃
풄 +

풂
풄 −

풄
풂  

= ퟐ
풃ퟐ − 풂ퟐ

풂풃 +
풄ퟐ − 풃ퟐ

풃풄 +
풂ퟐ − 풄ퟐ

풄풂  

= ퟐ
풃풄

풄(풃ퟐ − 풂ퟐ) + 풂(풄ퟐ − 풃ퟐ) + 풃(풂ퟐ − 풄ퟐ) = ퟐ
풂풃풄

(풃 − 풂)(풃 − 풄)(풄 − 풂) (1) 

If any ퟐ sides are equal, RHS of (1) = ퟎ 

Also, if all sides are equal, RHS of (1) = ퟎ 

But LHS of (1) = 풂
풃

+ 풃
풄

+ 풄
풂
≥ ퟑ  (AM≥GM) 

all sides can’t be equal. Also 2 sides can’t be equal. 

 (1) ⇒ (풃 − 풂)(풃 − 풄)(풄 − 풂) > ퟎ ⇒ 풂 > 풃 > 풄 or 풃 > 풄 > 풂 or 풄 > 풂 > 풃 

Case 1 풂 > 풃 > 풄 

풂 − 풃 < 풄,풃 − 풄 < 풂,풂 − 풄 < 풃 

⇒ (풂 − 풃)(풃 − 풄)(풂 − 풄) < 풂풃풄 ⇒ (풃 − 풂)(풃 − 풄)(풄 − 풂) < 풂풃풄 

⇒ ퟐ
풂풃풄

(풃 − 풂)(풃 − 풄)(풄 − 풂) < ퟐ ⇒ 풂
풃

+ 풃
풄

+ 풄
풂

< ퟐ, false 
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풂
풃 +

풃
풄 +

풄
풂 ≥ ퟑ 

Case 2 풃 > 풄 > 풂 

풃 − 풄 < 풂, 풄 − 풂 < 풃,풃 − 풂 < 풄 

⇒ (풃 − 풂)(풃 − 풄)(풄 − 풂) < 풂풃풄 ⇒ ퟐ
풂풃풄

(풃 − 풂)(풃 − 풄)(풄 − 풂) < ퟐ, 

⇒ 풂
풃

+ 풃
풄

+ 풄
풂

< ퟐ which is false, 풂
풃

+ 풃
풄

+ 풄
풂
≥ ퟑ 

Case 3 풄 > 풂 > 풃 

풂 − 풃 < 풄, 풄 − 풃 < 풂, 풄 − 풂 < 풃 

⇒ (풂 − 풃)(풄 − 풃)(풄 − 풂) < 풂풃풄 ⇒ (풃 − 풂)(풃 − 풄)(풄 − 풂) < 풂풃풄 

⇒ ퟐ
풂풃풄

(풃 − 풂)(풃 − 풄)(풄 − 풂) < ퟐ ⇒ 풂
풃

+ 풃
풄

+ 풄
풂

< ퟐ, false, 풂
풃

+ 풃
풄

+ 풄
풂
≥ ퟑ 

Hence, in any 휟, ퟑ 풂
풃

+ 풃
풄

+ 풄
풂

= ퟐ 풃
풂

+ 풄
풃

+ 풂
풄

 is impossible. 

 

JP.009. Prove that if 풂,풃, 풄 ∈ ℝ; ퟎ < 풄 ≤ 풃 ≤ 풂 then: 

(풂 + ퟐ풃)(풂+ ퟐ풄)(풃 + ퟐ풄) ≤ ퟖ
풂ퟐ + 풂풃 + 풃ퟐ

풂 + 풃 ≤ (ퟐ풂+ 풃)(ퟐ풂+ 풄)(ퟐ풃+ 풄) 

Proposed by Daniel Sitaru – Romania 

Solution  by Ravi Prakash- New Delhi-India 

For ퟎ < 풚 ≤ 풙 

ퟐ(풙ퟐ + 풙풚 + 풚ퟐ) − (풙+ ퟐ풚)(풙 + 풚) = ퟐ풙ퟐ + ퟐ풙풚 + ퟐ풚ퟐ − (풙ퟐ + ퟑ풙풚 + ퟐ풚ퟐ) 

= 풙ퟐ − 풙풚 = 풙(풙 − 풚) ≥ ퟎ. Also, 

(ퟐ풙 + 풚)(ퟐ + 풚) − ퟐ(풙ퟐ + 풙풚 + 풚ퟐ) = ퟐ풙ퟐ + ퟑ풙풚 + 풚ퟐ − ퟐ풙ퟐ − ퟐ풙풚 − ퟐ풚ퟐ = (풙 − 풚)풚 ≥ ퟎ 

for ퟎ < 풚 ≤ ퟐ풙, 풙 + ퟐ풚 ≤ ퟐ 풙ퟐ 풙풚 풚ퟐ

풙 풚
≤ ퟐ풙+ 풚.  

As ퟎ < 풄 ≤ 풃 ≤ 풂, the desired inequality follows. 

JP.010. Prove that: 

퐭퐚퐧 ퟕퟖ° =
ퟒ 퐜퐨퐬ퟏퟐ° + ퟒ 퐜퐨퐬 ퟑퟔ° + ퟏ

√ퟑ
 

Proposed by Kevin Soto Palacios – Huarmey -  Peru   
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Solution  by Hamza Mahmood- Lahore – Pakistan 

First we show that ퟒ 퐜퐨퐬ퟏퟐ° + ퟒ 퐜퐨퐬ퟑퟔ° = ퟐ 퐬퐢퐧ퟒퟖ°
퐬퐢퐧ퟏퟐ°

: 

Using identities 퐜퐨퐬 푨 + 퐜퐨퐬 푩 = ퟐ 퐜퐨퐬 푨 푩
ퟐ

퐜퐨퐬 푩 푨
ퟐ

& 퐜퐨퐬휽 = 퐬퐢퐧 ퟐ휽
ퟐ 퐬퐢퐧휽

, we have: 

ퟒ 퐜퐨퐬ퟏퟐ° + ퟒ 퐜퐨퐬ퟑퟔ° = ퟖ 퐜퐨퐬(ퟐퟒ°) 퐜퐨퐬(ퟏퟐ°) = ퟖ ⋅
퐬퐢퐧 ퟒퟖ°
ퟐ 퐬퐢퐧 ퟐퟒ° ⋅

퐬퐢퐧 ퟐퟒ°
ퟐ 퐬퐢퐧 ퟏퟐ° =

ퟐ 퐬퐢퐧 ퟒퟖ°
퐬퐢퐧 ퟏퟐ°  

Now consider a right angled triangle 푨푩푪 with  

풎∠푩푨푪 = ퟗퟎ°,풎∠푨푩푪 = ퟕퟖ°	&	풎푨푩 = √ퟑ 

as shown in the figure below (not drawn to scale): 

 

In right angled triangle 푩푨푫: 퐭퐚퐧ퟑퟎ ° = 풎푨푫
풎푨푩

= 풎푨푫
√ퟑ

⇒ ퟏ
√ퟑ

= 풎푨푫
√ퟑ

⇒풎푨푫 = ퟏ 

and 퐬퐢퐧 ퟑퟎ° = 풎푨푫
풎푩푫

= ퟏ
풎푩푫

⇒ ퟏ
ퟐ

= ퟏ
풎푩푫

⇒ 풎푩푫 = ퟐ. Now in 휟푩푪푫:  By law of sines: 

풎푩푫
퐬퐢퐧 ퟏퟐ° =

풎푪푫
퐬퐢퐧ퟒퟖ° 	⇒ 풎푪푫 =

ퟐ 퐬퐢퐧 ퟒퟖ°
퐬퐢퐧 ퟏퟐ°  

Since we have already shown that ퟐ 퐬퐢퐧 ퟒퟖ°
퐬퐢퐧 ퟏퟐ°

= ퟒ 퐜퐨퐬ퟏퟐ° + ퟒ퐜퐨퐬 ퟑퟔ°, 

⇒ 풎푪푫 =
ퟐ 퐬퐢퐧 ퟒퟖ°
퐬퐢퐧 ퟏퟐ° = ퟒ 퐜퐨퐬ퟏퟐ° + ퟒ퐜퐨퐬ퟑퟔ° 
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Finally from the figure, 퐭퐚퐧ퟕퟖ° = 풎푨푪

풎푨푩
= 풎푪푫 풎푫푨

풎푨푩
 

⇒ 퐭퐚퐧ퟕퟖ° =
ퟒ 퐜퐨퐬 ퟏퟐ° + ퟒ퐜퐨퐬ퟑퟔ° + ퟏ

√ퟑ
 

 

JP.011. If 풂,풃, 풄 are the length sides in any triangle 푨푩푪 then: 

풂
√풔 − 풂

+
풃

√풔 − 풃
+

풄
√풔 − 풄

≥ ퟑ√풔 

Proposed by D. M. Bătinețu – Giurgiu; Neculai Stanciu – Romania  

Solution by 1 Kevin Soto Palacios – Huarmey – Peru  

Si: 풂,풃, 풄 son lados de un triángulo 푨푩푪. Probar que: 풂
√풔 풂

+ 풃
√풔 풃

+ 풄
√풔 풄

≥ ퟑ√풔 

La desigualdad se puede expresar como: 풂
풔(풔 풂)

+ 풃
풔(풔 풃)

+ 풄
풔(풔 풄)

≥ ퟑ      (A) 

El area de un triángulo [푨푩푪] = 풔풓 = 풂풃풄
ퟒ푹

= 풔(풔 − 풂)(풔 − 풃)(풔− 풄) → (푹 ∧ 풓) → 

→ (Circunradio e Inradio). Es bien conocido que en un triángulo 푨푩푪 

퐬퐞퐧푨 + 퐬퐞퐧푩 + 퐬퐞퐧푪 ≤ ퟑ√ퟑ
ퟐ
→ Por Ley de senos equivale: 

풂 + 풃+ 풄 ≤ ퟑ√ퟑ푹 → ퟐ풔 ≤ ퟑ√ퟑ푹. En (A) → Por 푴푨 ≥ 푴푮 

풂
풔(풔 − 풂)

+
풃

풔(풔 − 풃)
+

풄
풔(풔 − 풄)

≥ ퟑ
풂풃풄

풔 풔(풔 − 풂)(풔 − 풃)(풔 − 풄)
ퟑ

= 

= ퟑ ퟒ푹
풔

ퟑ = ퟑ ퟖ
ퟑ√ퟑ

ퟑ = ퟐ√ퟑ. Por transitividad: 풂
풔(풔 풂)

+ 풃
풔(풔 풃)

+ 풄
풔(풔 풄)

≥ ퟐ√ퟑ ≥ ퟑ 

Solution 2 by Anas Adlany –El Jadida- Morroco  

Let 풔 = 풂 풃 풄
ퟐ

= ퟑ (the inequality is homogenuous), so we need to prove that 

∑ 풂
√ퟑ 풂

≥ ퟑ√ퟑ. Consider 풇(풙) = 풙
√ퟑ 풙

⇒ 풇 (풙) = − 풙 ퟏퟐ

ퟒ (ퟑ 풙)ퟓ
> ퟎ [since ퟎ < 풙 < ퟑ], so 풇 is 

convex on (ퟎ,ퟑ) hence by Jensen inequality we get 

풇(풂) ≥ ퟑ풇
풂
ퟑ = ퟑ풇(ퟐ) = ퟔ ≥ ퟑ√ퟑ 
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JP.012. Prove that if: 풂,풃,풄,풅 > ퟎ then: 

풂ퟐ + 풃ퟐ + 풄ퟐ + 풅ퟐ = ퟏ;풂풃풄 + 풃풄풅+ 풄풅풂+ 풅풂풃 =
ퟏ
ퟐ 

풂ퟐ

ퟏ + ퟐ풃풄풅 ≥
ퟒ
ퟓ 

 
Proposed by Daniel Sitaru – Romania  

 
Solution 1 by Soumitra Mukherjee-Chandar Nagore-India 
 

풂ퟐ
풄풚풄

= ퟏ	퐚퐧퐝	 풂풃풄
풄풚풄

=
ퟏ
ퟐ 

Let 풂 ≥ 풃 ≥ 풄 ≥ 풅 then ퟏ
풃풄풅

≥ ퟏ
풂풄풅

≥ ퟏ
풂풃풅

≥ ퟏ
풂풃풄

 . Applying Cebyshev’s Inequality, 

풂ퟐ

ퟏ + 풃풄풅
풄풚풄

≥
ퟏ
ퟒ 풂ퟐ

풄풚풄

ퟏ
ퟏ + ퟐ풃풄풅

풄풚풄

=
ퟏ
ퟒ

ퟏ
ퟏ + ퟐ풃풄풅

풄풚풄

≥
ퟒ

ퟒ + ퟐ∑ 풃풄풅풄풚풄
=
ퟒ
ퟓ 

Equality at 풂 = 풃 = 풄 = 풅 = ퟏ
ퟐ
 . 

Solution 2 Omar Raza – Lahore – Pakistan  

풂ퟒ

풂ퟐ + ퟐ풂풃풄풅(풂) ≥
(풂ퟐ + 풃ퟐ + 풄ퟐ + 풅ퟐ)ퟐ

풂ퟐ + 풃ퟐ + 풄ퟐ + 풅ퟐ + ퟐ풂풃풄풅(풂+ 풃 + 풄 + 풅) = 

=
ퟏ

ퟏ + ퟐ풂풃풄풅(풂+ 풃 + 풄 + 풅) 

From 푹푴푺 ≥ 푨푴 inequality ퟏ
ퟒ

ퟏ
ퟐ ≥ 풂 풃 풄 풅

ퟒ
;풂+ 풃+ 풄 + 풅 ≤ ퟐ and similarly  

ퟏ
ퟒ

ퟏ
ퟐ ≥ (풂풃풄풅)

ퟏ
ퟒ so 풂풃풄풅 ≤ ퟏ

ퟏퟔ
 

thus ퟏ
ퟏ ퟐ풂풃풄풅(풂 풃 풄 풅)

≥ ퟏ
ퟏ ퟐ풂풃풄풅(ퟐ)

≥ ퟏ

ퟏ ퟐ ퟏ
ퟏퟔ ⋅ퟐ

= ퟏ

ퟏ ퟏ
ퟒ

≥ ퟒ
ퟓ
 

Solution 3 by Redwane El Mellas – Morocoo 

Using: 

⎩
⎪
⎨

⎪
⎧푩풆풓품풔풕풓풐풎	풊풏풆풒풖풂풍풊풕풚: (∀풙,풚,풛, 풕 ∈ ℝ)(∀풖,풗,풘, 풍 > ퟎ):

풙ퟐ

풖 +
풚ퟐ

풗 +
풛ퟐ

풘 +
풕ퟐ

풍 ≥
(풙+ 풚 + 풛 + 풕)ퟐ

풖 + 풗 +풘+ 풍 																														(ퟏ)

푴풂풄	푳풂풖풓풊풂풏	풊풏풆풒풖풂풍풊풕풚: 풙ퟏ풙ퟐ …풙풌 ≤
풄풚풄풍풊풄

풏
풌
풏풌 풙풊

풏

풊 ퟏ

풌

풇풐풓	풂풍풍	풙풊 > ퟎ	(풊 = ퟏ,ퟐ, … ,풏)	풂풏풅	풌 ∈ {ퟏ,ퟐ, . . ,풏}			(ퟐ)
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We get from (1) ∑ 풂ퟐ

ퟏ ퟐ풃풄풅
≥ (풂 풃 풄 풅)ퟐ

∑ퟏ ퟐ풃풄풅
= ퟏ ퟐ∑풂풃

ퟓ
. And from (2) 

풂풃풄
풄풚풄풍풊풄

≤
ퟒ
ퟑ
ퟒퟑ

(풂+ 풃 + 풄 + 풅)ퟑ ⇔ (풂 + 풃 + 풄 + 풅)ퟑ ≥
ퟏ
ퟐ ⋅

ퟒퟑ
ퟒ
ퟑ

= ퟐퟑ 

⇔ (풂 + 풃 + 풄+ 풅)ퟐ ≥ ퟒ ⇔ ퟏ + ퟐ∑풂풃 ≥ ퟒ. Finally ∑ 풂ퟐ

ퟏ ퟐ풃풄풅
≥ ퟒ

ퟓ
 for the equality it should 

be 풂 + 풃+ 풄 + 풅 = ퟐ: So, by AM – QM 풂ퟐ 풃ퟐ 풄ퟐ 풅ퟐ

ퟒ
= ퟏ

ퟐ
= 풂 풃 풄 풅

ퟒ
⇔ 풂 = 풃 = 풄 = 풅 = ퟏ

ퟐ
 

 

JP.013. Prove that if 풂 > ퟎ,풂 ≠ ퟏ, then it does exists an infinity of pairs of numbers real strictly 

positive (풙,풚) such that: 

a. 퐥퐨퐠풂(풙+ 풚) = 퐥퐨퐠풂 풙 + 퐥퐨퐠풂 풚. 

b. 퐥퐨퐠풂(풙 + 풚) = (퐥퐨퐠풂 풙) ⋅ (퐥퐨퐠풂 풚). 

