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JP.001. Let a, b, ¢, d be non-negative real numbers such that:

a+ b+ c+d=4.Prove that:
2++\a+Vb++c+Vd=ab+ac+ad+bc+bd+cd
Proposed by Hung Nguyen Viet — Hanoi — Vietnam
Solution by Soumitra Mukherjee-Chandar Nagore-India
Let f(x) =x2+2/x—-3x,Vx >0, f'(x) = 2x+%— 3>0,vx=>0
f(x) is continuous on [0, «) and f'(x) = 0,V x € [0, »); f is increasing on [0, ).

fX)=fO)>x?*+2/x—-3x>20=>x%>+2/x>3x,Vx >0

Zaz+Zz\/52BZa:(a+b+c+d)2—22ab+zz\/5232a

cyc cyc cyc cyc cyc cyc
:>16+Zz\/5212+22ab:>4+22\/5222ab
cyc cyc cyc cyc

=2++a+Vb++c++Vd=>ab+ac+ad+ bc+bd+cd

JP.002. Determine all functions f: R — R such that:
fx+a-1)-xlf(x+a-1)|<x<f(x)-(x-—a+D|f(x)+a-1
forallx € R, whena € R.
Proposed by Mihély Bencze — Romania

Solution by Mih&ly Bencze — Romania

. L . . f(x+a-1) f(x)
The inequalities are equivalent with: e S XS T 1
— _f
= = +a—-1)<x< +a-—
Denote g(x) T gx+a—-1)<x<gkx)+a-1

Ing(x+a—-1)<xwetakex >x—a+1>
gx)<x—a+1 D)
butfromx<gx)+a-1>=
gix)=x—-a+1 2

x—a+1
1+|x—a+1]|

MA@=>gx)=x—-a+1= f(x)=
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JP.003. Ifa, b > 0 then:

4/ a* + a2b? + b* + (a? + b2)V3 > 2a/2a% + ab + 2b\/2b% + ab +

+ay/2a? + b? + by/a? + 2b?
Proposed by Mihély Bencze — Romania
Solution by Mih&ly Bencze — Romania

(a? — b?)? = 4a* + 4a*b? + 4b? > 3a* + 6a’b? + 3b* >

3
= ya* + a?b? + b* 2\/2—_(aZ + b?)

Ifa,b,c>0= (Y Va*+a2b? + b4)2 > 3(Y a?)?

> avza+be) = (3 at) (Y @at+be))<3(d ) =

va* + a2b? + b* +Vb* + b2¢%2 + ¢* +Vct + c2a? +a? = (1)

ay2a? + bc + b\/2b%? + ca+ ¢\ 2c% + ab

In (1) we take ¢ = a and ¢ = b therefore
{ 2y/a* + a2b? + b* + a®V3 > 2a/2a? + ab + by/a? + b?
2y/a* + a2b? + b* + b2\/3 > 2b+/2b? + ab + a\/b? + 2a?

After addition the conclusion follows.

JP.004. Letbe n € N* \ {1} si a; € R; k € 1, n. Prove that:

n
a-aa,.+a>..> ) a, a,.,=a
k k%k+1 k+1 = k»Y%n+1 — Y1
k=1

n
k=1

Proposed by D. M. Bdtinetu — Giurgiu; Neculai Stanciu — Romania

Solution by Abhay Chandra - India

Ay + Qpyq

3 1
Jai —QpQyeq + ai+1 = \/Z (ax — agi1)* + Z(ak +agi1)? = 2

And the result follows after summation. Equality ata; = a; = - = a,,41.
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JP.005. Prove thatifa, b, x,y, z € (0, ) then:

yz(a’y + b*z) zx(a z + b?%x) xy(a x + b%y)
x y z

>3ab(x+y+z)2

Proposed by D. M. Bdtinetu — Giurgiu; Neculai Stanciu — Romania

Solution by Soumitra Mukherjee-Chandar Nagore-India

z zZx X
y;(azy + b?%z) + 7(azz + b%x) + 7y (a?x + b%y) =

2 2 2 2
:y2<2+ﬁ>+z <”_y+ﬂ>+x <E+u>
x z x y y x

> 2ab(x? + y? + z%) (Applying AM > GM)> — 2ab (x +vy+2z)?
JP.006. Prove thatifa,b,c € R,a+ b+ c = 2 then:
2(a*+b*+c*)+10(a®? + b2 +c?)>5(@@® + b3 +c3)+1
Proposed by Daniel Sitaru-Romania
Solution by proposer
2a*+10a* —5a® —8a+5 =
=2a*-3a3+5a*—-2a®+3a*—-5a+2a*-3a+5=

ZaZ(ZaZ—3a+5)—a(2a2—3a+5)+(2a2—3a+5):
=(2a2—3a+5)(a2—a+1):[ a—— Ha—— _]>0

2a*+10a* - 5a® -8a+5>0
2b* +10b% —5b3-8b+5>0
2c¢*+10c*—5¢3—-8c+5>0
2(a*+b*+c*)+10(@®> +b?>+c?)+1>5(@+b3+c3)+8a+b+c)
2(a*+ b*+ c*) +10(a®? + b2 + c?) >5(@® + b3 + )+ 16 — 15

2(a*+b*+cY)+10(a®? + b2 +c?)>5(@@® + b3 +c3)+1
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JP.007. Prove that if:a,b,c > 0;a+ b + ¢ = 3 then:

1+1 - 18
Za<ﬁ §>_a3+b3+c3

Proposed by Daniel Sitaru — Romania
Solution by Hung Nguyen Viet — HaNoi — VietNam

Let a, b, c be positive real numbers such that a + b + ¢ = 3. Prove that
1 1 1 1 1 1 18
() (cra) (o w) e
By Cauchy - Schwarz inequality we obtain:

1 1 _b+c c+a a+b
Z“(F+c_3)_ a3 * b3 * c3

cyc

_(b+c)?* (c+a)* (a+b)? 4(a+b +¢)? B
“(b+c¢)ad + (c+a)b3 + (a+b)c3~ (b+c)a®+ (c+a)b3+(a+b)c3
36 36

- (a+b+c)(a3+ b3 +c3) — (a* + b* + ¢*) - 3(a® + b3 + ¢3) — (a* + b* + ¢*)
It suffices to show that: a* + b* + ¢* > a3 + b3 + 3

Indeed, this is true by Cauchy — Schwarz inequality as follows:

at+pt+ct ad+b3+c3 a%+b%+c? > a+b+c __ 1 and we are done
ad+b3+c3 T a’+b%4+c¢2 T  at+b+tc 3 '

JP.008. If a, b, ¢ are the length’s sides in any triangle the following relationship doesn’t holds:

a b ¢ 2/b ¢ a
—4—+
b ¢ a 3( )

—_—t — 4 —
a b c

Proposed by Redwane El Mellas — Morroco
Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Si: a, b, c son lados de un triangulo, la siguiente relacién no se mantiene.