  

Proposed by Dana Heuberger – Romania  

Solution by Dana Heuberger – Romania  

Conditions of existence: 풙,풚 ∈ (ퟎ,∞). 

a. 퐥퐨퐠풂(풙 + 풚) = 퐥퐨퐠풂 풙 + 퐥퐨퐠풂 풚 ⇔ 풙 + 풚 = 풙 ⋅ 풚 ⇔ (풙 − ퟏ)(풚 − ퟏ) = ퟏ and  

any pair (풙,풚), with 
풙 > ퟏ
풚 = 풙

풙 ퟏ
 is solution. 

b. We choose 풚 = 풂풌, with 풌 ∈ ℕ,풌 ≥ ퟐ. We obtain 

퐥퐨퐠풂 풙 + 풂풌 = 퐥퐨퐠풂 풙풌 ⇔ 풙 + 풂풌 = 풙풌 and then 

ퟏ + ퟏ
풙
⋅ 풂풌 = 풙풌 ퟏ	                   (1) 

Let be 풇,품: (ퟎ,∞) → ℝ,풇(풙) = ퟏ + ퟏ
풙
⋅ 풂풌,품(풙) = 풙풌 ퟏ. 

Because 풇 is strictly decreasing and 품 is strictly increasing, the equation (1) has at  

least a solution. 

I. 풂 > ퟏ. 풇(ퟏ) > 품(ퟏ) and 풇(ퟐ풂) < 품(ퟐ풂) ⇒ the equation has a unique solution, 풙풌, which 

belongs to the interval (ퟏ,ퟐ풂). 
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II. 풂 < ퟏ. 풇(ퟏ) > 품(ퟏ) and 풇 ퟐ

풂
< 품 ퟐ

풂
⇒ the equation has a unique solution, 풙풌, which 

belongs to the interval ퟏ, ퟐ
풂

. 

 

JP.014. Let 풂,풃, 풄 be a non-negative real numbers such that: 풂 + 풃+ 풄 = ퟑ. Prove that: 

ퟏퟏ +
ퟐ
ퟑ √풂ퟒ + √풃ퟒ + √풄ퟒ ≥ ퟏퟑ풂풃풄 

Proposed by Hung Nguyen Viet – Hanoi – Vietnam 

Solution 1 by Manish Tayal-New Delhi-India 

Given 풂,풃, 풄 ∈ [ퟎ,∞): 

풂 + 풃+ 풄 = ퟑ, 풂 풃 풄
ퟑ

≥ (풂풃풄)
ퟏ
ퟑ → (풂풃풄) ≤ ퟏ  (1) 

Also: we know for 풙,풚, 풛 ∈ 푹 

풙ퟒ + 풚ퟒ + 풛ퟒ ≥ 풙풚풛(풙+ 풚 + 풛) 

(풂+ 풃 + ퟏ) ≥ (풂풃풄)
ퟏ
ퟒ 풂

ퟏ
ퟒ + 풃

ퟏ
ퟒ + 풄

ퟏ
ퟒ ⇒ ퟑ ≥ (풂풃풄)

ퟏ
ퟒ 풂

ퟏ
ퟒ + 풃

ퟏ
ퟒ + 풄

ퟏ
ퟒ    (2) 

Also: 풂
ퟏ
ퟒ 풃

ퟏ
ퟒ 풄

ퟏ
ퟒ

ퟑ
≥ (풂풃풄)

ퟏ
ퟏퟐ 

풂
ퟏ
ퟒ + 풃

ퟏ
ퟒ + 풄

ퟏ
ퟒ
ퟑ
≥ ퟐퟕ(풂풃풄)

ퟏ
ퟒ   (3) 

Be the sides of inequality (2), (3) are non-negative: multiplying them 

ퟑ 풂
ퟏ
ퟒ + 풃

ퟏ
ퟒ + 풄

ퟏ
ퟒ

ퟑ
≥ ퟐퟕ(풂풃풄)

ퟏ
ퟐ 풂

ퟏ
ퟒ + 풃

ퟏ
ퟒ + 풄

ퟏ
ퟒ  

풂
ퟏ
ퟒ + 풃

ퟏ
ퟒ + 풄

ퟏ
ퟒ

ퟐ
≥ ퟗ(풂풃풄)

ퟏ
ퟐ 

ퟗ
ퟑ
풂
ퟏ
ퟒ + 풃

ퟏ
ퟒ + 풄

ퟏ
ퟒ ≥ ퟐ(풂풃풄)

ퟏ
ퟒ ⇒ ퟏퟏ + ퟐ

ퟑ
풂
ퟏ
ퟒ + 풃

ퟏ
ퟒ + 풄

ퟏ
ퟒ ≥ ퟏퟏ + ퟐ(풂풃풄)

ퟏ
ퟒ   (4) 

Consider the expression: ퟏퟑ(풂풃풄)− ퟐ(풂풃풄)
ퟏ
ퟒ − ퟏퟏ 

풂풃풄 ∈ [ퟎ,ퟏ], (풂풃풄)
ퟏ
ퟒ = 풛 ⇒ ퟏퟑ풛ퟒ − ퟐ풛 − ퟏퟏ 

풇(풛) = ퟏퟑ풛ퟒ − ퟐ풛 − ퟏퟏ;풇′(풛) > ퟎ 

풇′(풛) = ퟓퟑ풛ퟑ − ퟐ ⇒ 풛ퟑ > ퟐ
ퟓퟐ

, 풇′′(풛) = ퟏퟓퟔ풛ퟐ ≥ ퟎ; 풛ퟑ > ퟏ
ퟐퟔ
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풇(ퟏ) = ퟎ 

 
 

For 풛 ∈ [ퟎ,ퟏ], 풇(풛) ≤ ퟎ ⇒ ퟏퟑ풛ퟓ ≤ ퟐ풛 + ퟏퟏ 

⇒ ퟏퟑ(풂풃풄) ≤ ퟐ(풂풃풄)
ퟏ
ퟒ + ퟏퟏ (4) 

from (4),(3) 

ퟏퟏ + ퟐ
ퟑ
풂
ퟏ
ퟒ + 풃

ퟏ
ퟒ + 풄

ퟏ
ퟒ ≥ ퟏퟑ풂풃풄 (2) 

Solution 2 by Soumitra Mukherjee-Chandar Nagore-India 

Let 풇(풙) = ퟏퟏ풙+ ퟐ√풙ퟒ − ퟏퟑ풙ퟑ;∀풙 ∈ (ퟎ,ퟏ) 

풇ʹ(풙) = ퟏퟏ + ퟏ

ퟐ풙
ퟑ
ퟒ
− ퟑퟗ풙ퟐ;∀풙 ∈ (ퟎ,ퟏ), 풇ʹ(풙) > ퟎ;∀풙 ∈ (ퟎ,ퟏ) 

풇(풙) is continuous on (ퟎ,ퟏ) again 풇ʹ(풙) > ퟎ;∀풙 ∈ (ퟎ,ퟏ) 

풇(풙) is increasing on (ퟎ,ퟏ) 

풇(풙) ≥ 풇(ퟎ) = ퟎ ⇒ ퟏퟏ풙 + ퟐ√풙ퟒ ≥ ퟏퟑ풙ퟑ; (∀)풙 ∈ (ퟎ,ퟏ) 

for 풂,풃, 풄 ∈ (ퟎ,ퟏ) and 풂 + 풃 + 풄 = ퟑ, 

ퟏퟏ 풂
풄풚풄

+ ퟐ √풂ퟒ

풄풚풄

≥ ퟏퟑ 풂ퟑ
풄풚풄

⇒ ퟑퟑ + ퟐ √풂ퟒ

풄풚풄

≥ ퟑퟗ풂풃풄 ⇒ ퟏퟏ +
ퟐ
ퟑ √풂ퟒ

풄풚풄

≥ ퟏퟑ풂풃풄 
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Solution 3 by Kevin Soto Palacios –Huarmey-Peru 

Sean: 풂,풃, 풄: números reales no negativos. Si: 풂 + 풃 + 풄 = ퟑ. Probar que: 

ퟏퟏ + ퟐ
ퟑ √풂ퟒ + √풃ퟒ + √풄ퟒ ≥ ퟏퟑ풂풃풄. Supongamos sin pérdida de generalidad: 

풄 ≥ 풃 ≥ 풂 ≥ ퟎ → 풄 + 풃 + 풂 ≥ ퟑ풂 → ퟏ ≥ 풂 ≥ ퟎ, por la tanto: ퟏ ≥ 풂풃풄 ≥ ퟎ 

Sea: 풂 = 풙ퟒ,풃 = 풚ퟒ , 풄 = 풛ퟒ ⇔ 풙ퟒ + 풚ퟒ + 풛ퟒ = ퟑ → 풙 + 풚 + 풛 ≥ ퟑ 풙풚풛ퟑ  

Multiplicando (× ퟑ) y llevando en function a las variables, se tiene que: 

ퟑퟑ + ퟐ(풙 + 풚 + 풛) ≥ ퟑퟗ풙ퟒ풚ퟒ풛ퟒ 

ퟑퟑ + ퟔ 풙풚풛ퟑ − ퟑퟗ풙ퟒ풚ퟒ풛ퟒ ≥ ퟎ → Sea: 풙풚풛 = 풎ퟑ, si: ퟏ ≥ 풂풃풄 ⇔ ퟏ ≥ 풎 ≥ ퟎ → 

→ ퟏ−풎 ≥ ퟎ ⇒ ퟑퟑ + ퟔ풎− ퟑퟗ풎ퟏퟐ ≥ ퟎ → (Factorizando se obtiene que) 

ퟑ(ퟏ −풎)(ퟏퟑ(풎ퟏퟏ + 풎ퟏퟎ + 풎ퟗ + ⋯+ 풎) + ퟏퟏ) ≥ ퟎ (LQQD) 

La igualidad se alcanza cuando: 풂 = 풃 = 풄 = ퟏ 

 

JP.015. Prove that if 풂,풃, 풄 ∈ (ퟎ,∞);√풂+ √풃 + √풄 = ퟑ then: 

풂√풃 + 풃√풂
풂 − √풂풃+ 풃

+
풃√풄 + 풄√풃
풃 − √풃풄+ 풄

+
풄√풂 + 풂√풄
풄 − √풄풂+ 풂

≤ ퟔ 

Proposed by Daniel Sitaru – Romania 

Solution 1 by Ngo Dinh Tuan-Quang Nam-Da Nang-VietNam 

풙 = √풂,풚 = √풃, 풛 = √풄 ⇒
풙,풚, 풛 > ퟎ

풙 + 풚 + 풛 − ퟑ 

풙ퟐ풚 + 풙풚ퟐ

풙ퟐ − 풙풚 + 풚ퟐ ≤ ퟔ 

풙ퟐ풚 + 풙풚ퟐ

(풙ퟐ + 풚ퟐ) − 풙풚 ≤
풙ퟐ풚 + 풙풚ퟐ

ퟐ풙풚 − 풙풚 =
풙ퟐ풚 + 풙풚ퟐ

풙풚 = ퟐ 풙 = ퟔ 

Solution 2 by Soumitra Mukherjee-Chandar Nagore-India 

√풂 + √풃+ √풄 = ퟑ 

풂√풃 + 풃√풂
풂 − √풂풃+ 풃풄풚풄

≤
풂√풃 + 풃√풂

√풂풃풄풚풄

= √풂+ √풃
풄풚풄

= ퟐ √풂
풄풚풄

= ퟔ 

Equality at 풂 = 풃 = 풄 = ퟏ. 
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Solution 3 by Le Van-Ho Chi Min City-VietNam 

푳푯푺 ≤ 풂 ⋅ √풂+ 풃 ⋅ √풃 풂 − √풃  

푳푯푺 ≤ √풂+ √풃 = ퟔ 

Equality holds when 풂 = 풃 = 풄 

Solution 4 by Seyran Ibrahimov – Maasilli – Azerbaidian  

풂,풃, 풄 ∈ (ퟎ,∞) 

√풂 + √풃+ √풄 = ퟑ 

풂√풃 + 풃√풂
풂 − √풂풃 + 풃

+
풃√풄 − 풄√풃
풃 − √풃풄 + 풄

+
풄√풂 + 풂√풄
풄 − √풂풄 + 풄

≤ ퟔ 

풙 + 풚 + 풛 = ퟑ 

풙ퟐ풚 + 풚ퟐ풙
풙ퟐ − 풙풚 + 풚ퟐ +

풚ퟐ풛 + 풛ퟐ풚
풚ퟐ − 풚풛+ 풛ퟐ +

풛ퟐ풙 + 풙ퟐ풛
풛ퟐ − 풙풛+ 풙ퟐ ≤ ퟔ 

풙ퟐ + 풚ퟐ ≥ ퟐ풙풚 

풚ퟐ + 풛ퟐ ≥ ퟐ풚풛 

풛ퟐ + 풙ퟐ ≥ ퟐ풙풛 

퐦퐚퐱− −−
풙ퟐ풚 + 풚ퟐ풙

풙풚 +
풚ퟐ풛 + 풛ퟐ풚

풚풛 +
풛ퟐ풙 + 풙ퟐ풛

풙풛 ≤ ퟔ 

ퟐ풙 + ퟐ풚 + ퟐ풛 ≤ ퟔ 

ퟔ = ퟔ. 

 

SP.001. Prove that if: 풂,풃, 풄 ∈ (ퟎ,∞) then: 

ퟐ풂 + ퟑ풄
풂+ ퟐ풃 + ퟓ풄 <

ퟐퟕퟑ∑풂풃 + ퟖퟕ∑풂ퟐ

ퟔퟒ ∑√풂풃
ퟐ  

Proposed by Mihály Bencze – Romania  

Solution by Soumava Chakraborty-Kolkata-India 

∀	풂,풃, 풄 ∈ (ퟎ,∞),
ퟐ풂 + ퟑ풄

풂+ ퟐ풃 + ퟓ풄 ≤
ퟐퟕퟑ∑풂풃 + ퟖퟕ∑풂ퟐ

ퟔퟒ ∑√풂풃
ퟐ  
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∵ √풂풃
ퟐ
≤
푪푩푺

ퟑ 풂풃 , ∴
ퟐퟕퟑ∑풂풃 + ퟖퟕ∑풂ퟐ

ퟔퟒ ∑√풂풃
ퟐ ≥

ퟖퟕ∑풂ퟐ + ퟐퟕퟑ∑풂풃
ퟏퟐퟗ∑풂풃 ≥ 

≥
? ퟐ풂 + ퟑ풄

풂 + ퟐ풃+ ퟓ풄
⇔ ퟖퟕ 풂ퟐ + ퟐퟕퟑ 풂풃 (풂 + ퟐ풃 + ퟓ풄)(풃 + ퟐ풄 + ퟓ풂)(풄 + ퟐ풂+ ퟓ풃)− 

−ퟏퟗퟐ 풂풃
(ퟐ풂 + ퟑ풄)(풃 + ퟐ풄 + ퟓ풂)(풄 + ퟐ풂 + ퟓ풃) +
(ퟐ풃+ ퟑ풂)(풄 + ퟐ풂 + ퟓ풃)(풂+ ퟐ풃+ ퟓ풄) +

(ퟐ풄 + ퟑ풃)(풂+ ퟐ풃+ ퟓ풄)(풃 + ퟐ풄 + ퟓ풂)
≥
?
ퟎ ⇔ 

⇔ ퟖퟕퟎ 풂ퟓ + ퟏퟖퟐퟕ 풂ퟒ풃 + ퟐퟖퟕퟏ 풂풃ퟒ + ퟑퟓퟗퟒ 풂ퟐ풃ퟑ + ퟒퟐퟕퟐ풂풃풄 풂ퟐ ≥
(ퟏ)

?
 

≥ ퟑퟔퟔ∑풂ퟑ풃ퟑ + ퟏퟑퟎퟔퟖ풂풃풄(∑풂풃). Now, ∑풂풃ퟒ = 풂풃풄 풃ퟐ

풄
+ 풄ퟑ

풂
+ 풂ퟑ

풃
= 풂풃풄 풃ퟒ

풃풄
+ 풄ퟒ

풄풂
+ 풂ퟒ

풂풃
≥ 

≥
푩풆풓품풔풕풓풐풎

풂풃풄 ⋅
∑풂ퟐ ퟐ

(∑풂풃) ≥ 풂풃풄
(∑풂풃)ퟐ

∑풂풃
= 풂풃풄 풂풃 ∴ ퟐퟖퟕퟏ 풂풃ퟒ ≥

(풂)
ퟐퟖퟕퟏ풂풃풄 풂풃  

Also, ∑풂ퟒ풃 = 풂풃풄 풂ퟑ

풄
+ 풃ퟑ

풂
+ 풄ퟑ

풃
= 풂풃풄 풂ퟒ

풄풂
+ 풃ퟒ

풂풃
+ 풄ퟒ

풃풄
≥

푩풆풓품풔풕풓풐풎
풂풃풄 ∑풂ퟐ

ퟐ

∑풂풃
≥ 풂풃풄(∑풂풃) 

∴ ퟏퟖퟐퟕ∑풂ퟒ풃 ≥
(풃)

ퟏퟖퟐퟕ풂풃풄(∑풂풃). Again, ퟒퟐퟕퟐ풂풃풄(∑풂ퟐ) ≥
(풄)
ퟒퟐퟕퟐ풂풃풄(∑풂풃) 

(a)+(b)+(c) ⇒ LHS of (1) 

≥ ퟖퟕퟎ 풂ퟓ + ퟑퟓퟗퟒ 풂ퟐ풃ퟑ + ퟖퟗퟕퟎ풂풃풄 풂풃 ≥
?
ퟑퟔퟔ 풂ퟑ풃ퟐ + ퟏퟑퟎퟔퟖ풂풃풄 풂풃 ⇔ 

⇔ ퟖퟕퟎ 풂ퟓ + ퟑퟓퟗퟒ 풂ퟐ풃ퟑ ≥
(ퟐ)

?
ퟑퟔퟔ 풂ퟑ풃ퟐ + ퟒퟎퟗퟖ풂풃풄 풂풃  

Now, ∑ 풂ퟓ + 풃ퟓ ≥
푪풉풆풃풚풔풉풆풗 ퟏ

ퟐ
∑ 풂ퟐ + 풃ퟐ 풂ퟑ + 풃ퟑ ≥ ퟏ

ퟐ
∑(ퟐ풂풃)풂풃(풂 + 풃) = ∑풂ퟐ풃ퟐ(풂+ 풃) = 

= 풂ퟑ풃ퟐ + 풂ퟐ풃ퟑ ⇒ ퟐ 풂ퟓ ≥ 풂ퟑ풃ퟐ + 풂ퟐ풃ퟑ ⇒ ퟕퟑퟐ 풂ퟓ ≥
(풅)

ퟑퟔퟔ 풂ퟑ풃ퟐ + 

+ퟑퟔퟔ 풂ퟐ풃ퟑ 

(d)⇒ LHS of (2) ≥ ퟏퟑퟖ∑풂ퟓ + ퟑퟔퟔ∑풂ퟑ풃ퟐ + ퟑퟔퟔ∑풂ퟐ풃ퟑ + ퟑퟓퟗퟒ∑풂ퟐ풃ퟑ ≥
?

 

≥ ퟑퟔퟔ 풂ퟑ풃ퟐ + ퟒퟎퟗퟖ풂풃풄 풂풃 ⇔ ퟏퟑퟖ 풂ퟓ + ퟑퟗퟔퟎ 풂ퟐ풃ퟑ ≥
?
ퟒퟎퟗퟖ풂풃풄 풂풃  

⇔ ퟐퟑ∑풂ퟓ + ퟔퟔퟎ∑풂ퟐ풃ퟑ ≥
(ퟑ)

?
ퟔퟖퟑ풂풃풄(∑풂풃). Now, ∑풂ퟐ풃ퟑ = 풂풃풄 풂풃ퟐ

풄
+ 풃풄ퟐ

풂
+ 풄풂ퟐ

풃
= 

= 풂풃풄
풂ퟐ풃ퟐ

풄풂 +
풃ퟐ풄ퟐ

풂풃 +
풄ퟐ풂ퟐ

풃풄 ≥
푩풆풓품풔풕풓풐풎

	풂풃풄 ⋅
(∑풂풃)ퟐ

∑풂풃 = 풂풃풄 풂풃 ⇒ 

http://www.ssmrmh.ro


 
www.ssmrmh.ro 

 

⇒ ퟔퟔퟎ∑풂ퟐ풃ퟑ ⇒≥
(풆)
ퟔퟔퟎ풂풃풄(∑풂풃). Now, ∑ 풂ퟓ + 풃ퟓ ≥ ∑풂ퟑ풃ퟐ + ∑풂ퟐ풃ퟑ (proved earlier) 

= 풂ퟑ(풃ퟐ + 풄ퟐ) ≥
푨 푮

ퟐ풂풃풄 풂ퟐ ≥ ퟐ풂풃풄 풂풃 ⇒ 풂ퟓ ≥ 풂풃풄 풂풃 ⇒ 

⇒ ퟐퟑ 풂ퟓ ≥
(풇)

ퟐퟑ풂풃풄 풂풃  

(e)+(f)⇒ (3) is true (proved) 

 
SP.002. Prove that in any acute-angled ∆푨푩푪 the following relationship holds: 

풄풐풔푨 + 풄풐풔푩+ 풄풐풔푪+ 풍풏 (푨 + ퟏ)(푩 + ퟏ)(푪+ ퟏ) ≤ ퟑ + 흅 

Proposed by Daniel Sitaru-Romania 

Solution by proposer 

풇: (ퟎ,∞) → ℝ, 풇(풙) = 풄풐풔풙 − 풙 − 풍풏(풙 + ퟏ) 

풇 (풙) = 풔풊풏풙 − ퟏ +
ퟏ

풙 + ퟏ = 풔풊풏풙 −
풙

풙+ ퟏ ≤ ퟎ	,∀풙 ∈ ퟎ,
흅
ퟐ  

풇 − 풅풆풄풓풆풂풔풊풏품 → 풇(푨) ≤ 풇(ퟎ) = ퟏ	,풇(푩) ≤ ퟏ, 풇(푪) ≤ ퟏ 

By adding: 풇(푨) + 풇(푩) + 풇(푪) ≤ ퟑ 

풄풐풔푨 − 푨 + 풍풏(푨 + ퟏ) + 풄풐풔푩− 푩 + 풍풏(푩 + ퟏ) + 풄풐풔푪 − 푪 + 풍풏(푪+ ퟏ) ≤ ퟑ 

풄풐풔푨+ 풄풐풔푩+ 풄풐풔푪+ 풍풏 (푨 + ퟏ)(푩 + ퟏ)(푪+ ퟏ) ≤ ퟑ + (푨 + 푩 + 푪) = ퟑ + 흅 

 

SP.003. Let be 풇: [ퟎ,ퟏ] → (ퟎ,∞) a differentiable function, convex and 풂,풃, 풄 ∈ [ퟎ,ퟏ] such that: 

풇 (풂) + 풇 (풃) + 풇 (풄) = ퟏ;풂풇 (풂) + 풃풇 (풃) + 풄풇 (풄) = ퟐ 

Prove that: 

ퟏ
ퟐ + 풇(풙)

ퟏ

ퟎ

풅풙 ≥
ퟏ
ퟑ 풇(풂) + 풇(풃) + 풇(풄)  

Proposed by Daniel Sitaru – Romania 

Solution 1 by Tin Lu-Binh Son-Quang Ngai-VietNam 

∀	풙ퟎ ∈ [ퟎ,ퟏ] and 풇(풙) is a differentiable; convex, we have: 

풇(풙) ≥ 풇 (풙)(풙− 풙ퟎ) + 풇(풙ퟎ) 

풇(풙) ≥ 풇 (풂)(풙 − 풂) + 풇(풂) 
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풇(풙) ≥ 풇 (풃)(풙 − 풃) + 풇(풃) 

풇(풙) ≥ 풇 (풄)(풙 − 풄) + 풇(풄) 

ퟑ풇(풙) ≥ 풙 풇 (풂)− 풂풇(풂) + 풇(풂) = 풙 − 풒 + 풇(풂) 

⇒ ퟑ 풇(풙)
ퟏ

ퟎ

풅풙 ≥ (풙 − ퟐ) + 풇(풂)
ퟏ

ퟎ

풅풙 ⇔ ퟑ 풇(풙)
ퟏ

ퟎ

풅풙 ≥ −
ퟑ
ퟐ + 풇(풂) 

⇔
ퟏ
ퟐ + 풇(풙)

ퟏ

ퟎ

풅풙 ≥
ퟏ
ퟑ 풇(풂) 

Solution 2 by Soumitra Mukherjee-Chandar Nagore-India 

풇 (풂) + 풇 (풃) + 풇 (풄) = ퟏ and 풂풇 (풂) + 풃풇 (풃) + 풄풇 (풄) = ퟐ. 

⇒ 풂풇 (풂)
풄풚풄

= ퟐ 풇 (풂)
풄풚풄

⇒ 풇 (풂)
풄풚풄

(풂 − ퟐ) = ퟎ 

Now, 풇: [ퟎ,ퟏ] → (ퟎ,∞) is a differentiable, convex function and 풂,풃,풄 ∈ [ퟎ,ퟏ]. 

풇(ퟐ) ≥ 풇(풙) + 풇 (풙)(ퟐ− 풙) ⇒ 풇 (풙)(풙 − ퟐ) ≥ 풇(풙) − 풇(ퟐ) 

for 풂,풃, 풄 ∈ [ퟎ,ퟏ], 풇 (풂)(풂 − ퟐ) ≥ 풇(풂) − 풇(ퟐ);	풇 (풃)(풃 − ퟐ) ≥ 풇(풃)− 풇(ퟐ) 

and 풇 (풄)(풄 − ퟐ) ≥ 풇(풄)− 풇(ퟐ). From ∑ 풇 (풂)(풂 − ퟐ) = ퟎ풄풚풄  

⇒ ퟎ ≥ 풇(풂)
풄풚풄

− ퟑ풇(ퟐ) ⇒ ퟑ풇(ퟐ) ≥ 풇(풂)
풄풚풄

 

Let 흓(풙) = 풙 + 풇(풙) − 풇(ퟐ)	∀	풙 ∈ (ퟎ,풇(ퟐ)] ∪ [풇(ퟐ),∞); 	흓 (풙) = ퟏ + 풇 (풙) 

Now, 흓 (풂) = ퟏ + 풇 (풂) = ퟐ풇 (풂) + 풇 (풃) + 풇 (풄) > ퟎ.  

Again, 흓 (풃) = ퟐ풇 (풃) + 풇 (풂) + 풇 (풄) > ퟎ and 흓 (풄) = ퟐ풇 (풄) + 풇 (풂) + 풇 (풃) > ퟎ 

흓 (풂),흓 (풃) and 흓 (풄) > ퟎ		∀	풂,풃, 풄 ∈ [ퟎ,ퟏ]. Since 풂,풃 and 풄 are arbitrary elements from 

[ퟎ,ퟏ] 흓 (풙) > ퟎ			∀	풙 ∈ (ퟎ, 풇(ퟐ)] ∪ [풇(ퟐ),∞). Now, 흓(풙) is continuos on  

(ퟎ,풇(ퟐ)] ∪ [풇(ퟐ),∞). And 흓 (풙) > ퟎ		∀	풙 ∈ (ퟎ,풇(ퟐ)] ∪ [풇(ퟐ),∞) 

흓(풙) is increasing on (ퟎ,풇(ퟐ)] ∪ [풇(ퟐ),∞) 

흓(풙) ≥ 흓{풇(ퟐ)}, since, 풇(ퟐ) is the point of inflextions. 

흓 (풙) > ퟎ 

풙 + 풇(풙) > 풇(ퟐ) 
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풙	풅풙
ퟏ

ퟎ

+ 풇(풙)
ퟏ

ퟎ

풅풙 ≥ 풇(ퟐ) =
풇(풂) + 풇(풃) + 풇(풄)

ퟑ  

since, ퟑ풇(ퟐ) ≥ ∑ 풇(풂)풄풚풄 . 

ퟏ
ퟐ + 풇(풙)

ퟏ

ퟎ

풅풙 ≥
ퟏ
ퟑ 풇(풂) + 풇(풃) + 풇(풄)  

 

SP.004. If 풙,풚, 풛 ∈ (ퟎ,∞) then: 풙 + 풚 + 풛 + ퟏ
풙ퟑ

+ ퟏ
풚ퟑ

+ ퟏ
풛ퟑ
≥ ퟏퟐ

ퟑ√ퟑ
 

Proposed by Daniel Sitaru – Romania 

Solution by Bao Ngo Minh Ngoc – Gia Lai Province– VietNam 

Use 푨푴 −푮푴 we have: 풙 + ퟏ
풙ퟑ

= 풙
ퟑ

+ 풙
ퟑ

+ 풙
ퟑ

+ ퟏ
풙ퟑ
≥ ퟒ 풙

ퟑ
⋅ 풙
ퟑ
⋅ 풙
ퟑ
⋅ ퟏ
풙ퟑ

ퟒ = ퟒ

ퟑ√ퟑ
 

⇒ 풙 + 풚 + 풛 +
ퟏ
풙ퟑ +

ퟏ
풚ퟑ +

ퟏ
풛ퟑ ≥ ퟒ

풙
ퟑ ⋅

풙
ퟑ ⋅

풙
ퟑ ⋅

ퟏ
풙ퟑ

ퟒ
=

ퟏퟐ

ퟑ√ퟑ
 

 

SP.005. Prove that: 

ퟏ + (풌ퟐ − ퟏ)
ퟏ
ퟐ

ퟏ + (풌ퟐ − ퟏ)
ퟑ
ퟒ

ퟒ

풌 ퟏ

≤
흅ퟐ

ퟑ  

Proposed by Mihály Bencze – Romania  

Solution by proposer 

First we show that ퟐ(풙ퟑ + ퟏ)ퟒ ≥ (풙ퟒ + ퟏ)(풙ퟐ + ퟏ)ퟒ for all 풙 ≥ ퟎ. But 

(풙ퟐ + ퟏ)ퟒ ≤ (풙 + ퟏ)ퟐ(풙ퟑ + ퟏ)ퟐ and we are left with the inequality 

ퟐ(풙ퟑ + ퟏ)ퟐ ≥ (풙 + ퟏ)ퟐ(풙ퟒ + ퟏ) ⇔ ퟐ(풙ퟐ − 풙 + ퟏ)ퟐ ≥ 풙ퟒ + ퟏ ⇔ (풙 − ퟏ)ퟒ ≥ ퟎ which follows. 

Therefore ퟐ
풙ퟒ ퟏ

≥ 풙ퟐ ퟏ
풙ퟑ ퟏ

ퟒ
. If 풙 = √풌ퟐ − ퟏퟒ  then ퟏ 풌ퟐ ퟏ

ퟏ
ퟐ

ퟏ 풌ퟐ ퟏ
ퟑ
ퟒ

ퟒ

≤ ퟐ
풌ퟐ

 

therefore ∑ ퟏ 풌ퟐ ퟏ
ퟏ
ퟐ

ퟏ 풌ퟐ ퟏ
ퟑ
ퟒ

ퟒ

풌 ퟏ ≤ ퟐ∑ ퟏ
풌ퟐ풌 ퟏ = 흅ퟐ

ퟑ
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SP.006. If 풇:ℝ → ℝ continuous and convexe then: 

풇(풙)
풆

ퟎ

풅풙 ≥ (풙ퟑ + 풏풙풏 ퟏ)풇
풆ퟐ풙 + 풏풙ퟐ풏 ퟏ

풆풙 + 풏풙풏 ퟏ

ퟏ

ퟎ

풅풙 

where 풏 ≥ ퟏ. 