+2+£=2(24 £49) multiplicando (x abc)

a

b c a 3 \a b c
2 2 2 2 2 2 2
a’c+ b*a+c b=§(b ¢+ c*a+ a*b)

2 _ Peicata’h — Llevando a razones y proporciones
3 aZc+b2a+c2b yprop
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5 ab(a+b)+bc(b+c)+ac(a+c)
"1 ab(b—a) + bc(c—b) + cala—¢)

Por desigualad triangular, sebemos:

b+c>as be(b+c) > abc,
a+c>b © acla+c) > abc,
a+b>ce abla+b) > abc

ab(a+ b) +bc(b+ c)+ac(a+c)>3abc (1)
b>a—-c< ac(a—-c)<abc,
c>b—as ab(b—-a) <abc,

a>c—b o be(c—b) < abc

1 1
ab(b-a)+bc(c-b)+ca(c—a) = 3abc ( )

ab(b — a) + bc(c — b) + cala — ¢) < 3abc —~

Multiplicando (1) % (2):

ab(a+b)+bc(b+c)+ac(a+c)
ab(a—b)+bc(b—c)+ca(c—a)

>1--5>1 (Esfalso)

Solution 2 by Soumava Chakraborty — Kolkata — India

a b c b ¢ a a b c b a ¢c b a c
3<—+—+—):2<—+—+—):>—+—+—:2<———+———+———)
b ¢ a a b c b ¢ a a b b ¢ ¢ a
b2—a® c2—b? a®—c?

= + +
< ab bc ca >

=2 (c(b? - a?) + ac? — b?) + b(a® — ¢?)) == (b — a)(b — c)(c — a) (1)
If any 2 sides are equal, RHS of (1) = 0
Also, if all sides are equal, RHS of (1) =0
ButLHS of (1) = 7 + 2 +% >3 (AM=GM)
all sides can’t be equal. Also 2 sides can’t be equal.
LD=>b-a)b-c)(c—a)>0>a>b>corb>c>aorc>a>h
Casela>b>c
a—-b<cb—-c<aa—-c<b
s>(a-b)b—-c)la-c)<abc= (b—a)(b—c)(c—a) <abc

2 a b c
ﬁm(b—a)(b—c)(c—a)<2:>;+;+;<2,false


http://www.ssmrmh.ro

R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

a b c
—+—-+—-2>3
b ¢ a

Case2b>c>a

b—c<ac—a<bb—a<c
:>(b—a)(b—c)(c—a)<abc:>ﬁ(b—a)(b—c)(c—a)<2,

b

c

b

>24+2+%<2whichisfalse,2+2+5>3
b a b c a

Case3c>a=>»h
a—b<cc—b<ac—a<b

= (a—b)(c—b)(c—a)<abc= (b—a)(b—c)(c—a) < abc
b

c

b

52 b-a)b-c)c—a)<2=>2+2+5<2 false, 2+2+5>3
abc b a b c a

Hence, inany 4, 3 (% + g + i) =2 (S + % + %) is impossible.

JP.009. Prove thatifa,b,c e R;0 < ¢ < b < a then:

a? + ab + b?
a+b

(a+2b)(a+2c)(b+2c‘)£81_[< )g (2a + b)(2a+ ¢)(2b + ¢)

Proposed by Daniel Sitaru — Romania
Solution by Ravi Prakash- New Delhi-India
Foro<y<x
2(x% + xy + y?) — (x + 2y)(x + y) = 2x% + 2xy + 2y* — (x* + 3xy + 2y?)
=x2—xy =x(x—y) = 0. Also,
2x+y)2+y) -2(x* +xy+y?) =2x2 +3xy +y* —2x* - 2xy - 2y* = (x —y)y 2 0

Z(x2+xy+y2)

for0<y<2x,x+2y< iy

<2x+Yy.

As0 < ¢ < b < a, the desired inequality follows.
JP.010. Prove that:

4cos12°+4cos36°+1
V3

Proposed by Kevin Soto Palacios — Huarmey - Peru

tan 78° =
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Solution by Hamza Mahmood- Lahore — Pakistan
__ 2sin48°,

First we show that 4 cos 12° + 4 cos 36° = 1

we have:

Using identities cos A + cos B = 2 cos (%) cos (#) &cosO = :i:irzlz,
4 12044 36°— 8 (24°) (12°) = 8 sin 48°  sin 24° _ 2sin 48°
cos €0s 36" = ©C0s cos ~ % 2sin24° 2sin12°  sin12°

Now consider a right angled triangle ABC with
m<BAC = 90°, m£ABC = 78° & mAB = V3

as shown in the figure below (not drawn to scale):

</

By law of sines
2sin 48°"¢
sin 12°

: : . oomiD _miD _ 1 _mAD_ o op
In right angled triangle BAD: tan 30 B Ay vy =>mAD =1

. o_ mAD _ 1 1_ 1 = _ . . . .
and sin 30° = ——=—=_=—==mBD = 2.Nowin ABCD: By law of sines:

mBD mCD — 2sin48°

sin12° sin48° MY T 12

Since we have already shown that Z:i;“l‘;’f = 4 cos 12° + 4 cos 36°,

— 2 sin 48°

> mCD = ————=4cos12° + 4cos 36°
sin 12
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. . o _ mAC _ mCD+mDA
Finally from the figure, tan78° = Al

4cos12°+4cos36°+1
V3

= tan78° =

JP.011. If @, b, c are the length sides in any triangle ABC then:

> 3/s

a b c
+ +
Vvs—a +s—b +Js—c

Proposed by D. M. Bdtinetu — Giurgiu; Neculai Stanciu — Romania

Solution by 1 Kevin Soto Palacios — Huarmey — Peru

>3vVs

Si: a, b, c son lados de un triangulo ABC. Probar que: \/_ \/_ \/T

. . a b c
La desigualdad se puede expresar como: Nee=r + NEear + 7569 >3 (A

El area de un triangulo [ABC] = sr = Z—I;: =s(s—a)(s—b)(s—c)> (RAT) >
— (Circunradio e Inradio). Es bien conocido que en un triangulo ABC
senA +senB +senC < ? — Por Ley de senos equivale:

a+b+c<3V3R - 2s < 3V3R.En (A) » Por MA > MG

a N b N c S 3 abc _
Js(s—a) +/s(s—b) \/s(s—c)_ sy/s(s—a)(s —b)(s — ¢)

_ 3[4R _ 3_ji_:: sl - i a b c
= 3\/? =3 /3\5 2+/3. Por transitividad: o e T s 2 2V3 >3
Solution 2 by Anas Adlany —El Jadida- Morroco

a+b+c

Lets =——=3 (the inequality is homogenuous), so we need to prove that
" _ x—12 f -
— > 3+/3. Consider f(x) = F = fr(x) = -+ T > 0 [since0 <x <3],s0fis

convex on (0, 3) hence by Jensen inequality we get

Yr@=37(> 3) =3 =6233
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JP.012. Prove that if: a, b, c,d > 0 then:

1
a2+b2+cz+d2=1;abc+bcd+cda+dab=E

Y T
- @ @ @0>_
1+2bcd 5
Proposed by Daniel Sitaru — Romania

Solution 1 by Soumitra Mukherjee-Chandar Nagore-India

1
ZaZ=1and Zabczi

cyc cyc
leta>=b=>c=>d then T 2 E 22 Applying Cebyshev’s Inequality,
D iibeaal 2 Z Z s
1+bcd 4 1+ 2bcd 1+ 2bcd _4+Zchcbcd 5
cyc cyc cyc cyc
Equalityata = b —c:d:%.
Solution 2 Omar Raza — Lahore — Pakistan
) z .
a? + 2abcd(a) — a? + b2+ c¢2+d?+2abcd(a+b+c+d)
1

:1+2abcd(a+b+c+d)
1

From RMS > AM inequality G)Z =

a+b+c+d

;a+ b+ c+d<2andsimilarly
1

= 1
(1)2 > (abcd)* so abcd < L
4 16

1 1 1 1

> =
thus 1+2abcd(a+b+c+d) — (1+2abcd(2)) — 1+2(1_16).2 1+

Solution 3 by Redwane El Mellas — Morocoo
Using:
( x>y 22 2 (x+y+z+t)?