Proposed by Mihály Bencze – Romania  

Solution by proposer 

By Jensen’s inequality: 풆
풙풇(풆풙) 풏풙풏 ퟏ풇(풙풏)

풆풙 풏풙풏 ퟏ ≥ 풇 풆ퟐ풙 풏풙ퟐ풏 ퟏ

풆풙 풏풙풏 ퟏ  

풆풙풇(풆풙)
ퟏ

ퟎ

풅풙 = 풇(풕)
풆

ퟏ

풅풕 

풏풙풏 ퟏ풇(풙풏)
ퟏ

ퟎ

풅풙 = 풇(풕)
ퟏ

ퟎ

풅풕 

풇(풕)
ퟏ

ퟎ

풅풕 + 풇(풕)
풆

ퟏ

풅풕 = 풇(풕)
풆

ퟎ

풅풕 ⇒ 풇(풙)
풆

ퟎ

풅풙 ≥ (풆풙 + 풏풙풏 ퟏ)
ퟏ

ퟎ

풇
풆ퟐ풙 + 풏풙ퟐ풏 ퟏ

풆풙 + 풏풙풏 ퟏ 풅풙 

풇(풙)
풆

ퟎ

풅풙 ≥ (풆풙 + 풏풙풏 ퟏ)
ퟏ

ퟎ

풇
풆ퟐ풙 + 풏풙ퟐ풏 − ퟏ
풆풙 + 풏풙풏 ퟏ 풅풙 

 

SP.007. If 풙풌 > ퟏ	(풌 = ퟏ,ퟐ, … ,풏) and 푺 = ∑ 풙풌풏
풌 ퟏ  then: 

퐥퐨퐠풙풌
풔 − 풌
풏− ퟏ

풏

풌 ퟏ

≥ ퟏ 

for all 풏 ≥ ퟑ. 

Proposed by Mihály Bencze – Romania  

Solution by proposer 

퐥퐨퐠풙풌
풔 − 풙풌
풏 − ퟏ

풏

풌 ퟏ

≥ 퐥퐨퐠풙풌 풙ퟏ ⋅ 풙풌 ퟏ ⋅ 풙풌 ퟏ ⋅ … ⋅ 풙풏풏 ퟏ

풏

풌 ퟏ

= 
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=
ퟏ

풏 − ퟏ

풏

풌 ퟏ

퐥퐨퐠풙풌 풙ퟏ + ⋯+ 퐥퐨퐠풙풌 풙풌 ퟏ + 퐥퐨퐠풙풌 풙풌 ퟏ + ⋯+ 퐥퐨퐠풙풌 풙풏 ≥ 

≥ 퐥퐨퐠풙풌 풙ퟏ ⋅… ⋅ 퐥퐨퐠풙풌 풙풌 ퟏ 퐥퐨퐠풙풌 풙풌 ퟏ ⋅ … ⋅ 퐥퐨퐠풙풌 풙풏
풏 ퟏ

풏

풌 ퟏ

= 

= 퐥퐨퐠풙ퟏ 풙ퟐ 퐥퐨퐠풙ퟐ 풙ퟏ
풄풚풄풍풊풄

= ퟏ 

 

SP.008. Prove that if 풂,풃, 풄 ∈ (ퟎ,∞) then: 

ퟏퟐ
풄

풂ퟐ + 풃ퟐ + ퟗ ≤
ퟏ
풂풃풄 풄ퟐ 풂ퟐ + 풃ퟐ 

  Proposed by Daniel Sitaru – Romania  

Solution 1 by Henry Ricardo – New York – USA  

First we note that the AM – GM inequality gives us 

풂ퟐ + 풃ퟐ + ퟗ = (풂ퟐ + 풃ퟐ) + ퟗ ≥ ퟔ√풂ퟐ + 풃ퟐ  and 풂ퟐ + 풃ퟐ ≥ ퟐ풂풃. Thus 

풄
풂ퟐ + 풃ퟐ + ퟗ ≤

풄
ퟔ√풂ퟐ + 풃ퟐ

=
풄√풂ퟐ + 풃ퟐ

ퟔ(풂ퟐ + 풃ퟐ) ≤
풄√풂ퟐ + 풃ퟐ

ퟏퟐ풂풃 =
풄ퟐ√풂ퟐ + 풃ퟐ

ퟏퟐ풂풃풄 , 

Which implies the desired inequality. 

Solution 2 by Ngô Minh Ngọc Bảo – Gia Lai Province – VietNam 

Use AM – GM, we have: 

∑풄ퟐ√풂ퟐ + 풃ퟐ

풂풃풄 =
풄√풂ퟐ + 풃ퟐ

풂풃 ≥ ퟐ
풄

√풂ퟐ + 풃ퟐ
= 

= ퟔ
풄

ퟑ√풂ퟐ + 풃ퟐ
≥ ퟏퟐ

풄
풂ퟐ + 풃ퟐ + ퟗ 

 

SP.009. Let be 풂,풃, 풄 ∈ (ퟎ,∞);풂 < 풃 < 풄;풇: [ퟎ,풂] → [ퟎ,풃];품: [ퟎ,풃] → [ퟎ, 풄] continuous, 

bijectifs and strictly increasing functions. Prove that: 

ퟏ
풄

(품 ∘ 풇)ퟐ
풂

ퟎ

(풙)풅풙 +
ퟏ
풂

(풇 ퟏ ∘ 품 ퟏ)ퟐ
풄

ퟎ

(풙)풅풙 < 풂풄 

Proposed by Daniel Sitaru – Romania  
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Solution by proposer 

(품 ∘ 풇)(풙) ∈ [ퟎ, 풄] ⇒ (품 ∘ 풇)(풙) ≤ 풄; (∀)풙 ∈ [ퟎ,풂] 

ퟏ
풄

(품 ∘ 풇)ퟐ(풙)
풂

ퟎ

풅풙 ≤
ퟏ
풄 풄

풂

ퟎ

⋅ (품 ∘ 풇)(풙)풅풙 = (품 ∘ 풇)
풂

ퟎ

(풙)풅풙 

(풇 ퟏ ∘ 품 ퟏ)(풙) ∈ [ퟎ,풂] ⇒ (풇 ퟏ ∘ 품 ퟏ)(풙) ≤ 풂; (∀)풙 ∈ [ퟎ, 풄] 

ퟏ
풂

(풇 ퟏ ∘ 품 ퟏ)ퟐ(풙)
풄

ퟎ

풅풙 ≤
ퟏ
풂 풂(풇 ퟏ ∘ 품 ퟏ)

풄

ퟎ

(풙)풅풙 = (풇 ퟏ ∘ 품 ퟏ)(풙)
풄

ퟎ

풅풙 

ퟏ
풄

(품 ∘ 풇)ퟐ
풂

ퟎ

(풙)풅풙 ≤ (품 ∘ 풇)
풂

ퟎ

(풙)풅풙 

ퟏ
풂

(풇 ퟏ ∘ 품 ퟏ)(풙)
풄

ퟎ

풅풙 ≤ (풇 ퟏ ∘ 품 ퟏ)
풄

ퟎ

(풙)풅풙 

ퟏ
풄

(품 ∘ 풇)ퟐ
풂

ퟎ

(풙)풅풙+
ퟏ
풂

(풇 ퟏ ∘ 품 ퟏ)
풄

ퟎ

(풙)풅풙 ≤ 

≤ (품 ∘ 풇)(풙)
풂

ퟎ

풅풙 + (풇 ퟏ ∘ 품 ퟏ)
풄

ퟎ

(풙)풅풙 = 풂풄 

 

SP.010. In all acute – angle triangle 푨푩푪 holds: 

퐜퐨퐬퐡 푨ퟐ
퐜퐨퐬 푨ퟐ

ퟐ

≤
풔ퟐ + 풓ퟐ − ퟒ푹ퟐ

풔ퟐ − (ퟐ푹+ 풓)ퟐ 

Proposed by Mihály Bencze – Romania  

Solution by proposer 

If 풙 ∈ ퟎ, 흅
ퟐ
⇒ 퐜퐨퐬 풙

ퟐ
≤ 퐜퐨퐬퐡 풙

ퟐ
⇒ 퐭퐚퐧퐡 풙

ퟐ
≤ 퐭퐚퐧 풙

ퟐ
⇒ 퐜퐨퐬퐡 풙

ퟐ
≤ ퟏ

ퟏ 퐭퐚퐧ퟐ풙ퟐ

= 

=
퐜퐨퐬 풙ퟐ
√퐜퐨퐬 풙

⇒
퐜퐨퐬퐡 풙ퟐ
퐜퐨퐬 풙ퟐ

ퟐ

≤
ퟏ

퐜퐨퐬풙 ⇒
퐜퐨퐬퐡푨ퟐ
퐜퐨퐬 푨ퟐ

ퟐ

	 ≤
ퟏ

퐜퐨퐬 푨 =
풔ퟐ + 풓ퟐ − ퟒ푹ퟐ

풔ퟐ − (ퟐ푹 + 풓)ퟐ 
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SP.011. Prove that: 흅

ퟐ

ퟔ
− ퟏ

풏
< ∑ ퟏ

풌ퟐ
풏
풌 ퟏ < 흅ퟐ

ퟔ
− ퟏ

풏 ퟏ
 for all 풏 ≥ ퟏ posive integers. 

Proposed by Mihály Bencze – Romania  

Solution by proposer 

ퟏ
풌ퟐ

풌 풏

<
ퟏ

풌(풏− ퟏ)
풌 풏

=
ퟏ

풌 − ퟏ −
ퟏ
풌

풌 풏

=
ퟏ

풏 − ퟏ 

ퟏ
풌ퟐ

풌 풏

>
ퟏ

풌(풌 + ퟏ)
풏 풏

=
ퟏ
풌 −

ퟏ
풌 + ퟏ

풌 풏

=
ퟏ
풏 , 풔풐,

ퟏ
풏 <

ퟏ
풌ퟐ

풌 풏

<
ퟏ

풏 − ퟏ 

ퟏ
풏 +

ퟏ
풌ퟐ

풏 ퟏ

풌 ퟏ

<
ퟏ
풌ퟐ

풌 ퟏ

<
ퟏ
풌ퟐ

풏

풌 ퟏ

+
ퟏ

풏 − ퟏ , 풐풓,
ퟏ
풏 +

ퟏ
풌ퟐ

풏 ퟏ

풌 ퟏ

<
흅ퟐ

ퟔ <
ퟏ
풌ퟐ

풏 ퟏ

풌 ퟏ

+
ퟏ

풏 − ퟏ 

Or 흅
ퟐ

ퟔ
− ퟏ

풏 ퟏ
< ∑ ퟏ

풌ퟐ
풏 ퟏ
풌 ퟏ < 흅ퟐ

ퟔ
− ퟏ

풏
,풐풓, 흅

ퟐ

ퟔ
− ퟏ

풏
< ∑ ퟏ

풌ퟐ
풏
풌 ퟏ < 흅ퟐ

ퟔ
− ퟏ

풏 ퟏ
 

SP.012. If 푨,푩 ∈ 푴ퟐ(푪) then: 

(퐝퐞퐭(푨 + 풌푩) + 퐝퐞퐭(푨 − 풌푩))
풏

풌 ퟏ

= ퟐ풏퐝퐞퐭푨 +
풏(풏 + ퟏ)(ퟐ풏+ ퟏ)

ퟑ 퐝퐞퐭푩 

Proposed by Mihály Bencze – Romania  

Solution by proposer 

Let be 풇(풕) = 퐝퐞퐭(푨 + 풕푩) = 풕ퟐ 퐝퐞퐭푩 + 휶풕+ 퐝퐞퐭푨 ⇒ 

(퐝퐞퐭(푨+ 풌푩) + 퐝퐞퐭(푨 − 풌푩))
풏

풌 ퟏ

= 풌ퟐ 퐝퐞퐭 푩 + 휶풌 + 퐝퐞퐭 푨 + 풌ퟐ 퐝퐞퐭푩 − 풂풌 + 퐝퐞퐭 푨
풏

풌 ퟏ

= 

= ퟐ풏퐝퐞퐭푨 +
풏(풏+ ퟏ)(ퟐ풏+ ퟏ)

ퟑ 퐝퐞퐭푩 

 

SP.013. Let be 풂,풃 ∈ ℝ,풂 < 풃. Find: 

퐥퐢퐦
풏→∞

퐬퐢퐧 풙 ⋅ 퐚퐫퐜퐭퐚퐧(풏풙)
풃

풂

풅풙 

Proposed by Dan Nedeianu – Romania 
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Solution by Francis Fregeaux-Quebec-Canada 

퐥퐢퐦
풏→∞

퐬퐢퐧(풙)
풃

풂

퐚퐫퐜퐭퐚퐧(풏풙)풅풙 = 휶 

퐥퐢퐦
풏→∞

퐚퐫퐜퐭퐚퐧(풏) =
흅
ퟐ 

For any 풙 ≠ ퟎ: 

퐥퐢퐦
풏→∞

풏풙 = 퐥퐢퐦
풏→∞

±풏 = ±∞, 

depending on the sign of “풙”. 

퐚퐫퐜퐭퐚퐧(−풙) = −퐚퐫퐜퐭퐚퐧(풙) 

And since both 퐬퐢퐧(풙) and 퐚퐫퐜퐭퐚퐧(풙) share the same limit when 풙 → ퟎ 

휶 = 퐬퐢퐧(풙)
풃

풂

⋅ 퐥퐢퐦
풏→∞

퐚퐫퐜퐭퐚퐧(풏풙)풅풙 →
흅
ퟐ 퐬퐢퐧(풙)

풃

풂

풅풙; 	ퟎ ≤ 풂 < 풃 

휶 = 퐬퐢퐧(풙)
풃

풂

⋅ 퐥퐢퐦
풏→∞

퐚퐫퐜퐭퐚퐧(풏풙)풅풙 →
−흅
ퟐ 퐬퐢퐧(풏풙)

풃

풂

풅풙;풂 < 풃 ≤ ퟎ 

휶 = 흅
ퟐ

[퐜퐨퐬(풂) − 퐜퐨퐬(풃)] for: ퟎ ≤ 풂 < 풃 

휶 = 흅
ퟐ

[퐜퐨퐬(풃)− 퐜퐨퐬(풂)] for: 풂 < 풃 ≤ ퟎ 

And if 풂 < ퟎ,풃 > ퟎ,풂 < 풃: 

휶 =
흅
ퟐ

[퐜퐨퐬(ퟎ)− 퐜퐨퐬(풂)] +
흅
ퟐ

[퐜퐨퐬(ퟎ)− 퐜퐨퐬(풃)] = 흅 −
흅
ퟐ

[퐜퐨퐬(풂) + 퐜퐨퐬(풃)] 

 

SP.014. Prove that if 풂,풃, 풄 ∈ (ퟎ,∞) and 풃 ≥ 풂, then: 

ퟐ√ퟐ 풆풃풄 − 풆풂풄 ≤ 풄(풃 − 풂) 풆ퟐ풂풄 + 풆ퟐ풃풄 

Proposed by Daniel Sitaru – Romania  

Solution by Ngô Minh Ngọc Bảo –Gia Lai Province-VietNam 

Let 풙 = 풆풃풄,풚 = 풆풂풄, (풙,풚 > ퟎ). We need to prove that: 

ퟐ√ퟐ(풙 − 풚) ≤ (퐥퐧 풙 − 퐥퐧풚) 풙ퟐ + 풚ퟐ ⇔ 풙
풚

ퟐ
+ ퟏ ⋅ 퐥퐧 풙

풚
≥ ퟐ√ퟐ 풙

풚
− ퟏ   (*) 
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Indeed, let 풕 = 풙

풚
≥ ퟏ, we have: (*) ⇔ √풕ퟐ + ퟏ ⋅ 퐥퐧 풕 − ퟐ√ퟐ(풕 − ퟏ) ≥ ퟎ. 

Considering function: 풇(풕) = √풕ퟐ + ퟏ ⋅ 퐥퐧 풕 − ퟐ√ퟐ풕 + ퟐ√ퟐ,∀풕 ≥ ퟏ. 

풇 (풕) =
풕 퐥퐧 풕
√풕ퟐ + ퟏ

+
√풕ퟐ + ퟏ

풕 − ퟐ√ퟐ, 풇 (풕) =
퐥퐧 풕

√풕ퟐ + ퟏ
ퟑ +

풕ퟐ − ퟏ
풕ퟐ√풕ퟐ + ퟏ

> ퟎ 

Therefore, the equation 풇 (풕) = ퟎ has a unique solution. 

 

⇒ 풇(풕) ≥ 풇(ퟏ) = √ퟏ + ퟏ ⋅ 퐥퐧 ퟏ − ퟐ√ퟐ + ퟐ√ퟐ = ퟎ, (!) 

 

SP.015. Prove that if 풂,풃, 풄 ∈ [ퟎ,∞) then: 

ퟐퟓ 풂ퟐ√풂ퟓ + ퟏퟏ 풂풃ퟔ ≥ ퟑퟑ 풂ퟐ풃 

Proposed by Daniel Sitaru – Romania  

Solution by proposer 

By Young’s inequality: 

풑풙풒 + 풒풙풑 ≥ 풑풒풙풚;풑 > ퟏ;
ퟏ
풑 +

ퟏ
풒 = ퟏ;풙,풚 ≥ ퟎ 

ퟏ
풒 = ퟏ −

ퟏ
풑 ⇒

ퟏ
풒 =

풑 − ퟏ
풑 ⇒ 풒 =

풑
풑 − ퟏ 

풑풙
풑

풑 ퟏ +
풑

풑 − ퟏ 풚
풑 ≥

풑ퟐ

풑 − ퟏ 풙풚 

풑 풙
풑

풑 ퟏ

풙

ퟎ

풅풙 +
풑

풑 − ퟏ풚
풑 풅풙

풙

ퟎ

≥
풑ퟐ

풑 − ퟏ풚 풙
풙

ퟎ

풅풙 

풑
풙

풑
풑 ퟏ ퟏ

풑
풑 − ퟏ + ퟏ

+
풑

풑 − ퟏ 풚
풑풙 ≥

풑ퟐ

풑 − ퟏ풚 ⋅
풙ퟐ

ퟐ  
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풙
ퟐ풑 ퟏ
풑 ퟏ

ퟐ풑 − ퟏ
풑 − ퟏ

+
ퟏ

풑 − ퟏ 풙풚
풑 ≥

풑
ퟐ(풑− ퟏ)풙

ퟐ풚 

For 풑 = ퟔ,풙 = 풂,풚 = 풃: 

풙
ퟏퟏ
ퟓ

ퟏퟏ
ퟓ

+
ퟏ
ퟓ풙풚

ퟔ ≥
ퟔ
ퟏퟎ풙

ퟐ풚 →
ퟓ
ퟏퟏ풂

ퟏퟏ
ퟓ +

ퟏ
ퟓ풂풃

ퟔ ≥
ퟑ
ퟓ풂

ퟐ풃 

ퟓ
ퟏퟏ 풂

ퟏퟏ
ퟓ +

ퟏ
ퟓ 풂풃ퟔ ≥

ퟑ
ퟓ 풂ퟐ풃 

ퟐퟓ 풂ퟐ√풂ퟓ + ퟏퟏ 풂풃ퟔ ≥ ퟑퟑ 풂ퟐ풃 

 

UP.001. Prove that if 휶 ∈ [ퟐ,ퟕ] then: 

퐚퐫퐜퐭퐚퐧ퟓ 풙
휶

ퟐ

⋅ 풅풙 ≤
휶 − ퟐ
ퟓ 퐚퐫퐜퐭퐚퐧ퟓ 풙

ퟕ

ퟐ

⋅ 풅풙 

Proposed by Daniel Sitaru – Romania  

Solution by Tran Quang Minh – Nguyen Thi Linh – Ho Chi Minh – Vietnam  

We denote 풇(휶) = 휶 ퟐ
ퟓ
∫ 퐚퐫퐜퐭퐚퐧ퟓ 풙ퟕ
ퟐ ⋅ 풅풙 − ∫ 퐚퐫퐜퐭퐚퐧ퟓ 풙휶

ퟐ ⋅ 풅풙 with 휶 ∈ [ퟐ,ퟕ], we have: 

풇 (휶) = −
ퟓ퐚퐫퐜퐭퐚퐧ퟒ휶
휶ퟐ + ퟏ < ퟎ 

for all 휶 ∈ [ퟐ,ퟕ], so for all 휶 ∈ [ퟐ,ퟕ] we have inequality:  

풇(휶) ≥ 퐦퐢퐧{풇(ퟐ),풇(ퟕ)} = ퟎ 

Or 

휶 − ퟐ
ퟓ 퐚퐫퐜퐭퐚퐧ퟓ 풙

ퟕ

ퟐ

⋅ 풅풙 ≥ 퐚퐫퐜퐭퐚퐧ퟓ 풙
휶

ퟐ

⋅ 풅풙 

for all 휶 ∈ [ퟐ,ퟕ]. 

 

UP.002. Let 풂,풃, 풄 be positive real numbers. Prove that: 

ퟏ
ퟓ풂 +

ퟏ
ퟑ풂+ 풃 + 풄 ≥

ퟏ
ퟒ풂+ 풃 +

ퟏ
ퟒ풂 + 풄  
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Proposed by Soumitra Mukherjee - Chandar Nagore – India 

Solution by Tran Quang Minh – Nguyen Thi Linh – Ho Chi Minh – Vietnam  

We have one lemma. 

Lemma 1. If 풙,풚, 풛 ∈ (ퟎ, +∞) then: 

풙ퟓ + 풚ퟓ + 풛ퟓ + 풙ퟑ풚풛 + 풙풚ퟑ풛 + 풙풚풛ퟑ ≥ 풙ퟒ(풚 + 풛) + 풚ퟒ(풛 + 풙) + 풛ퟒ(풙 + 풚)   (1) 

Proof. We normalize 풙 + 풚 + 풛 = ퟏ and denote 풙풚+ 풚풛 + 풛풙 = 풒, 풙풚풛 = 풓 then: 

(1) ⇔ (−ퟏퟐ풒+ ퟕ)풓 + ퟖ풒ퟐ − ퟔ풒 + ퟏ ≥ ퟎ 

Use 풓 ≥ 퐦퐚퐱 ퟎ, ퟒ풒 ퟏ
ퟗ

 we will have (−ퟏퟐ풒+ ퟕ)풓+ ퟖ풒ퟐ − ퟔ풒+ ퟏ ≥ ퟎ 

Back to the problem: 

From Lemma, denote 풙 = 풕풂,풚 = 풕풃 , 풛 = 풕풄 , we have:  

풕ퟓ풂 + 풕ퟑ풂 풃 풄 ≥ 풕ퟒ풂 풃 + 풕ퟒ풂 풄  

풐풓 ∑풕ퟓ풂 ퟏ + ∑풕ퟑ풂 풃 풄 ퟏ ≥ ∑ 풕ퟒ풂 풃 ퟏ + 풕ퟒ풂 풄 ퟏ  

Take integral from ퟎ to ퟏ we have: 

풕ퟓ풂 ퟏ

ퟏ

ퟎ

풅풕 + 풕ퟑ풂 풃 풄 ퟏ

ퟏ

ퟎ

풅풕 ≥ 풕ퟒ풂 풃 ퟏ + 풕ퟒ풂 풄 ퟏ

ퟏ

ퟎ

풅풕 

Or ∑ ퟏ
ퟓ풂

+ ∑ ퟏ
ퟑ풂 풃 풄

≥ ∑ ퟏ
ퟒ풂 풃

+ ퟏ
ퟒ풂 풄

 

 

UP.003. If 푨,푩 ∈ 푴ퟐ(푪) then: 

(퐝퐞퐭(푨 + 푩))ퟐ + (퐝퐞퐭(푨 −푩))ퟐ ≥ ퟐ퐝퐞퐭(푨푩 + 푩푨) 

Proposed by Mihály Bencze – Romania  

Solution by proposer 

If 푿,풀 ∈ 푴ퟐ(푪) and 풇:푪 → 푪, 풇(풕) = 퐝퐞퐭(푿 + 풕풀) = 풕ퟐ 퐝퐞퐭 풀 + 풂풕 + 퐝퐞퐭푿 ;풂 ∈ 푪 

풇(ퟏ) + 풇(−ퟏ) = ퟐ(퐝퐞퐭푿 + 퐝퐞퐭풀) ⇒ 퐝퐞퐭(푿+ 풀) + 퐝퐞퐭(푿− 풀) = ퟐ(퐝퐞퐭푿 + 퐝퐞퐭풀) 

Let be 푿 = 푨ퟐ + 푩ퟐ,풀 = 푨푩 + 푩푨 ⇒ 푨ퟐ + 푩ퟐ + 푨푩 + 푩푨 = (푨 + 푩)ퟐ 

푨ퟐ + 푩ퟐ + 푨푩 + 푩푨 = (푨 + 푩)ퟐ 

(퐝퐞퐭(푨 + 푩))ퟐ + (퐝퐞퐭(푨 − 푩))ퟐ = ퟐ퐝퐞퐭(푨ퟐ + 푩ퟐ) + ퟐ퐝퐞퐭(푨푩 + 푩푨) ⇒ 
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ퟏ
ퟐ

((퐝퐞퐭(푨 + 푩))ퟐ + (퐝퐞퐭(푨 −푩))ퟐ − ퟐ퐝퐞퐭(푨푩 + 푩푨)) = 퐝퐞퐭(푨ퟐ + 푩ퟐ) = 

= 퐝퐞퐭(푨 + 풊푩) (푨 − 풊푩) = 퐝퐞퐭(푨 + 풊푩)퐝퐞퐭(푨 − 풊푩) = 퐝퐞퐭(푨 + 풊푩)퐝퐞퐭(푨 + 푩) = 

= (풂 + 풊휷)(휶 − 풊휷) = 휶ퟐ + 휷ퟐ ≥ ퟎ			(휶,휷 ∈ 푹)  

 

UP.004.  Let 풇: [풂, 풄] → ℝ,ퟎ < 풂 < 풄 be a continuous and convex function on [풂, 풄]. Prove that 

if 풃 ∈ [풂, 풄] then: 

ퟐ 풇(풙)
풄

풂

풅풙 ≤ (풃 − 풂)[풇(풃) + 풇(풂)] + (풄 − 풃)[풇(풃) + 풇(풄)] 

Proposed by Daniel Sitaru – Romania  

Solution by Tran Quang Minh – Nguyen Thi Linh – Ho Chi Minh – Vietnam  

If 풃 ∈ [풂, 풄] we will have: 

풇(풙) ≤ 품(풙) =
풇(풃)− 풇(풂)

풃 − 풂
(풙 − 풂) + 풇(풂),풙 ∈ [풂,풃]

풇(풙) ≤ 풉(풙) =
풇(풄)− 풇(풃)

풄 − 풃
(풙 − 풃) + 풇(풃),풙 ∈ [풃, 풄]

 

then 

ퟐ 풇(풙)
풄

풂

풅풙 ≤ ퟐ 품(풙)
풃

풂

풅풙+ 풉(풙)
풄

풃

풅풙 = (풃 − 풂)[풇(풃) + 풇(풂)] + (풄 − 풃)[풇(풄) + 풇(풃)] 

 

UP.005. If 풙 ≥ ퟏ then: 

풆풙 퐥퐧 ퟏ +
ퟏ
풙 ≤ ퟏ +

ퟏ
풙

풙

≤
ퟐ풙
퐥퐧ퟐ 퐥퐧 ퟏ +

ퟏ
풙  

Proposed by Mihály Bencze – Romania  

Solution by proposer 

Let be 품(풙) = 풚
퐥퐧 풚

,풚 ∈ [ퟐ,ퟑ],품 (풚) = 퐥퐧 풚 ퟏ
퐥퐧ퟐ 풚

⇒ 

풚 ퟐ																																풆																																				ퟑ 

품 (풙) − −− −−− −− ퟎ −− −− −− −− − 
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품(풚) ퟐ

퐥퐧 ퟐ 																													풆																																	
ퟑ
퐥퐧 ퟑ 

 

But ퟗ > ퟖ ⇒ ퟑퟐ > ퟐퟑ ⇒ ퟐ 퐥퐧ퟑ > ퟑ 퐥퐧 ퟐ ⇒ ퟐ
퐥퐧ퟐ

> ퟑ
퐥퐧 ퟑ

 

⇒ 푰풎(품) = 풆,
ퟐ
퐥퐧 ퟐ ⇒ 풆 ≤ 품(풚) ≤

ퟐ
퐥퐧ퟐ ⇒ 풆 ≤

풚
퐥퐧풚 ≤

ퟐ
퐥퐧ퟐ ⇒ 

⇒ 풆 퐥퐧풚 ≤ 풚 ≤ ퟐ
퐥퐧 ퟐ

퐥퐧 풚. In these we take 풚 = ퟏ + ퟏ
풙

풙
, 풙 ≥ ퟏ ⇒ 

풆풙 퐥퐧 ퟏ +
ퟏ
풙 ≤ ퟏ +

ퟏ
풙

풙

≤
ퟐ풙
퐥퐧ퟐ 퐥퐧 ퟏ +

ퟏ
풙  

 

UP.006. If 풂,풃, 풄 > ퟎ and 풙,풚, 풛 ≥ ퟏ then: 

풙풛
풚

ퟐ풂 풚풙
풛

ퟐ풃 풛풚
풙

ퟐ풄
≤ 풙

풂ퟐ 풃ퟐ
풄 풚

풃ퟐ 풄ퟐ
풂 풛

풄ퟐ 풂ퟐ
풃  

Proposed by Mihály Bencze – Romania  

Solution by proposer 

We have: ퟐ풂+ ퟐ풃 − ퟐ풄 ≤ 풂ퟐ 풃ퟐ

풄
⇔ (풂 − 풄)ퟐ + (풃 − 풄)ퟐ ≥ ퟎ therefore 

⎩
⎪
⎨

⎪
⎧(ퟐ풂 + ퟐ풃 − ퟐ풄) 퐥퐧풙 ≤ 풂ퟐ 풃ퟐ

풄
퐥퐧 풙

(ퟐ풃 + ퟐ풄 − ퟐ풂) 퐥퐧풚 ≤ 풃ퟐ 풄ퟐ

풂
퐥퐧 풚

(ퟐ풄 + ퟐ풂 − ퟐ풃) 퐥퐧 풛 ≤ 풄ퟐ 풂ퟐ

풃
퐥퐧 풛

  . After addition we obtain: 

(ퟐ풂 + ퟐ풃 − ퟐ풄) 퐥퐧 풙 = ퟐ풂(퐥퐧풙 − 퐥퐧풚 + 퐥퐧 풛) = 퐥퐧
풙풚
풚

ퟐ풂
≤ 

≤
풂ퟐ + 풃ퟐ

풄 퐥퐧풙 = 퐥퐧 풙
풂ퟐ 풃ퟐ

풄  

 

 

 

UP.007. Let be 풂,풓 ∈ (ퟎ,∞); (풂풏)풏 ퟏ;풂ퟏ = 풂;풂풏 ퟏ = 풂풏 + 풓,풏 ∈ ℕ∗; 
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풃풏 = 풂풌
풏

풌 ퟏ

, 풄풏 = 풃풌ퟐ
풏

풌 ퟏ

	. 

Find: 

퐥퐢퐦
풏→

풏
풄풏풏ퟐ
	. 