1 ity: >0)—+—+——+F—-—>—
Bergstrom inequality: (Vx,y,z,t € R)(Vu,v,w,l > 0) d o Tt T urorwel (1)
n Kk
(i)

n
Mac Laurian inequality: Z X1Xz .. X < nk (Z xi> forallx;>0(i=1,2,..,n)and ke {1,2,..,n} (2)
=1

k cyclic
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a? (a+b+c+d)®> _ 1+2F ab
We get from (1) X 1+2bcd = Y 142bed 5

4
(3) 1 43
Z:abcs—3(a+b+c+d)3<:>(a+b+c+d)3 ———=23

"z

2

And from (2)

a

4 - -
1+2bed > 5 for the equality it should

bea+b+c+d=2:50, by AM—QM /M:%:@@a:b:c:d%

JP.013. Prove thatifa > 0,a # 1, then it does exists an infinity of pairs of numbers real strictly

s@+b+c+d)’=>4o1+2Yab > 4.Finally)

positive (x, y) such that:
a. log,(x+vy) =log, x +log, y.
b. loga(x + y) = (loga x) ' (loga y)

Proposed by Dana Heuberger — Romania
Solution by Dana Heuberger — Romania
Conditions of existence: x,y € (0, ).

a. log,(x+y)=log,x+log,yex+y=x-yox-1)(y—1)=1and

i . x>1 .
any pair (x,y), with {y _ _x_issolution.

x—1

b. We choose y = a*, with k € N, k > 2. We obtain
log,(x + ak) = log,(x*) & x + ak = x* and then
1+i-a"=x"‘1 )
Letbe f,g:(0,0) > R, f(x) =1+ i ak g(x) = x*1.
Because f is strictly decreasing and g is strictly increasing, the equation (1) has at
least a solution.

l.La>1.f(1)> g(1)and f(2a) < g(2a) = the equation has a unique solution, x;, which
belongs to the interval (1, 2a).
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lLa<1.f(1) >g@@)andf G) <g (2) = the equation has a unique solution, x;, which

belongs to the interval (1, 2)

JP.014. Let a, b, ¢ be a non-negative real numbers such that: a + b + ¢ = 3. Prove that:

2
11+ (Ya+ Vb +Yc) > 13abe

Proposed by Hung Nguyen Viet — Hanoi — Vietnam
Solution 1 by Manish Tayal-New Delhi-India

Givena, b, c € [0, 0):

1
a+:+c > (abc)s - (abc) <1 (1)

a+b+c=3,
Also: we know for x,y,z € R
xt+yt+ 2t > xyz(x +y +2)
1,1 1 1 1,1 1 1
(a+b+1)=>(abc)+ (a4 + b1 + c4) = 3 > (abc)+ (a4 + b1 + c4) 2)

1 1 1
. at+bd+c4

1
Also > (abc)z

1 1 1,3

(as +bi +cs) = 27(abe)s (3)

Be the sides of inequality (2), (3) are non-negative: multiplying them

11 13 1,1 1 1
3(a4+b4+c4) 227(abc)2(a4+b4+c4)

11 132 1
(a4 + b3 + c4> > 9(abc)2

g/ 1 1 1 1 27 1 1 1 1
§(a4 + b1 + c4) > 2(abc)r > 11+ §(a4 + ba + c4) > 11+ 2(abc)r (4)
1
Consider the expression: 13(abc) — 2(abc)+ — 11
1
abc € [0,1], (abc)s =z = 13z* -2z - 11
f(z)=13z*-2z-11;f(2) > 0

f(2)=532-2>2>_ f'(z) = 15622 2 0;2° > -
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f)=o0

Forze[0,1], f(z) <0=>13z5<2z+ 11

1
= 13(abc) < 2(abc): + 11 (4)
from (4),(3)
2/ 1 1 1
11 + §(a4 + ba + c4) > 13abc (2)
Solution 2 by Soumitra Mukherjee-Chandar Nagore-India
Let f(x) = 11x + 2Y/x — 13x3;vx € (0,1)
f(x)=11+-5-39x2;vx € (0,1), f(x) > 0;Vx € (0,1)

2x4
f(x) is continuous on (0, 1) again f'(x) > 0; vx € (0,1)
f(x) isincreasing on (0,1)
f(x) = f(0)=0=11x+2Vx > 13x%,(V)x € (0,1)
fora,b,c€ (0,1)anda+ b +c =3,

2
11za+zz</az132a3:>33+zz</az39abc:>11+§z</az13abc

cyc cyc cyc cyc cyc
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Solution 3 by Kevin Soto Palacios —Huarmey-Peru

Sean: a, b, c: nUmeros reales no negativos. Si: a + b + ¢ = 3. Probar que:

11+ g (Va + Vb + Vc) = 13abc. Supongamos sin pérdida de generalidad:
c>2b>a>0-c+b+a>3a—-1>a=>0,porlatanto:1>abc=>0

Seara=x*b=ytc=ztoxt+yt+z*=3 5x+y+2z>3}xyz
Multiplicando (x 3) y llevando en function a las variables, se tiene que:
33+ 2(x+y+2z) = 39%xtytz*

33+63/xyz —39x*y*z* >0 > Seaxyz=m3 si:i1>abce1>m=>0-

-»1-m=> 0> 33+ 6m-—39m'? > 0 - (Factorizando se obtiene que)
31 —-m)(A3(mM + m% + m® + .-+ m) + 11) > 0 (LQQD)

La igualidad se alcanzacuando:a=b=c=1

JP.015. Prove thatif a, b, ¢ € (0,»);va + Vb + ¢ = 3 then:

aVvb + bVa . bVc + cVb . cva+ aVc 6
a—Vab+b b—-+bc+c c—+Jca+a

Proposed by Daniel Sitaru — Romania

Solution 1 by Ngo Dinh Tuan-Quang Nam-Da Nang-VietNam

x:\/a,y:\/B,Z:\/Eﬁ{

x,y,z>0
x+y+z—3

29y 4+ xy2
zlLlL46
x? —xy + y?

x2y + xy? - x2y+xy2_zx2y+xy2_zz

(x2+y?)—xy~ Li2xy—xy xy ¢
Solution 2 by Soumitra Mukherjee-Chandar Nagore-India
va+Vb++c=3
avb + bVa avb + bVa
S Yo Nkt N arvB)=2 va=s
a—~vab+b vab
cyc cyc cyc cyc

Equalityata=b =c =1.
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Solution 3 by Le Van-Ho Chi Min City-VietNam
LHS < ) [(a-Va+b-VB)/(a—Vb)]
LHSSZ(\/E+\/E) =6

Equality holdswhena =b = ¢
Solution 4 by Seyran Ibrahimov — Maasilli — Azerbaidian
a,b,c € (0, 0)
va+Vb++c=3

aVb + b\/a N bvJc—cVb N cva + avc <6
a—Vvab+b b-+Vbc+c c—+ac+c

x+y+z=3

x2y + y*x yiz + z%y z%x + x%z
2 272 2V 2 ;<6
x2—xy+y? y:—yz+z2 zZ2—xZ+X

x% +y? > 2xy
y:+2z2 > 2yz
72+ x% > 2xz

2 2 2 2 2 2
x‘y+y“x z+z z°x + x“z
yrYy y y B

max— — —
xy yz xz

2x+2y+2z2<6
6 =6.

SP.001. Prove thatif: a, b, ¢ € (0, o) then:

Z 2a + 3¢ _ 273Y ab + 873 a?
a+2b+5¢c 64(2@)2
Proposed by Mihély Bencze — Romania
Solution by Soumava Chakraborty-Kolkata-India
2a + 3¢ - 273Y ab + 87 a?
a+2b+5c~ 64(3 \/E)Z

Yab,ce (0,00),2


http://www.ssmrmh.ro

R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

2 cBs 273 ab+87Ya*> 87Ya*+273Yab
(D) 2 (T HL T wne

? 2a+ 3c
- 2 —
> E 2 50@(87 E a“+ 273 E ab)(a+2b+50)(b+Zc+5a)(c+2a+5b)

(2a+3c)(b+2c+5a)(c+2a+5b)+) ,
~192 (z ab)!{(2b +3a)(c + 2a+5b)(a+2b+5¢) ++ >0 &
(2c+3b)(a+ 2b+ 5c¢c)(b+ 2c + 5a)

?
o 8702 as + 18272 a‘h + 28712 ab* + 35942 a’h3 + 4272abc(z az) z

3
> 366 a’b® + 13068abc(3 ab). Now, Y ab* = abc( += —+ b) = abc( a—b)

2
Berg;trom abc - ((Zzl:c;zb)) = abc (zz:: b) = abc (Z ab) ~ 2871 Z ab* (g 2871abc (Z ab)

4y _ b3 pt Bergstrom (Z az)Z
Also, Y. a*b = abc( +;+b)—abc(a+—+bc) > achTZabc(Zab)

ab

~ 1827 a4b 1827abc(Z ab). Again, 4272abc(}, a?) > 4272abc(3 ab)

(a)+(b)+(c) = LHS of (1)
?
> 8702 ad + 35942 a%b? + 8970abc (Z ab) > 3662 a3b? + 13068abc (Z ab) PN
2
o 870 z as + 35942 a’b® > 3662 a3b? + 4098abc (z ab)

Now, ¥ (a® + b%) b§hev ;2(a? +b?) (a® +b?) > 12(2ab) ab(a+b) =Y a’b*(a+b) =

—z 3b2+z Zb3z>zz 5>z 3b2+z Zb3:>7322 &2 366 adb? +
+366Za2b3

2
(d)= LHS of (2) = 138 3. a® + 366 3, a®h? + 366 3, a?h’ + 3594 3 a?b?® >
2
> 3662 a3b? + 4098abc(z ab) & 1382 a5 +3960 z a?b® > 4098abc (z ab)

2
& 233 a5 + 660 Y, a?b? > 683abc(X ab). Now, 3 a?b? = abe (%~ + 2 + 1) =

a?b? chZ c2a?\ Bergstrom (Z ab)z
= > =
abc( a + b + be > > abc - Z ab = abc (z ab) =
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(e)
= 660 a’b® = > 660abc(T ab). Now, ¥.(a® + b%) > ¥ a®b? + ¥ a?b® (proved earlier)

= Z a(b? + c?) A; 2abc (z az) > 2abc (z ab) = Z a® > abc (z ab) =
= 23 z a® (Q 23abc (z ab)

(e)+(f)= (3) is true (proved)

SP.002. Prove that in any acute-angled AABC the following relationship holds:

cosA + cosB + cosC + ln((A +1)(B+1)(C+ 1)) <3+m7
Proposed by Daniel Sitaru-Romania
Solution by proposer
f:(0,0) >R, f(x) =cosx—x—In(x+1)

f'(x) =sinx —1 +L = sinx—L <0,Vxe€e [OE)

x+1 x+1 2

f —decreasing - f(A) < f(0) =1,f(B)<1,f(C)<1

By adding: f(4) + f(B) + f(C) < 3
cosA—A+In(A+1)+cosB—B+In(B+1)+cosC—C+In(C+1)<3
cosA+cosB+cosC+ln((A+1)(B+1)(C+ 1)) <3+(A+B+C)=3+m

SP.003. Let be f:[0,1] — (0, ) a differentiable function, convex and a, b, ¢ € [0, 1] such that:
f'(@)+f'(b)+f'(c)=1;af'(a) + bf'(b) + cf'(c) =2

Prove that:

1
%+ff(x) dx > %(f(a) + f(b) + f(c))
0

Proposed by Daniel Sitaru — Romania
Solution 1 by Tin Lu-Binh Son-Quang Ngai-VietNam
Y xo € [0,1] and f(x) is adifferentiable; convex, we have:
f(x) = f'(x)(x — x0) + f(x0)
f&x) = f(@)(x—a)+ f(a)
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f(x) = f'(b)(x — b) + f(b)
f(x) = f'(e)x—c)+ f(c)

3f(x) = fo’(a) —af(a) +Zf(a) =x—q +Zf(a)
1

1 1
:>3Jf(x)dx2j[(x—2)+2f(a)]dx<:>3Jf(x)dx2—%+2f(a)
0 0

0

1
@%+Jf(x)dx2%2f(a)
0

Solution 2 by Soumitra Mukherjee-Chandar Nagore-India
f'(a) + f'(b) + f'(c) = 1and af'(a) + bf'(b) + cf'(c) = 2.
=Y af@=2) f@= ) f@(@a-2)=0
cyc cyc cyc
Now, f: [0, 1] - (0, ) is a differentiable, convex function and a, b, c € [0,1].
fR)zf)+f(x)(2-x)=f(x)(x-2)=f(x)-f(2)
fora,b,c €[0,1], f'(a)(a—2) = f(a) — f(2); f'(b)(b—2) = f(b) — f(2)
and f'(c)(c—2) = f(c) — f(2). From Xy f'(@)(@a—2) = 0
502 ) f(a)-3f(2) = 3/(2) 2 ) f(a)

cyc cyc
Letp(x) = x+ f(x) — f(2) Vx € (0, f(2)]U [f(2),0); ¢p'(x) =1+ f'(x)
Now, ¢'(a) =1+ f'(a) = 2f'(a) + f'(b) + f'(c) > 0.

Again, ¢'(b) = 2f'(b) + f'(a) + f'(c) > 0and ¢'(c) = 2f'(c) + f' (@) + f'(b) > O
¢'(a),¢'(b) and ¢'(c) > 0 V a,b,c € [0,1]. Since a, b and c are arbitrary elements from
[0,1]¢p'(x) >0 Vxe (0, f(2)]UI[f(2), ). Now, ¢p(x) is continuos on
(0, f(2)] U [f(2),0). And @'(x) > 0 V x € (0, f(2)] U [f(2), )
¢ (x) isincreasing on (0, £(2)] U [£(2), )

d(x) = p{f(2)}, since, f(2) is the point of inflextions.
¢'(x) >0
x+ f(x) > f(2)
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1

fxdx+ff(x)dx>f(2)—

0

f(a)+f(b)+f(6)

since, 3f(2) = Xy f(a).

1
%+ff(x) dx > %(f(a) + f(b) + f(c))
0

] 101 1 12
SP.004. If x,y,z € (O,w)then.x+y+z+;+};+z—323—ﬁ

Proposed by Daniel Sitaru — Romania

Solution by Bao Ngo Minh Ngoc - Gia Lai Province- VietNam

1
- ; +——_—+ +i+=>42.2.2. = =—
Use AM — GM we have: x + — s T3 x3_4 333 B 3%

1 1 1 4x x x 1 12
:>x+y+Z+F+?+;24z —————— - —

SP.005. Prove that:

Proposed by Mihély Bencze — Romania
Solution by proposer
First we show that 2(x3 + 1)* > (x* + 1)(x? + 1)* for all x > 0. But
(x% +1)* < (x + 1)%(x3 + 1)? and we are left with the inequality

2(x3+1)2>(x+1)?2(x*+1) o 2(x? —x+1)? > x*+ 1 © (x — 1)* = 0 which follows.