Proposed by D. M. Bătinețu – Giurgiu, Neculai Stanciu – Romania 

Solution by George – Florin Șerban – Romania  

ퟏ = 퐥퐢퐦
풏→

풏
풄풏풏ퟐ

 

퐥퐧 ퟏ = 퐥퐢퐦
풏→

풏풏ퟐ

풄풏

풏ퟐ

= 퐥퐢퐦
풏→

퐥퐧 풏
풏ퟐ

풄풏
풏ퟐ = 퐥퐢퐦

풏→

퐥퐧 (풏 + ퟏ)(풏 ퟏ)ퟐ

풄풏 ퟏ
− 퐥퐧풏

풏ퟐ

풄풏
(풏 + ퟏ)ퟐ − 풏ퟐ = 

= 퐥퐢퐦
풏→

퐥퐧 (풏 + ퟏ)(풏 ퟏ)ퟐ풄풏
풄풏 ퟏ풏풏

ퟐ

ퟐ풏 + ퟏ , (푪풆풔풂풓풐	푺풕풐풍풛) 

퐥퐧 풍 = 퐥퐢퐦
풏→

퐥퐧 (풏 + ퟏ)(풏 ퟏ)ퟐ풄풏
풄풏 ퟏ풏풏

ퟐ

ퟐ풏 + ퟏ = 퐥퐢퐦
풏→

퐥퐧 (풏 + ퟐ)(풏 ퟐ)ퟐ풄풏 ퟏ
풄풏 ퟐ(풏+ ퟏ)(풏 ퟏ)ퟐ − 퐥퐧 (풏+ ퟏ)(풏 ퟏ)ퟐ풄풏

풄풏 ퟏ풏풏
ퟐ

(ퟐ풏+ ퟑ) − (ퟐ풏+ ퟏ) = 

= 퐥퐢퐦
풏→

퐥퐧 풏
풏ퟐ(풏+ ퟐ)(풏 ퟐ)ퟐ풄풏 ퟏ

ퟐ

(풏 + ퟏ)ퟐ(풏 ퟏ)ퟐ풄풏풄풏 ퟐ
ퟐ 	, 

풄풏 ퟏ
ퟐ

풄풏풄풏 ퟐ
=

풃풏 ퟏ
ퟒ

풃풏 ퟏ
ퟐ 풃풏 ퟐ

ퟐ =
풃풏 ퟏ
ퟐ

풃풏 ퟐ
ퟐ =

ퟏ
풂풏 ퟐ
ퟐ =

ퟏ
[풂 + (풏+ ퟏ)풓]ퟐ	, 

풏풏ퟐ(풏+ ퟐ)(풏 ퟐ)ퟐ풄풏 ퟏ
ퟐ

(풏 + ퟏ)ퟐ(풏 ퟏ)ퟐ풄풏풄풏 ퟐ
=

풏풏ퟐ(풏+ ퟐ)풏ퟐ(풏 + ퟐ)ퟒ풏(풏+ ퟐ)ퟒ

(풏+ ퟏ)ퟐ풏ퟐ(풏 + ퟏ)ퟒ풏(풏+ ퟏ)ퟐ[풂+ (풏+ ퟏ)풓]ퟐ
= 

=
풏ퟐ + ퟐ풏

풏ퟐ + ퟐ풏+ ퟏ

풏ퟐ 풏 + ퟐ
풏 + ퟏ

ퟒ풏 ퟐ 풏 + ퟐ
풂+ (풂 + ퟏ)풓

ퟐ

	, 

퐥퐢퐦
풏→

풏ퟐ + ퟐ풏
풏ퟐ + ퟐ풏 + ퟏ

ퟐ

= 퐥퐢퐦
풏→

ퟏ +
−ퟏ

풏ퟐ + ퟐ풏 + ퟏ

풏ퟐ ퟐ풏 ퟏ
ퟏ

풏ퟐ

풏ퟐ ퟐ풏 ퟏ

= 풆 ퟏ, 
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퐥퐢퐦
풏→

풏 + ퟐ
풏 + ퟏ

ퟒ풏 ퟐ

= 퐥퐢퐦
풏→

ퟏ +
ퟏ

풏+ ퟏ

풏 ퟏ
ퟏ

ퟒ풏 ퟐ
풏 ퟏ

= 풆ퟒ, 

퐥퐢퐦
풏→

풏 + ퟐ
풂 + (풏 + ퟏ)풓

ퟐ

=
ퟏ
풓

ퟐ

= 풓 ퟐ, 

퐥퐧 풍 = 퐥퐢퐦
풏→

퐥퐧 풏
풏ퟐ(풏+ ퟐ)(풏 ퟐ)ퟐ풄풏 ퟏ

ퟐ

(풏 + ퟏ)ퟐ(풏 ퟏ)ퟐ풄풏풄풏 ퟐ
ퟐ =

퐥퐧 풆 ퟏ ⋅ 풆ퟒ ⋅ 풓 ퟐ

ퟐ = 퐥퐧 풆ퟑ ⋅ 풓 ퟐ,	 

풍 = 풆ퟑ ⋅ 풓 ퟐ =
풆√풆
풓 , 퐥퐢퐦

풏→

풏
풄풏풏ퟐ

=
풆√풆
풓 	. 

 

UP.008. Find: 

(ퟐ풆풙 + ퟏ) 퐬퐢퐧 풙 − 퐜퐨퐬 풙 − ퟏ
풆ퟐ풙 + (퐜퐨퐬 풙 − 퐬퐢퐧 풙 + ퟐ)풆풙 + 퐜퐨퐬 풙 − 퐬퐢퐧 풙 퐜퐨퐬 풙 − 퐬퐢퐧 풙 + ퟏ	 풅풙 

Proposed by Mihály Bencze – Romania 

Solution 1 by Hamza Mahmood – Lahore – Pakistan: 

First we factorize the denominator of the integrand: 

풆ퟐ풙 + (퐜퐨퐬 풙 − 퐬퐢퐧 풙 + ퟐ)풆풙 + 퐜퐨퐬 풙 − 퐬퐢퐧 풙 퐜퐨퐬 풙 − 퐬퐢퐧 풙 + ퟏ 

= (풆풙)ퟐ + (ퟏ + 퐜퐨퐬 풙 + ퟏ − 퐬퐢퐧 풙)풆풙 + 퐜퐨퐬 풙 (ퟏ − 퐬퐢퐧 풙) + ퟏ − 퐬퐢퐧 풙 

= (풆풙)ퟐ + (ퟏ + 퐜퐨퐬 풙 + ퟏ − 퐬퐢퐧 풙)풆풙 + (ퟏ + 퐜퐨퐬 풙)(ퟏ− 퐬퐢퐧 풙) 

Using the identity,  풙ퟐ + (풂 + 풃)풙+ 풂풃 = (풙 + 풂)(풙 + 풃), we have: 

= (풆풙 + ퟏ + 퐜퐨퐬 풙)(풆풙 + ퟏ − 퐬퐢퐧 풙) 
풆ퟐ풙 + (퐜퐨퐬 풙 − 퐬퐢퐧 풙+ ퟐ)풆풙 + 퐜퐨퐬 풙 − 퐬퐢퐧 풙 퐜퐨퐬풙 − 퐬퐢퐧 풙+ ퟏ = (풆풙 + ퟏ + 퐜퐨퐬풙)(풆풙 + ퟏ − 퐬퐢퐧 풙)    (A) 

& we observe the following: 

(풆풙 + ퟏ + 퐜퐨퐬 풙)(풆풙 − 퐜퐨퐬풙) − (풆풙 + ퟏ − 퐬퐢퐧 풙)(풆풙 − 퐬퐢퐧 풙) 

= 풆ퟐ풙 + 풆풙 + 풆풙 퐜퐨퐬 풙 − 풆풙 퐜퐨퐬풙 − 퐜퐨퐬풙 − 퐜퐨퐬ퟐ 풙 − 풆ퟐ풙 − 풆풙 + 풆풙 퐬퐢퐧 풙 + 풆풙 퐬퐢퐧 풙 + 퐬퐢퐧 풙 − 퐬퐢퐧ퟐ 풙 

= 풆ퟐ풙 − 풆ퟐ풙 + (풆풙 − 풆풙) + (풆풙 퐜퐨퐬 풙 − 풆풙 퐜퐨퐬풙) + ퟐ풆풙 퐬퐢퐧 풙 + 퐬퐢퐧 풙− 퐜퐨퐬풙 − 퐜퐨퐬ퟐ 풙 + 퐬퐢퐧ퟐ 풙  

= ퟐ풆풙 퐬퐢퐧 풙 + 퐬퐢퐧 풙 − 퐜퐨퐬 풙− ퟏ = (ퟐ풆풙 + ퟏ) 퐬퐢퐧 풙− 퐜퐨퐬 풙 − ퟏ 
(풆풙 + ퟏ + 퐜퐨퐬풙)(풆풙 − 퐜퐨퐬 풙)− (풆풙 + ퟏ − 퐬퐢퐧 풙)(풆풙 − 퐬퐢퐧 풙) = (ퟐ풆풙 + ퟏ)퐬퐢퐧 풙 − 퐜퐨퐬풙 − ퟏ      (B) 

From (A) and (B), we have 
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(ퟐ풆풙 + ퟏ) 퐬퐢퐧 풙 − 퐜퐨퐬 풙 − ퟏ

풆ퟐ풙 + (퐜퐨퐬 풙 − 퐬퐢퐧 풙 + ퟐ)풆풙 + 퐜퐨퐬 풙 − 퐬퐢퐧 풙 퐜퐨퐬 풙 − 퐬퐢퐧 풙 + ퟏ = 

=
(풆풙 + ퟏ + 퐜퐨퐬 풙)(풆풙 − 퐜퐨퐬 풙) − (풆풙 + ퟏ − 퐬퐢퐧 풙)(풆풙 − 퐬퐢퐧 풙)

(풆풙 + ퟏ + 퐜퐨퐬 풙)(풆풙 + ퟏ − 퐬퐢퐧 풙)  

⇒
(ퟐ풆풙 + ퟏ) 퐬퐢퐧 풙 − 퐜퐨퐬 풙 − ퟏ

풆ퟐ풙 + (퐜퐨퐬 풙 − 퐬퐢퐧 풙 + ퟐ)풆풙 + 퐜퐨퐬 풙 − 퐬퐢퐧 풙퐜퐨퐬 풙 − 퐬퐢퐧 풙 + ퟏ

=
풆풙 − 퐜퐨퐬풙

풆풙 + ퟏ − 퐬퐢퐧 풙 −
풆풙 − 퐬퐢퐧 풙

풆풙 + ퟏ + 퐜퐨퐬 풙 

⇒
(ퟐ풆풙 + ퟏ) 퐬퐢퐧 풙 − 퐜퐨퐬 풙 − ퟏ

풆ퟐ풙 + (퐜퐨퐬 풙 − 퐬퐢퐧 풙 + ퟐ)풆풙 + 퐜퐨퐬 풙 − 퐬퐢퐧 풙 퐜퐨퐬 풙 − 퐬퐢퐧 풙 + ퟏ풅풙

=
풆풙 − 퐜퐨퐬 풙

풆풙 + ퟏ − 퐬퐢퐧 풙풅풙 −
풆풙 − 퐬퐢퐧 풙

풆풙 + ퟏ + 퐜퐨퐬 풙 풅풙 

Since ∫ 풆풙 퐜퐨퐬 풙
풆풙 ퟏ 퐬퐢퐧풙

풅풙 = ∫ ퟏ
풆풙 ퟏ 퐬퐢퐧 풙

풅(풆풙 + ퟏ − 퐬퐢퐧 풙) = 퐥퐧(풆풙 + ퟏ − 퐬퐢퐧 풙) 

&∫ 풆풙 퐬퐢퐧풙
풆풙 ퟏ 퐜퐨퐬 풙

풅풙 = ∫ ퟏ
풆풙 ퟏ 퐜퐨퐬 풙

풅(풆풙 + ퟏ + 퐜퐨퐬 풙) = 퐥퐧(풆풙 + ퟏ + 퐜퐨퐬 풙) 

(ퟐ풆풙 + ퟏ) 퐬퐢퐧 풙 − 퐜퐨퐬 풙 − ퟏ
풆ퟐ풙 + (퐜퐨퐬 풙 − 퐬퐢퐧 풙 + ퟐ)풆풙 + 퐜퐨퐬 풙 − 퐬퐢퐧 풙 퐜퐨퐬 풙 − 퐬퐢퐧 풙 + ퟏ풅풙

= 퐥퐧(풆풙 + ퟏ − 퐬퐢퐧 풙) − 퐥퐧(풆풙 + ퟏ + 퐜퐨퐬 풙) 
(ퟐ풆풙 + ퟏ) 퐬퐢퐧 풙 − 퐜퐨퐬풙 − ퟏ

풆ퟐ풙 + (퐜퐨퐬 풙 − 퐬퐢퐧 풙 + ퟐ)풆풙 + 퐜퐨퐬풙 − 퐬퐢퐧 풙 퐜퐨퐬 풙 − 퐬퐢퐧 풙 + ퟏ
풅풙 = 퐥퐧

풆풙 + ퟏ − 퐬퐢퐧 풙
풆풙 + ퟏ + 퐜퐨퐬 풙

+ 풄 

Solution 2 by Ravi Prakash – New Delhi – India 

풆ퟐ풙 + (퐜퐨퐬 풙 − 퐬퐢퐧 풙 + ퟐ)풆풙 + 퐜퐨퐬 풙 − 퐬퐢퐧 풙 퐜퐨퐬 풙 − 퐬퐢퐧 풙 + ퟏ 

= 풆ퟐ풙 + [(ퟏ + 퐜퐨퐬 풙) + (ퟏ − 퐬퐢퐧 풙)] + (ퟏ + 퐜퐨퐬 풙)(ퟏ − 퐬퐢퐧 풙) 

= (풆풙 + ퟏ + 퐜퐨퐬 풙)(풆풙 + ퟏ − 퐬퐢퐧 풙). Also,  

(풆풙 + 퐜퐨퐬 풙 + ퟏ)(풆풙 − 퐜퐨퐬 풙) − (풆풙 − 퐬퐢퐧 풙)(풆풙 − 퐬퐢퐧 풙 + ퟏ) = 풆ퟐ풙 − 퐜퐨퐬ퟐ 풙 + 풆풙 − 퐜퐨퐬풙 

−[풆ퟐ풙 − ퟐ풆풙 퐬퐢퐧 풙 + 퐬퐢퐧ퟐ 풙 + 풆풙 − 퐬퐢퐧 풙] = ퟐ풆풙 퐬퐢퐧 풙 + 퐬퐢퐧 풙 − 퐜퐨퐬 풙 − ퟏ 

= (ퟐ풆풙 + ퟏ) 퐬퐢퐧 풙 − 퐜퐨퐬 풙 − ퟏ = Numerator. Thus,  

푰 =
풆풙 − 퐜퐨퐬풙

풆풙 + ퟏ − 퐬퐢퐧 풙 −
풆풙 − 퐬퐢퐧 풙

풆풙 + ퟏ + 퐜퐨퐬 풙 풅풙 = 퐥퐧
풆풙 + ퟏ − 퐬퐢퐧 풙
풆풙 + ퟏ + 퐜퐨퐬 풙 + 풄 

Solution 3 by Yen Tung Chung – Tainan – Taiwan  

(ퟐ풆풙 + ퟏ) 퐬퐢퐧 풙 − 퐜퐨퐬 풙 − ퟏ
풆ퟐ풙 + (퐜퐨퐬 풙 − 퐬퐢퐧 풙 + ퟐ)풆풙 + 퐜퐨퐬 풙 − 퐬퐢퐧 풙 퐜퐨퐬 풙 − 퐬퐢퐧 풙 + ퟏ풅풙 
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=
(ퟐ풆풙 + ퟏ) 퐬퐢퐧 풙 − 퐜퐨퐬 풙 − ퟏ

풆ퟐ풙 + (퐜퐨퐬 풙 + ퟏ)(ퟏ − 퐬퐢퐧 풙)풆풙 + (퐜퐨퐬 풙 + ퟏ)(ퟏ − 퐬퐢퐧 풙)풅풙 

=
(ퟐ풆풙 + ퟏ) 퐬퐢퐧 풙 − 퐜퐨퐬 풙 − ퟏ

(풆풙 + 퐜퐨퐬 풙 + ퟏ)(풆풙 − 퐬퐢퐧 풙 + ퟏ)풅풙 =
풆풙 − 퐬퐢퐧 풙

풆풙 + 퐜퐨퐬 풙 + ퟏ −
풆풙 − 퐜퐨퐬풙

풆풙 − 퐬퐢퐧 풙 + ퟏ 풅풙 

= 퐥퐧|풆풙 + 퐜퐨퐬 풙 + ퟏ|− 퐥퐧|풆풙 − 퐬퐢퐧 풙 + ퟏ| + 푪 = 퐥퐧
풆풙 + 퐜퐨퐬 풙 + ퟏ
풆풙 − 퐬퐢퐧 풙 + ퟏ + 푪 