2
Therefore = >

1 4
(x2+1) If x = YkZ — 1 then <1+(k 1)2> < 2z

3 2
x3+1 1+(k2 1)4 k

4
2

o 1 _m
) 2=y

1+(k2-1)

FEY NI

therefore Z;fﬂ(

1+(k2-1)
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SP.006. If f: R — R continuous and convexe then:

eX + nxn-1

e 1
ff(x) dx > f(x?’ + nx"‘l)f<
0 0

er + ann—l
—— | dx

wheren > 1.
Proposed by Mihaly Bencze — Romania

Solution by proposer

X X n—-1 n 2x 2n—-1
By Jensen’s inequality; &£ SO (i)

eX+nxn—1 eX+nxn—1
1 e
f e*f(e¥) dx = f £(6) dt
0 1

1

1
fnx"‘lf(x") dx = ff(t) dt
0 0

e* +nxn-1

1 e e e 1
Of £(6) dt + 1[ £(t) dt = Of £(8) dt = Of Fx)dx > Of (&% + nx™1) f(

er + ann—l
—— | dx

e* +nxn-1

e 1
ff(x) dx > f(ex +nx"‘1)f<
0 0

e** +nx*" — 1
dx

SP.007.Ifx, >1(k=1,2,..,n) and S = }}_, xi then:

= s—k
[ [rogar—5=1
k=1

foralln > 3.
Proposed by Mihaly Bencze — Romania
Solution by proposer
n n
1_[ log,, sn__xlk > log,, "‘Vxl Xp1 Xpaq o Xy =
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= 1_[11 1 (logxk xq+ .- +logxk Xp-1 t logxk Xpeg + oot logxk xn) >

n
= 1_[ n_l\]logxk X1 logxk Xk-1 logxk Xg+1 " e logxk Xn =

= 1_[ log,, x;log,, x; =1

cyclic

SP.008. Prove that if a, b, ¢ € (0, o) then:

c 1
< 2/ 2 + p2
122a2+b2+9_abczc a®+b

Proposed by Daniel Sitaru — Romania

Solution 1 by Henry Ricardo — New York — USA
First we note that the AM — GM inequality gives us
a? + b%?+9 = (a? + b?) + 9 > 6Va? + b2 and a? + b%? > 2ab. Thus

c cva? + b? cx/az+b2_c2\/az+bZ
a? + bZ +9 = (Flz + b2 6(a?+ b?) ="12ab _  12abc

Which implies the desired inequality.
Solution 2 by Ngé Minh Ngoc Bdo — Gia Lai Province — VietNam
Use AM - GM, we have:

Zcx/az+bZ zc az+bZ z
ab - 1/a2+b2

_623\/a2+b2 Za2+b2+9

SP.009. Letbe a,b,c € (0,x);a < b <c;f:[0,a] - [0, b]; g: [0, b] - [0, c] continuous,

bijectifs and strictly increasing functions. Prove that:
1[0 1
<[ @av+2 (1o g @ax < ac
0 0

Proposed by Daniel Sitaru — Romania
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Solution by proposer

(gef)x) ef0,c]=(goflx) <c;(V)xe[0,a]

a

[@eprwars [ (e pwax=[(genax
0 0

0
(flog D) el0,al= (flog)(x)<a;(V)xe[0c]

c

cJotegrwar < g [ate g @ax= [ (1 g dx
0 0 0
+[@ep?@ax< [(go 1) I
0 0
cJoteghwars (1o g (ax
0 0

1[0 1
[ @en? @z [t g wax <
0 0
< f(g o f)(x)dx + f(f_1 og™ ) (x)dx = ac
0 0
SP.010. In all acute — angle triangle ABC holds:

A\ 2
Z cosh> - s? + 1% — 4R?
A | ~ s2—(2R+1)?

COS &
2

Proposed by Mihély Bencze — Romania

Solution by proposer

1
IfxE(0,%):>cosgscoshgﬁtanhgsmngﬁcoshfs =

’_ 2x
1tam2

2 2
cos% cosh% - 1 z coshg - z 1 s2 + 12 — 4R2
= = = =
Jcos x cos% ~ cosx A ) ~LicosA s?—-(2R+r)?

COoS &
2
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w21 n 1 _m? 1 Lo
SP.011. Prove that: = o< Zkzlk_z <= forallm > 1 posive integers.

Proposed by Mihély Bencze — Romania

Solution by proposer

i1>i 1 _i(1 1)_1 1<§:1< 1
K2 kk+1) L\k k+1)  n°%n K - n-1
k=n n=n k=n k=n
n-1 0 n n-1 n-1
1+ 1<zl<zl+1 1+ 1<nz<zl+1
n K2 K2 k2 n-1°" -6 K n-1
k=1 =1 =1 = =1
Or"_Z_L<Zn—1i<"_2_l 1 n 1 _m 1
6 n-1 k=1,2 = ¢ 0T, k=12 =~ ¢ p41
SP.012.If A,B € M,(C) then:
n
nn+1)2n+1
(det(A + kB) + det(A — kB)) = 2ndetA + ( )3( ) detB

k=1
Proposed by Mihély Bencze — Romania

Solution by proposer
Letbe f(t) = det(A + tB) = t* det B + at + det4d >

Z(det(A+ kB) +det(A — kB)) = ) (k*detB + ak + detA + k* det B — ak + detA) =
k=1 k=1
nn+1)2n+1
=2ndetd + ( )3( )detB

SP.013. Letbea,b € R,a < b. Find:
b
lim | sinx - arctan(nx) dx

n—-oo
a

Proposed by Dan Nedeianu — Romania
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Solution by Francis Fregeaux-Quebec-Canada
b

lim | sin(x) arctan(nx)dx = «

n—oo
a

14
lim arctan(n) = 0

n—ooo
Forany x # O:

lim nx = lim +n = * oo,

n—oeo n—ooo

depending on the sign of “x”.
arctan(—x) = —arctan(x)

And since both sin(x) and arctan(x) share the same limit when x — 0

b b
/4
a= f sin(x) - lim arctan(nx) dx - Ef sin(x)dx; 0<a<b
n—oo
a a
b b
-1
a= f sin(x) - lim arctan(nx) dx - Tf sin(nx)dx;a<b<0
n—oo
a a

a= g[cos(a) —cos(b)]for:0<a<hb

a= g[cos(b) —cos(a)]forra<b <0

Andifa<0,b>0,a<b:

a= g[cos(O) — cos(a)] + g [cos(0) — cos(b)] =7 — g [cos(a) + cos(b)]

SP.014. Prove that if a, b, ¢ € (0, ) and b > a, then:

zﬁ(ebc _ eac) < C(b _ a)\/m
Proposed by Daniel Sitaru — Romania
Solution by Ngé Minh Ngoc Bdo —Gia Lai Province-VietNam

Let x = e,y = e, (x,y > 0). We need to prove that:

2V2(x—y) < (nx-Iny)/x2 +y2 & ’(;)Z+1-ln§22\/7(§—1) ™
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X

Indeed, lett == > 1, we have: (*) © V2 +1-Int — 2v2(t— 1) > 0.

<

Considering function: f(t) = Vt2 + 1 -Int — 2v/2t + 22, vt > 1.

) = tint V&2 +1 2VZ, f(t) = Ine.  t*-1 =0
V2 + 1 t ' (VEZ+1 1)3 t2Ve2 + 1
Therefore, the equation f'(t) = 0 has a unique solution.

0,331751431 1 ~+o00

f'(t)/// 800+

i —

>fM)=>fA1)=Vv1i+1-In1-2vV2+2v2=0,()

SP.015. Prove that if a, b, ¢ € [0, ©) then:

252a2%+11zab6 > SSZazb

Proposed by Daniel Sitaru — Romania
Solution by proposer

By Young’s inequality:

1 1
px?+qx? =z pgxy;p>1,—+—-=1;x,y=>20

P q
1 1 1 p-1 P
—=1l-——=—=q=—7F
q P q 14 p—1
P p p?
p-1 4 P>
px p—1y _p—lxy
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2p-1
xp-1 1 P
+ P> _x2
2p—-1 p-17 =2p-1D""7
p—1
Forp=6x=a,y=b:
11
x5 +1 6>6 ) 5 %+1 b6>3 2p,
— f— — %_ f— f—
1 57 =107 " 11®* "5% =3¢
5

DR
112.%Y "5, =5.L¢
252a2%+11zab6233za2b

UP.001. Prove that if « € [2, 7] then:

a—2
5

74 7
f arctan®x - dx < f arctan® x - dx
2 2

Proposed by Daniel Sitaru — Romania

Solution by Tran Quang Minh — Nguyen Thi Linh — Ho Chi Minh — Vietnam
We denote f(a) = %Zf: arctan’ x - dx — fza arctan’® x - dx with a € [2, 7], we have:

5arctan a
az+1

f”(“) - _
forall a € [2, 7], so for all a € [2, 7] we have inequality:

f(a) = min{f(2), f(7)}=0
Or

7 74
a—2 5 5
5 arctan® x - dx > | arctan®x - dx
2 2

foralla € [2,7].

UP.002. Let a, b, c be positive real numbers. Prove that:

1 1 1 1
—+ _ > +
ZSa 23a+b+c Z<4a+b 4a+c>
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Proposed by Soumitra Mukherjee - Chandar Nagore - India
Solution by Tran Quang Minh — Nguyen Thi Linh — Ho Chi Minh - Vietnam

We have one lemma.

Lemmal. Ifx,y,z € (0,+) then:
X+ Yy + 5+ x3yz+xydz+xy2 > xt(y+2) +ytz+x) + 2 (x+y) (D)
Proof. We normalize x + y + z = 1 and denote xy + yz + zx = q,xyz = r then:
D)o (-12q+7)r+8¢>—6q+1=>0
User > max{O,%} we will have (—12q +7)r+8q*—6q+1 >0
Back to the problem:

From Lemma, denote x = t%,y = t?,z = t°, we have:

z tSa + z t3a+b+c > Z(t4a+b + t4a+c)

or Z tSa—l + Z t3a+b+c—1 > Z(t4a+b—1 + t4a+c—1)

Take integral from 0 to 1 we have:

1 1 1
f z t5a—1 dt + f z t3a+b+c—1 dt > IZ(t4a+b—1 + t4a+c—1) dt
0 0 0

OrZ%+Z ! ZZ( L4 1)

3a+b+c 4a+b 4a+c

UP.003. If A,B € M,(C) then:
(det(4 + B))? + (det(A — B))? = 2 det(AB + BA)
Proposed by Mihaly Bencze — Romania
Solution by proposer
IfX,Y € My(C)and f:C - C, f(t) = det(X + tY) = t*detY +at +detX ;a € C
f) + f(—1) = 2(detX + detY) = det(X +Y) + det(X — Y) = 2(det X + detY)
Letbe X = A2+ B2 Y =AB+BA > A2+ B>+ AB+ BA = (A+ B)?
A?>+ B%? + AB + BA = (A + B)?
(det(A + B))? + (det(A — B))? = 2det(A? + B%) + 2det(AB + BA) =
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%((det(A + B))% + (det(A — B))? — 2 det(4B + BA)) = det(A% + B?) =

= det(4 + iB) (A — iB) = det(A + iB) det(4 — iB) = det(A + iB) det(A + 1B) =
=(a+ip)a—ip)=a*+p>*=>0 (a,BER)

UP.004. Let f:[a,c] » R, 0 < a < ¢ be a continuous and convex function on [a, c]. Prove that

if b € [a, c] then:

2 f F() dx < (b— a)[f(b) + F(@] + (c - BF(B) + F(O)]

Proposed by Daniel Sitaru — Romania
Solution by Tran Quang Minh — Nguyen Thi Linh — Ho Chi Minh — Vietnam

If b € [a, c] we will have:

{f(x)< g =LO D o)+ fa).x e la bl

b
Fx) < hx )—M( by + f(b).x € b, c]
then
c b c
2ff(x)dx£ 2 fg(x)dx+fh(x)dx‘ = (b - a)[f(b) + f(a)] + (c — b)[f(c) + f(b)]
a a b

UP.005. If x > 1 then:
1 1\* 2x 1
exln<1+—>s<1+—> <—ln<1+—>
x n
Proposed by Mihély Bencze — Romania

Solution by proposer

Iny-1

Let be g(x) = ﬁ,y € [2,3],9’(}’) = any

y 2 e 3
g | —————=== 0--———==--
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3

() | 2
gly m\e/m

But9>8=32>23>2In3>3In2> - >->_

In2 In3
2 2 y 2
= < <— <—<—
= Im(g) [e'an] eyl Spg eI <mz”
X
:elnySysﬁlny.Inthesewetakey:(1+ X=21=

1

)

1 " 2x 1
exln(1+—)s(1+—) S—ln(1+—)
X X n X

UP.006. Ifa,b,c > 0 and x,y,z > 1 then:

Xz\%@ ;yx\2b ,zy\2c a’+b? b’ +c? P+a?
5) G G) sy
y z X

Proposed by Mihély Bencze — Romania

Solution by proposer

a?+b?

c

We have: 2a + 2b — 2¢ < & (a—c)?+ (b - c)? > 0 therefore

I((Za +2b—2c)Inx < #lnx
4 (2b+2c—2a)Ilny < #lny . After addition we obtain:

2 2
(2c+2a-2b)Inz< % Inz
b

2a
Z(2a+2b—2c)lnx=22a(lnx—lny+lnz) ZZIn(xy—y) <

a2+b2 a2+b2
Sz p lnxzzmx c

UP.007.Letbe a,r € (0,);(a,)p>1;,01 = @Ay = @, + 1,1 € N*;
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n

n
b, = = bz
n Ay, Cy k-
k=1

k=1
Find:

li n
1m .
2
n
n—oo ,Cn

Proposed by D. M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

Solution by George — Florin Serban — Romania

1 =1lim
n—oo n
cn
nn2 (n + 1)(n+1)2 nn2
n2 nnz In— lnc— - lnc—
In1=1lim |— =lim—"=lim e VB Rt
n—-oco Cn n-o N n-oo (n -+ 1) —-Nn

In (n+ 1)(n+1)zcn

= lim e L (Cesaro Stolz)
n-oo 2n+1 '
(n + 1)(n+1)2cn (n + 2)(n+z)2cn+1 _ (n + 1)(n+1)2c"
ln n2 (Tl+1)2 ln n2
lnl — lim Cn+1n — lim Cn+2(n + 1) Cn+1n —
n-co 2n+1 n-co (2n + 3) — (2n + 1)
),
= lim (n + 1)Z(n+1) CnCn+2
n—-oo 2 !
Covi _ bag  _bpyy 1 1

CnCny2 bi+1bi+2 b?l+2 a?l+2 [a + (n + 1)1']2 ’

" (n+2)2%c2 n™ (n+ 2)" (n + 2)*"(n + 2)*

(n+ D2 ec,,  (+ D+ D™+ D¥la+ (n+ Drl?