Solution 4 by Soumitra Mukherjee - Chandar Nagore – India  

풆ퟐ풙 + (퐜퐨퐬 풙 − 퐬퐢퐧 풙 + ퟐ)풆풙 + 퐜퐨퐬 풙 − 퐬퐢퐧 풙 퐜퐨퐬 풙 − 퐬퐢퐧 풙 + ퟏ 

= 풆ퟐ풙 + (퐜퐨퐬 풙 − 퐬퐢퐧 풙 + ퟐ)풆풙 + (퐜퐨퐬 풙 + ퟏ)(ퟏ− 퐬퐢퐧 풙) 

= 풆ퟐ풙 + (퐜퐨퐬 풙 + ퟏ)풆풙 + (ퟏ − 퐬퐢퐧 풙)풆풙 + (퐜퐨퐬 풙 + ퟏ)(ퟏ − 퐬퐢퐧 풙) 

= (풆풙 + 퐜퐨퐬 풙 + ퟏ)(풆풙 + ퟏ − 퐬퐢퐧 풙) 

Now, (ퟐ풆풙 + ퟏ) 퐬퐢퐧 풙 − 퐜퐨퐬 풙 − ퟏ 

= (풆풙 + 퐜퐨퐬 풙 + ퟏ)(풆풙 + ퟏ − 퐬퐢퐧 풙) − (풆풙 + ퟏ − 퐬퐢퐧 풙)(풆풙 + 퐜퐨퐬 풙 + ퟏ)  

(ퟐ풆풙 + ퟏ) 퐬퐢퐧 풙 − 퐜퐨퐬 풙 − ퟏ
풆ퟐ풙 + (퐜퐨퐬 풙 − 퐬퐢퐧 풙 + ퟐ)풆풙 + 퐜퐨퐬 풙 − 퐬퐢퐧 풙 퐜퐨퐬 풙 − 퐬퐢퐧 풙 + ퟏ풅풙 

=
(ퟐ풆풙 + ퟏ) 퐬퐢퐧 풙 − 퐜퐨퐬 풙 − ퟏ

(풆풙 + 퐜퐨퐬 풙 + ퟏ)(풆풙 + ퟏ − 퐬퐢퐧 풙)풅풙 

=
풅(풆풙 + ퟏ − 퐬퐢퐧 풙)
풆풙 + ퟏ − 퐬퐢퐧 풙 −

풅(풆풙 + 퐜퐨퐬 풙 + ퟏ)
풆풙 + 퐜퐨퐬 풙 + ퟏ = 퐥퐧

풆풙 + ퟏ − 퐬퐢퐧 풙
풆풙 + 퐜퐨퐬 풙 + ퟏ + 푪 

Solution 5 by Igor Soposki – Skopje – Macedonia  

푰 =
(ퟐ풆풙 + ퟏ) 퐬퐢퐧 풙 − 퐜퐨퐬 풙 − ퟏ

풆ퟐ풙 + (퐜퐨퐬 풙 − 퐬퐢퐧 풙 + ퟐ)풆풙 + 퐜퐨퐬 풙 − 퐬퐢퐧 풙 ⋅ 퐜퐨퐬 풙 − 퐬퐢퐧 풙 + ퟏ풅풙 = 

=
(ퟐ풆풙 + ퟏ) 퐬퐢퐧 풙 − 퐜퐨퐬 풙 − ퟏ

(풆풙 − 퐬퐢퐧 풙 + ퟏ)(풆풙 + 퐜퐨퐬 풙 + ퟏ)풅풙 

풆ퟐ풙 + 풆풙 ⋅ 퐜퐨퐬 풙 − 풆풙 ⋅ 퐬퐢퐧 풙 + 풆풙 + 풆풙 + 퐜퐨퐬 풙 − 퐬퐢퐧 풙 ⋅ 퐜퐨퐬 풙 − 퐬퐢퐧 풙 + ퟏ = 

= 풆풙(풆풙 + 퐜퐨퐬 풙) + (풆풙 + 퐜퐨퐬 풙)− 퐬퐢퐧 풙 (풆풙 + 퐜퐨퐬 풙) + 풆풙 − 퐬퐢퐧 풙 + ퟏ = 

= (풆풙 + 퐜퐨퐬 풙)(풆풙 − 퐬퐢퐧 풙 + ퟏ) + 풆풙 − 퐬퐢퐧 풙 + ퟏ = (풆풙 − 퐬퐢퐧 풙 + ퟏ)(풆풙 + 퐜퐨퐬 풙 + ퟏ) 

−	−	− 	−	− 	−	−	− 	−	− 	−	− 	−	−	−	− − −	− 	−	− 	−	− −	−	−	− 	−	− −	−	−	−	−	 

(ퟐ풆풙 + ퟏ) 퐬퐢퐧 풙 − 퐜퐨퐬 풙 − ퟏ = 풆풙 ⋅ 퐬퐢퐧 풙+ 풆풙 퐬퐢퐧 풙 + 퐬퐢퐧 풙 − 퐜퐨퐬 풙 − ퟏ = 

= 풆풙 ⋅ 퐬퐢퐧 풙 + 풆풙 ⋅ 퐬퐢퐧 풙 + 퐬퐢퐧 풙 − 퐜퐨퐬풙 − 퐬퐢퐧ퟐ 풙 − 퐜퐨퐬ퟐ 풙 + 풆ퟐ풙 − 풆ퟐ풙 + 풆풙 ⋅ 퐜퐨퐬풙 + 풆풙 − 풆풙 = 

= (풆ퟐ풙 + 풆풙 ⋅ 퐜퐨퐬 풙+ 풆풙 − 풆풙 ⋅ 퐜퐨퐬 풙 − 퐜퐨퐬ퟐ 풙 − 퐜퐨퐬 풙) − (풆ퟐ풙 − 풆풙 퐬퐢퐧 풙 − 풆풙 ⋅ 퐬퐢퐧 풙 + 풆풙 − 퐬퐢퐧 풙 + 퐬퐢퐧ퟐ 풙) = 
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= [풆풙 ⋅ (풆풙 + 퐜퐨퐬 풙 + ퟏ)− 퐜퐨퐬풙 (풆풙 + 퐜퐨퐬풙 + ퟏ)] − [풆풙(풆풙 − 퐬퐢퐧 풙 + ퟏ)− 퐬퐢퐧 풙 (풆풙 − 퐬퐢퐧 풙 + ퟏ)] = 

= [(풆풙 + 퐜퐨퐬 풙 + ퟏ)(풆풙 − 퐜퐨퐬풙)] − [(풆풙 − 퐬퐢퐧 풙 + ퟏ)(풆풙 − 퐬퐢퐧 풙)] 

푰 =
(풆풙 + 퐜퐨퐬 풙 + ퟏ)(풆풙 − 퐜퐨퐬풙)

(풆풙 − 퐬퐢퐧 풙 + ퟏ)(풆풙 + 퐜퐨퐬 풙 + ퟏ)풅풙 ⋅
(풆풙 − 퐬퐢퐧 풙 + ퟏ)(풆풙 − 퐬퐢퐧 풙)

(풆풙 − 퐬퐢퐧 풙 + ퟏ)(풆풙 + 퐜퐨퐬 풙 + ퟏ)풅풙 = 

= 퐥퐧(풆풙 − 퐬퐢퐧 풙 + ퟏ) − 퐥퐧(풆풙 + 퐜퐨퐬 풙 + ퟏ) = 퐥퐧
풆풙 − 퐬퐢퐧 풙 + ퟏ
풆풙 + 퐜퐨퐬 풙 + ퟏ + 푪 

Solution 6 by Omar Raza- Lahore – Pakistan  

[(ퟐ풆풙 + ퟏ) 퐬퐢퐧 풙 − 퐜퐨퐬 풙 − ퟏ]
풆ퟐ풙 + (퐜퐨퐬 풙 − 퐬퐢퐧 풙 + ퟐ)풆풙 + 퐜퐨퐬 풙 − 퐬퐢퐧 풙 퐜퐨퐬 풙 − 퐬퐢퐧 풙 + ퟏ 

considering the denominator, 

풆ퟐ풙 + (퐜퐨퐬 풙 − 퐬퐢퐧 풙 + ퟐ)풆풙 + ퟏ −
퐬퐢퐧 풙 퐜퐨퐬 풙

ퟐ +
ퟏ
ퟒ −

ퟏ
ퟒ −

퐬퐢퐧 풙 퐜퐨퐬 풙
ퟐ  

= 풆ퟐ풙 + (퐜퐨퐬 풙 − 퐬퐢퐧 풙 + ퟐ)풆풙 +
퐜퐨퐬 풙 − 퐬퐢퐧 풙+ ퟐ

ퟐ

ퟐ

−
ퟏ
ퟒ ⋅

(ퟏ+ ퟐ 퐬퐢퐧 풙 퐜퐨퐬 풙) 

= 풆풙 +
(퐜퐨퐬 풙 − 퐬퐢퐧 풙 + ퟐ)

ퟐ

ퟐ

−
ퟏ
ퟒ ⋅

(퐬퐢퐧 풙 + 퐜퐨퐬 풙)ퟐ 

= 풆풙 +
퐜퐨퐬 풙 − 퐬퐢퐧 풙 + ퟐ

ퟐ

ퟐ

−
퐬퐢퐧 풙 + 퐜퐨퐬 풙

ퟐ

ퟐ

 

= (풆풙 + 퐜퐨퐬 풙 + ퟏ)(풆풙 − 퐬퐢퐧 풙 + ퟏ) 

from 풂ퟐ − 풃ퟐ = (풂 + 풃)(풂 − 풃) so 

[(ퟐ풆풙 + ퟏ) 퐬퐢퐧 풙 − 퐜퐨퐬 풙 − ퟏ]
풆ퟐ풙 + (퐜퐨퐬 풙 − 퐬퐢퐧 풙 + ퟐ)풆풙 + 퐜퐨퐬 풙 − 퐬퐢퐧 풙 퐜퐨퐬 풙 − 퐬퐢퐧 풙 + ퟏ = 

[(ퟐ풆풙 + ퟏ) 퐬퐢퐧 풙 − 퐜퐨퐬 풙 − ퟏ]
(풆풙 + 퐜퐨퐬 풙 + ퟏ)(풆풙 − 퐬퐢퐧 풙 + ퟏ) = −

풆풙 − 퐬퐢퐧 풙
풆풙 + 퐜퐨퐬 풙 + ퟏ +

풆풙 − 퐜퐨퐬풙
풆풙 − 퐬퐢퐧 풙 + ퟏ = 

= − 퐥퐧(풆풙 + 퐜퐨퐬 풙 + ퟏ) + 퐥퐧(풆풙 − 퐬퐢퐧 풙+ ퟏ) + ∁ 

 

UP.009. Prove that if 풏 ∈ ℕ;풏 ≥ ퟑ then: 

풏!
ퟐ

ퟐ풆

≤ 풆풏ퟐ 풏 ퟔ 

Proposed by Mihály Bencze – Romania 

Solution 1 by Soumitra Mukherjee-Chandar Nagore-India 
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For  풏 = ퟑ; ퟑ!
ퟐ

ퟐ풆
< 풆ퟔ ⇔ ퟑퟐ풆 < 풆ퟔ ⇔ ퟑ풆 < 풆ퟑ, which is true, 

For  풏 = ퟒ; ퟒ!
ퟐ

ퟐ풆
< 풆ퟏퟒ ⇔ ퟏퟐퟐ풆 < 풆ퟏퟒ ⇔ ퟏퟐ풆 < 풆ퟕ, which is also true, 

Let us assume that the statement is true for 풏 = 풌; 풌!
ퟐ

ퟐ풆
≤ 풆풌ퟐ 풌 ퟔ holds true. 

Now, (풌 ퟏ)!
ퟐ

ퟐ풆
= 풌×풌!

ퟐ

ퟐ풆
= 풌

ퟐ

ퟐ풆 풌!
ퟐ

ퟐ풆
≤ 풌

ퟐ

ퟐ풆
⋅ 풆풌ퟐ 풌 ퟔ 

we need to prove, 풌
ퟐ

ퟐ풆
⋅ 풆풌ퟐ 풌 ퟔ ≤ 풆(풌 ퟏ)ퟐ (풌 ퟏ) ퟔ 

⇔ 풌
ퟐ

ퟐ풆
≤ 풆(풌 ퟏ)ퟐ 풌 ퟏ = 풆ퟐ(풌+ ퟏ) ⇔ 풌

ퟐ

풆
≤ 풆풌 ퟏ        (1) 

We need to prove statement (1); 

Let 풇(풙) = 풆풙 ퟏ − 풙
ퟐ

풆
	∀	풙 ≥ ퟑ 

풇ʹ(풙) = 풆풙 ퟏ −
풆
ퟐ

풙
ퟐ

풆 ퟏ
≥ ퟎ	∀	풙 ≥ ퟑ. 

f increasing- on [ퟑ,∞) and 풇ʹ(풙) ≥ ퟎ	∀풙 ≥ ퟑ, 풇(풙) ≥ 풇(ퟑ) > ퟎ 

풆풙 ퟏ >
풆
ퟐ

풙
ퟐ

풆 ퟏ
	∀풙 ≥ ퟑ 

hence, statement (1) is prove (풌 ퟏ)!
ퟐ

ퟐ풆
≤ 풆(풌 ퟏ)ퟐ (풌 ퟏ) ퟔ  (proved). 

When 풏 = 풌 is true then 풏 = 풌 + ퟏ is also true. So, by theory of Induction, we have, 

풏!
ퟐ

ퟐ풆
≤ 풆풏ퟐ 풏 ퟔ  (proved). 

Solution 2 by Francis Fregeau – Quebec – Canada:  

We will prove for any natural number 풏 ≥ ퟑ: 

풏!
ퟐ

ퟐ풆

≤ 풆풏ퟐ 풏 ퟔ 

Let 풂풏 = 풏!
ퟐ

ퟐ풆
 and 풃풏 = 풆풏ퟐ 풏 ퟔ 

Lemma 1: ퟑ!
ퟐ

ퟐ풆
≤ 풆ퟔ ⇒ 풂ퟑ ≤ 풃ퟑ 

Next: ((풏 + ퟏ)ퟐ + (풏 + ퟏ)− ퟔ) − (풏ퟐ + 풏− ퟔ) = ퟐ(풏+ ퟏ) 

⇒ Lemma 2: 풃풏 ퟏ = 풃풏 ⋅ 풆ퟐ(풏 ퟏ);풂풏 ퟏ = 풂풏 ⋅ (풏+ ퟏ)ퟐ풆 
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Now, consider the function: 품(풙) = ퟐ(풙 + ퟏ) − ퟐ풆 퐥퐧(풙 + ퟏ) ;풙 ≥ ퟑ 

품(ퟑ) > ퟎ;품ʹ(풙) = ퟐ − ퟐ풆
풙 ퟏ

> ퟎ for 풙 ≥ ퟑ 

ퟐ(풙 + ퟏ) > ퟐ풆 퐥퐧(풙 + ퟏ) for 풙 ≥ ퟑ. 

⇒ Lemma 3: 풆ퟐ(풏 ퟏ) > (풏+ ퟏ)ퟐ풆 for 풏 ≥ ퟑ 

Combining Lemma 1, 2 and 3 yields: 풂풏 ≤ 풃풏 for 풏 ≥ ퟑ which completes the  

proof. 

Solution 3 by Omar Raza-Lahore-Pakistan 

When 풏 = ퟑ 

ퟑퟐ풆 ≤ 풆ퟔ;ퟑ풆 ≤ 풆ퟑ (from inequality 풆풙 ≥ ퟏ + 풙, putting 풙 = 풌
풆
− ퟏ we get  

풆
풌
풆 ퟏ ≥ 풌

풆
;풆

풌
풆 ≥ 풌			풆풌 ≥ 풌풆 hence 풆ퟑ ≥ ퟑ풆 (when 풌 = ퟑ).  