_ ([ n*+2n "2(n+2>4"+2( n+2 )Z
T \n?2+2n+1 n+1 a+ (a+1r/) "’
2

n2+2n+1\n2+2n+1

. n?+2n Z—l' 14 -1 -1 R
o\ +2n+1) o ( n2+2n+1) —€e
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4n+2
4n+2 1 nt1) n+1

n+2 1
i (2" 2 (1 T
n-oo n+1 n—-oco n+1

i (o) = () =7
neh at+(n+1Dr/ \r -
n” (n+2)™ 22

Inl = lim — DX eney, _ Ine”
n—oo 2 2

eve n ee
l=+e3 - r2= ,lim — = )

r "*w"\/c_n r

In

UP.008. Find:

dx

J‘ (2e*+1)sinx—cosx—1
e?* + (cosx —sinx +2)e* + cosx —sinxcosx —sinx + 1

Proposed by Mihaly Bencze — Romania
Solution 1 by Hamza Mahmood - Lahore — Pakistan:
First we factorize the denominator of the integrand:

e?* + (cosx —sinx + 2)e* + cosx — sinxcosx —sinx + 1
=(e*)?2+ (1 +cosx+1—sinx)e*+cosx(1—sinx)+1—sinx

=(e*)?+ (1 +cosx+1—sinx)e* + (1 + cos x)(1 — sin x)
Using the identity, x* + (a + b)x + ab = (x + a)(x + b), we have:

=(e*+1+cosx)(e*+1—sinx)
e?* + (cosx —sinx + 2)e* + cosx —sinxcosx —sinx+1 = (e* + 1+ cosx)(e* +1 —sinx) (A)
& we observe the following:

(e*+ 1+ cosx)(e* —cosx) — (e*+1 —sinx)(e* —sin x)

= e2* + e* + e* cos x — e* cos x — cos x — cos? x — e** — e* + e* sin x + e* sin x + sin x — sin? x

= (e?* — e%*) + (e* — e*) + (e* cos x — e* cos x) + 2e*sin x + sin x — cos x — (cos? x + sin® x)
=2e*sinx+sinx—cosx—1=(2e*+1)sinx—cosx—1
(e*+1+cosx)(e*—cosx)— (e*+1—sinx)(e* —sinx) = (2e*+1)sinx —cosx—1 (B)

From (A) and (B), we have


http://www.ssmrmh.ro

R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

(2e*+1)sinx—cosx—1

e2* + (cosx —sinx + 2)e* +cosx —sinxcosx —sinx + 1

_(e*+1+cosx)(e* —cosx) — (e*+1—sinx)(e* —sinx)
B (ex+1+cosx)(ex+1—sinx)

(2e*+1)sinx —cosx—1
= : : :
e?* + (cosx —sinx + 2)e* + cosx —sinxcosx —sinx + 1

e* —cosx e* —sinx
e*+1—-sinx e*+1+cosx
J (2e*+1)sinx —cosx—1

e?* + (cosx —sinx + 2)e* + cosx —sinxcosx —sinx + 1

J e* —cosx d J e* —sinx d
=] ——dx— | ————dx
e*+1 —sinx e*+1+cosx

. e*—cosx 1 X . X .
—— dx=[—— +1— = +1—
Slncefex+1_sinxdx fex+1_sinxd(e 1 —sinx) = In(e* + 1 — sinx)

e*—sinx _ 1 . _ .
X 1tenex =) +1+ = +1+
&f e*+1+cosx dx = | o t1tcos x d(e*+ 1+ cosx) =In(e*+ 1+ cos x)

J (2e*+1)sinx—cosx—1
e2* + (cosx —sinx + 2)e* + cosx —sinxcosx —sinx + 1

=In(e*+ 1 —sinx) —In(e* + 1 + cos x)

(2e*+1)sinx—cosx—1 _ e*+1—sinx
fe2x+ (cosx —sinx + 2)e* + cosx —sinxcosx —sinx +1 (ex+1 +cosx>+
Solution 2 by Ravi Prakash — New Delhi — India

e?* + (cosx —sinx + 2)e* + cosx — sinxcosx —sinx + 1

=e?* +[(1+ cosx) + (1 —sinx)] + (1 + cosx)(1 — sin x)

= (e*+ 1+ cosx)(e*+1—sinx). Also,
(e* + cosx + 1)(e* —cos x) — (e* —sinx)(e* —sinx + 1) = e?* — cos? x + e* — cos x
—[e?* — 2e*sin x + sin? x + e* — sin x] = 2e*sinx +sinx —cosx — 1

= (2e* + 1) sin x — cos x — 1 = Numerator. Thus,

e* —cosx e* —sinx e*+1-—sinx
I= - — dcx=In(——|+c¢
e*+1—sinx e*+1+cosx e*+1+cosx

Solution 3 by Yen Tung Chung — Tainan — Taiwan

J (2e*+1)sinx—cosx—1
e2* + (cosx —sinx + 2)e* + cosx —sinxcosx —sinx + 1
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_J (2e*+1)sinx —cosx—1 4
) e2*+ (cosx + 1)(1 — sin x)e* + (cos x + 1)(1 — sin x) x

dx =
(ex+ cosx+ 1)(e* —sinx + 1) x

J (2e*+1)sinx—cosx—1 (J e* —sinx e* —cosx )d

= - X
e*+cosx+1 e*—sinx+1

e*+cosx+1

=In|le*+cosx+ 1| —In|le* —sinx+ 1|+ C=1n +C

e sinx+1
Solution 4 by Soumitra Mukherjee - Chandar Nagore - India
e?* + (cosx —sinx + 2)e* + cosx — sinxcosx —sinx + 1
=e?* + (cosx — sinx + 2)e* + (cos x + 1) (1 — sin x)
=e?* + (cosx + 1)e* + (1 —sinx)e* + (cosx + 1)(1 — sin x)
=(e*+cosx+1)(e*+1—sinx)
Now, (2e* +1)sinx —cosx — 1

=(e*+cosx+1)(e*+1—sinx) —(e*+1—sinx)(e*+cosx+ 1)

J (2e*+1)sinx—cosx—1
e2* + (cosx —sinx + 2)e* + cosx —sinxcosx —sinx + 1

_J (2e*+ 1)sinx —cosx—1
) (e*+cosx+1)(e*+1—sinx) x

Jd(e"+1—sinx) d(e*+cosx+1) e*+1—sinx
— . _ =]ln +
e*+1—sinx e*+cosx+1 e*+cosx+1

Solution 5 by Igor Soposki — Skopje — Macedonia

I_J (2e*+1)sinx—cosx—1
) e2* +(cosx — sinx + 2)e* + cosx — sinx - cosx — sinx + 1
(2e*+ 1)sinx —cosx—1
= - dx
(ex—sinx+1)(e*+cosx+ 1)

e?* +e*.cosx—e*-sinx+e*+e*+cosx—sinx-cosx—sinx+1=
=e*(e*+ cosx) + (e*+ cosx) —sinx(e*+cosx) +e*—sinx+1=
=(e*+ cosx)(e* —sinx+1)+e*—sinx+1=(e*—sinx+1)(e*+cosx+1)