Assuming the inequality is true for 풏 = 풌, i.e. 풌!
ퟐ

ퟐ풆
≤ 풆풌ퟐ 풌 ퟔ when 풏 = 풌 + ퟏ  

we get (풌 ퟏ)!
ퟐ

ퟐ
≤ 풆(풌 ퟏ)ퟐ 풌 ퟏ ퟔ, (풌 + ퟏ)ퟐ풆 ∗ 풌!

ퟐ

ퟐ풆
≤ 풆ퟐ(풌 ퟏ) ∗ 풆풌ퟐ 풌 ퟔ since 

풌!
ퟐ

ퟐ풆
≤ 풆풌ퟐ 풌 ퟔ and (풌 + ퟏ)ퟐ풆 ≤ 풆ퟐ(풌 ퟏ) implies (풌 + ퟏ)풆 ≤ 풆풌 ퟏ which is true  

from the inequality proved at start. Hence this, (풌 ퟏ)!
ퟐ

ퟐ풆
≤ 풆(풌 ퟏ)ퟐ 풌 ퟏ ퟔ, is  

true as well. Thus if inequality is true for 풏 = 풌, it is true for 풏 = 풌 + ퟏ as well  

and by principal of mathematical induction is true for all 풏 where 풏 ≥ ퟑ and 풂 a natural 

number) 

 

 

 

UP.010. Find: 

풆풙 퐥퐧(ퟏ + 풆풙) − 풆ퟐ풙

(ퟏ + 풆풙)ퟐ 퐥퐧ퟐ(ퟏ + 풆풙)풅풙; 풙 ∈ ℝ 

Proposed by Daniel Sitaru-Romania 

Solution 1 by Ravi Prakash-New Delhi-India 
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Put 풆풙 = 풕 

푰 =
퐥퐧(ퟏ + 풕)− 풕

[(ퟏ + 풕) 퐥퐧(ퟏ + 풕)]ퟐ 풅풕 = 푰ퟏ − 푰ퟐ 

where: 

푰ퟏ =
퐥퐧(ퟏ + 풕) + ퟏ

[(ퟏ + 풕) 퐥퐧(ퟏ + 풕)]ퟐ 풅풕 

Put (ퟏ+ 풕) 퐥퐧(ퟏ + 풕) = 풖 ⇒ (ퟏ + 퐥퐧(ퟏ + 풕))풅풕 = 풅풖 

푰ퟏ =
풅풖
풖ퟐ = −

ퟏ
풖 

= −
ퟏ

(ퟏ + 풕) 퐥퐧(ퟏ + 풕) = −
ퟏ

(ퟏ + 풆풙) 퐥퐧(ퟏ + 풆풙) 

푰ퟐ =
풕 + ퟏ

(풕+ ퟏ)ퟐ(퐥퐧(풕+ ퟏ))ퟐ 풅풕 

Put 퐥퐧(ퟏ + 풕) = 풗 

ퟏ
ퟏ + 풕 풅풕 = 풅풗 

푰ퟐ =
풅풗
풗ퟐ = −

ퟏ
풗 

= −
ퟏ

퐥퐧(ퟏ + 풕) = −
ퟏ

퐥퐧(ퟏ + 풆풙) 

푰 =
ퟏ

퐥퐧(ퟏ + 풆풙) −
ퟏ

(ퟏ + 풆풙) 퐥퐧(ퟏ + 풆풙) + 푪 

=
푒

[ln(1 + 푒 )](1 + 푒 ) + 퐶 

Solution 2 by Henry Ricardo-New York -USA 

Let 풖 = 풆풙

(ퟏ 풆풙) 퐥퐧(ퟏ 풆풙)
 . Then 

풅풖 =
풆풙 퐥퐧(ퟏ + 풆풙) − 풆ퟐ풙

(ퟏ + 풆풙)ퟐ 퐥퐧ퟐ(ퟏ + 풆풙)풅풙, 

so that we have 

풆풙 퐥퐧(ퟏ + 풆풙) − 풆ퟐ풙

(ퟏ + 풆풙)ퟐ 퐥퐧ퟐ(ퟏ + 풆풙)풅풙 = ퟏ풅풖 = 풖 + 푪 =
풆풙

(ퟏ + 풆풙) 퐥퐧(ퟏ + 풆풙) + 푪 
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 [Since the denominator of the original integrand is [(ퟏ+ 풆풙) 퐥퐧(ퟏ + 풆풙)]ퟐ, this  

suggested a possible antiderivative of the form 풇(풙) [(ퟏ + 풆풙) 퐥퐧(ퟏ + 풆풙)]⁄ .  

A little calculation indicated that 풇(풙) = 풆풙.] 

 

UP.012. If 풙 > ퟎ then compute: 

ퟐ풆풙 + 퐬퐢퐧 풙 + ퟏퟎퟎퟑ
풆풙 + ퟐ퐬퐢퐧퐡 풙 + 퐬퐢퐧 풙 − 퐜퐨퐬 풙 + ퟐퟎퟎퟔ풅풙 

Proposed by Mihály Bencze – Romania  

Solution by proposer 

풇(풙) = 풆풙 + ퟐ 퐬퐢퐧퐡 풙 + 퐬퐢퐧 풙 − 퐜퐨퐬 풙 + ퟐퟎퟎퟔ 

풇 (풙) + 풇(풙) = ퟐ풆풙 + ퟐ(퐬퐢퐧퐡 풙 + 퐜퐨퐬퐡 풙) + ퟐ 퐬퐢퐧 풙 + ퟐퟎퟎퟔ = ퟒ풆풙 + ퟐ 퐬퐢퐧 풙 + ퟐퟎퟎퟔ = 

= ퟐ(ퟐ풆풙 + 퐬퐢퐧 풙 + ퟏퟎퟎퟑ) so, ∫ ퟐ풆풙 퐬퐢퐧 풙 ퟏퟎퟎퟑ
풆풙 ퟐ 퐬퐢퐧퐡 풙 퐬퐢퐧 풙

= ퟏ
ퟐ
∫ 풇 (풙) 풇(풙)

풇(풙)
풅풙 = 

=
ퟏ
ퟐ 풅풙 +

ퟏ
ퟐ

풇 (풙)
풇(풙) 풅풙 =

풙
ퟐ + 퐥퐧(풆풙 + ퟐ 퐬퐢퐧퐡 풙 + 퐬퐢퐧 풙 − 퐜퐨퐬풙 + ퟐퟎퟎퟔ) + 푪 

 

UP.013. Let (푨, +,⋅) be a ring with ퟏ ≠ ퟎ. If 풙,풚 ∈ 푨 such that 풙 + 풚 = ퟏ and 풙ퟐퟎퟏퟔ = 풙 prove 

that the elements ퟏ − 풙풚 and ퟏ − 풚풙 are invertible. 

Proposed by Nicolae Papacu – Slobozia – Romania  

Solution by Nicolae Papacu – Slobozia – Romania  

We have 풕 = ퟏ − 풙풚 = ퟏ − 풙(ퟏ − 풙) = ퟏ − 풙 + 풙ퟐ and 

ퟏ − 풚풙 = ퟏ − (ퟏ − 풙)풙 = ퟏ − 풙 + 풙ퟐ = 풕. 

Because 풙ퟐퟎퟏퟔ = 풙, we have 풙ퟐퟎퟏퟕ = 풙ퟐ and then 

풕 = ퟏ − 풙 + 풙ퟐ = ퟏ − 풙 + 풙ퟐퟎퟏퟕ = ퟏ − 풙(ퟏ − 풙ퟐퟎퟏퟔ) = ퟏ − (ퟏ − 풙ퟐퟎퟏퟔ)풙. 

Because 

ퟏ − 풙ퟐퟎퟏퟔ = (ퟏ − 풙ퟔ) 풙ퟔ풌
ퟑퟕퟐ

풌 ퟎ

 

and ퟏ − 풙ퟔ = (ퟏ + 풙ퟑ)(ퟏ − 풙ퟑ) = (ퟏ− 풙 + 풙ퟐ)(ퟏ + 풙)(ퟏ − 풙ퟑ), we have 
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ퟏ − 풙ퟐퟎퟏퟔ = (ퟏ − 풙ퟔ) 풙ퟔ풌
ퟑퟕퟐ

풌 ퟎ

= (ퟏ − 풙 + 풙ퟐ)(ퟏ+ 풙)(ퟏ− 풙ퟑ) 풙ퟔ풌
ퟑퟕퟐ

풌 ퟎ

= (ퟏ − 풙 + 풙ퟐ)풛 

and then 

풕 = ퟏ − 풙 + 풙ퟐ = ퟏ − 풙 + 풙ퟐퟎퟏퟕ = ퟏ − (ퟏ − 풙ퟐퟎퟏퟔ)풙 = ퟏ − (ퟏ − 풙 + 풙ퟐ)풛풙	,  

so 풕 = ퟏ − 풕풛풙, wherefrom 

풕(ퟏ + 풛풙) = ퟏ. Analog (ퟏ + 풛풙)풕 = ퟏ, so 풕 = ퟏ − 풙풚 = ퟏ − 풚풙 is invertible. 

 

UP.014. Prove that 

퐥퐢퐦
풑→∞

ퟏ
풎풏(풎 + 풏)

풑

풎 ퟏ

풑

풏 ퟏ

<
흅ퟑ

ퟔ  

Proposed by Daniel Sitaru – Romania 

Solution 1 by Cornel Ioan Valean-Romania 

ퟏ
풎풏(풎+ 풏) > ퟎ ⇒

ퟏ
풎풏(풎 + 풏)

풑

풎 ퟏ

풑

풏 ퟏ

<
ퟏ
풏

풑

풏 ퟏ

ퟏ
풎(풎 + 풏)

∞

풎 ퟏ

=
푯(풏)
풏ퟐ

풑

풏 ퟏ

 

푯(풏) = ퟏ +
ퟏ
ퟐ +

ퟏ
ퟑ + ⋯+

ퟏ
풏 

ퟏ
풌(풌 + 풏)

∞

풌 ퟏ

=
푯(풏)
풏  

퐥퐢퐦
풏→∞

ퟏ
풎풏(풎+ 풑)

풑

풎 ퟏ

풑

풏 ퟏ

<
푯(풏)
풏ퟐ

∞

풏 ퟏ

= ퟏ +
푯(풏)
풏ퟐ

풑

풏 ퟐ

< ퟏ + 퐥퐢퐦
푵→∞

푯(풏)
풏(풏 − ퟏ)

푵

풏 ퟐ

= 

= ퟏ + 퐥퐢퐦
푵→∞

푯(풏)
풏 − ퟏ −

푯(풏 + ퟏ)
풏 +

ퟏ
풏 −

ퟏ
풏 + ퟏ

푵

풏 ퟐ

= ퟑ − 퐥퐢퐦
푵→∞

ퟏ
푵 + ퟏ +

푯(푵 + ퟏ)
푵 = ퟑ <

흅ퟑ

ퟔ  

The precise value of the limit is ퟐ풛풆풕풂(ퟑ) ≈ ퟐ,ퟒퟎퟒퟏퟏ 

Solution 2  by Ravi Prakash-New Delhi-India 

푺 = 퐥퐢퐦
풑→∞

ퟏ
풎풏(풎+ 풏)

풑

풎 ퟏ

풑

풏 ퟏ
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=
ퟏ

ퟏ ∙ ퟏ ∙ ퟐ +
ퟏ

ퟏ ∙ ퟐ ∙ ퟑ +
ퟏ

ퟏ ∙ ퟐ ∙ ퟒ + ⋯+ 

+
ퟏ

ퟐ ∙ ퟏ ∙ ퟑ +
ퟏ

ퟐ ∙ ퟐ ∙ ퟒ +
ퟏ

ퟐ ∙ ퟑ ∙ ퟓ + ⋯+ 

+
ퟏ

ퟑ ∙ ퟏ ∙ ퟒ +
ퟏ

ퟑ ∙ ퟐ ∙ ퟓ +
ퟏ

ퟑ ∙ ퟑ ∙ ퟔ + ⋯ 

Let’s sum up this double series diagonally: 

푺 = ⋅
∞

풌 ퟐ

ퟏ
풎(풌−풎)풌

풌 ퟏ

풎 ퟏ

=
ퟏ
풌ퟐ

∞

풌 ퟐ

ퟏ
풎 +

ퟏ
풌 −풎 =

풌 ퟏ

풎 ퟏ

 

= ퟐ
ퟏ
풌ퟐ

∞

풌 ퟐ

ퟏ +
ퟏ
ퟐ + ⋯+

ퟏ
풌 − ퟏ < ퟐ

ퟏ
풌(풌 + ퟏ)

∞

풌 ퟏ

ퟏ +
ퟏ
ퟐ + ⋯+

ퟏ
풌  

= ퟐ ퟏ −
ퟏ
ퟐ

(ퟏ) +
ퟏ
ퟐ −

ퟏ
ퟑ ퟏ +

ퟏ
ퟐ +

ퟏ
ퟑ −

ퟏ
ퟒ ퟏ +

ퟏ
ퟐ +

ퟏ
ퟑ + ⋯  

= ퟐ
ퟏ
ퟏퟐ +

ퟏ
ퟐ ퟏ +

ퟏ
ퟐ −

ퟏ
ퟐ +

ퟏ
ퟑ ퟏ +

ퟏ
ퟐ +

ퟏ
ퟑ − ퟏ −

ퟏ
ퟐ + ⋯  

= ퟐ
ퟏ
ퟏퟐ +

ퟏ
ퟐퟐ +

ퟏ
ퟑퟐ + ⋯ < ퟐ

흅ퟐ

ퟔ <
흅ퟑ

ퟔ  

 

UP.015. Let be (푨, +,⋅). If it does exists 풌 ∈ ℕ∗ such that for any 풂,풃 ∈ 푨 we have  

(풂+ 풃)ퟐ풌 ퟏ = 풂ퟐ풌 + 풃ퟐ풌 and (풂+ 풃)ퟐ풌 ퟑ = 풂ퟐ풌 ퟐ + 풃ퟐ풌 ퟐ, then prove that the ring is 

commutative. 

Proposed by Dana Heuberger – Romania  

Solution by Dana Heuberger – Romania  

We denote with (1) and (2) the equalities from the hypothesis. 

For 풂 = 풃 = ퟏ, we obtain that ퟐ = ퟎ, so the ring that the characteristic 2. 

So    ∀	휶 ∈ 푨,휶 = −휶.             (3) 

For 풂 = ퟏ,풃 = 풙 ∈ 푨, from (2) we obtain: 

(ퟏ + 풙)ퟐ풌 ퟏ ⋅ (ퟏ + 풙)ퟐ = ퟏ + 풙ퟐ풌 ퟐ ⇔
(ퟏ),(ퟑ)

ퟏ + 풙ퟐ풌 ⋅ (ퟏ + 풙ퟐ) = ퟏ + 풙ퟐ풌 ퟐ ⇔ 

⇔ 풙ퟐ풌 + 풙ퟐ = ퟎ⇔
(ퟑ)

풙ퟐ풌 = 풙ퟐ,	so ∀풙 ∈ 푨, 풙ퟐ풌 ퟏ = 풙ퟑ. 
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Replacing 풙 with 풙 + ퟏ in the preceding equality and using (1), we deduce: 

∀풙 ∈ 푨, (ퟏ + 풙)ퟑ = (ퟏ+ 풙)ퟐ풌 ퟏ = ퟏ + 풙ퟐ풌 = ퟏ⇔
(ퟑ)

ퟏ + 풙 + 풙ퟐ + 풙ퟑ = 

= ퟏ + 풙ퟐ⇔
(ퟑ)

풙ퟑ = 풙. 

Replacing 풙 with 풙 + ퟏ in the preceding equality and using (3), it follows: 

∀풙 ∈ 푨, (ퟏ + 풙)ퟑ = ퟏ + 풙 ⇔ ∀풙 ∈ 푨,ퟏ + 풙 + 풙ퟐ + 풙ퟑ = ퟏ + 풙 ⇔ 

⇔ ∀풙 ∈ 푨,풙ퟐ = 풙. 

So the ring is boolean, hence is commutative. 
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