(2e*+1)sinx —cosx—1=e*-sinx+e*sinx +sinx —cosx—1=

2 2

—eX.sinx+e*-sinx +sinx —cosx — sin? x — cos? x + e?* —e2* + ¢* . cosx + e* —e* =

=(e** +e*-cosx+e* —e* - cosx —cos? x —cosx) — (e?* — e*sinx — € - sinx + e¥ —sinx + sin? x) =
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=[e* - (e*+cosx+1)—cosx(e*+cosx+1)] —[e*(e*—sinx+ 1) —sinx(e*—sinx +1)] =
=[(e*+ cosx+ 1)(e* — cosx)] — [(e* — sinx + 1)(e* — sin x)]
(e* +cosx +1)(e* — cosx) (e* —sinx + 1)(e* — sin x)

I= dx - dx =
(ex —sinx +1)(e*+cosx + 1) x (ex —sinx+1)(e*+cosx + 1) x

. e*—sinx+1
=In(e* —sinx+ 1) —In(e*+cosx+1)=In———
e*+cosx+1

Solution 6 by Omar Raza- Lahore — Pakistan

[(2e* + 1) sinx — cos x — 1]
Jez" + (cosx —sinx + 2)e*+cosx —sinxcosx —sinx + 1
considering the denominator,
sinxcosx 1 1 sinxcosx

e (cosx —sinx +2)e*+1 > 171 >

cosx—sinx+2\* 1 .
2 ) —Z-(1+Zsmxcosx)

= ez"+(cosx—sinx+2)e"+<

< (cosx —sinx + 2)
=|le*+

2
—_—. ; + 2
> > 2 (sinx + cos x)

cos x — sin x + 2\2 sin x + cos x\ >
(e ) -7
2 2
=(e*+cosx+1)(e*—sinx+1)
from a? — b?> = (a + b)(a— b) so
J [(2e* + 1) sinx — cosx — 1] _
e2* + (cosx — sinx + 2)e* + cosx — sinxcosx —sinx +1

[(2e* + 1) sinx — cosx — 1] e* —sinx e* —cosx
= +

(ex+cosx+1)(e*—sinx+1) | e*+cosx+1 e*—sinx+1

=—In(e*+cosx+1)+In(e*—sinx+ 1) +C

UP.009. Prove that if n € N;n > 3 then:

2e
|
(1) < en2+n—6
2 =

Proposed by Mihaly Bencze — Romania

Solution 1 by Soumitra Mukherjee-Chandar Nagore-India
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2e
31 L.
For n = 3; (;) <e® o 3%¢ < e® & 3¢ < e3, which is true,

2e
For n = 4; (4;') <el* © 12%2¢ < el* & 12¢ < €7, which is also true,

2e
Let us assume that the statement is true forn = k; (g) < ek*+k=6 holds true.

o (150 = ()" = ()" (5 = (e

2e
we need to prove (E) L ek’ Hk=6 < Ut 1)*+(k+1)-6
1 Z —

k 2e 2 K\ €

x (k+1)“—k+1 — ,2 x k+1

@(Z) <e —e(k+1)<:)(2) <e (D)
We need to prove statement (1);

Let f(x) = e**1 — (f)e Vx=>3

2
0y — a1 _ € (X
fx)=e 2(2) >0vVx>3.
fincreasing-on[3,0)and f(x) >0vx >3, f(x) > f(3)>0
w1 o €
e >2(2) Vx >3

2e
hence, statement (1) is prove {@} < e+ D*+(+1)=6 (proved).

When n = kis true thenn = k + 1 is also true. So, by theory of Induction, we have,
2e
(";') < e™+n=6 (proved).

Solution 2 by Francis Fregeau — Quebec — Canada:

We will prove for any natural number n > 3:

1 2e
(1) < en2 +n—-6
2 >

2e
Leta, = )" and b, = e’ +n-6
2

2e
3!
Lemma 1: (;) <e®>a; <h;

Next: (n+1)2+(n+1)—-6)—n?>+n—-6)=2(n+1)

= Lemma2: b,,; = b, -e2®V: qa,  =a, (n+1)%
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Now, consider the function: g(x) = 2(x +1) — 2eln(x + 1) ;x > 3
g3)>0,gkx) =2 —i >0 forx>3
2(x+1) >2eln(x+ 1) forx > 3.
= Lemma 3; €2+ > (n+ 1)%¢ forn > 3
Combining Lemma 1, 2 and 3yields: a,, < b,, for n > 3 which completes the

proof.

Solution 3 by Omar Raza-Lahore-Pakistan

Whenn =3
32¢ < e%;3° < e3 (from inequality e* > 1 + x, putting x = S— 1 we get

k k
ec 1> g;ez >k e* > k® hence e® > 3¢ (when k = 3).

2e
Assuming the inequality is true forn = k, i.e. (g) < el +tk-6whenn=k+1

2 2
we get (—(k;n!) < e(HD)*+hr1-6 (4 1)2e & (g) © < e2(k+D) 4 gk +k=6 gince

2e
(g) < ek +k=6 gand (k + 1)2¢ < €2+ implies (k + 1)¢ < ek*1 which is true

2e
from the inequality proved at start. Hence this, (@) < e(k+D*+k+1-6 jg

true as well. Thus if inequality is true for n = k, itis true forn = k + 1 as well
and by principal of mathematical induction is true for all n where n > 3 and a a natural

number)

UP.010. Find:

e*In(1 + e¥) — e?*
f dx:x e R

(1 +e*)?2In%2(1 + eX)
Proposed by Daniel Sitaru-Romania

Solution 1 by Ravi Prakash-New Delhi-India
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Pute* =
[ = In(1+¢t)—t
[(1+¢)In(1 +£)]?
where:
I = In(1+¢)+1
1 [(1+¢)In(1 +1)]?
Put(1+t)In(1+t)=u= 1 +1In(1+t))dt=du

dt:II—IZ

du 1
h=]w="4
1 1
TTA+0mA+0)  (1+e)In(1+ed)
t+1

L= | e ey

Putln(1+¢t)=v

—1 dt =d
1+t -4

_ dv_ 1
h‘fﬁ“%
_ 1 _ 1
T Im(1+0) "  In(1+e%)
1 1
=G +en Grem@+en T ©

X

e
=+ enj@+en) T ¢

Solution 2 by Henry Ricardo-New York -USA

_ e
Letu = e m(iren Then

_ e*In(1+e*) — e 4
TA+e)ZIn?(1+en) "

so that we have

du

e*In(1 + e¥) — e?*
(1 + e*)21n2(1 + eX)

ex
+
A+e)n(l+er)

dx=f1du=u+C=
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[Since the denominator of the original integrand is [(1 + e*) In(1 + e*)]?, this
suggested a possible antiderivative of the form f(x)/[(1 + e*) In(1 + e*)].
A little calculation indicated that f(x) = e*.]

UP.012. If x > 0 then compute:
J‘ 2e*+sinx + 1003

d
e* + 2sinh x + sinx — cosx + 2006 .

Proposed by Mihély Bencze — Romania
Solution by proposer
f(x) = e*+ 2sinh x + sinx — cos x + 2006

f'(x) + f(x) = 2e* + 2(sinh x + cosh x) + 2 sin x + 2006 = 4e* + 2sinx + 2006 =

= 2(2e* + sin x + 1003) s, [ 22XtV _ 1 (L) gy -

e*+2 sinh x+sin x f(x)

flx) ,  x . . .
dx )dx—i+ln(e + 2 sinh x + sin x — cosx + 2006) + C

UP.013. Let (4, +,-) be aring with 1 # 0. If x,y € A such that x + y = 1 and x2°1¢ = x prove
that the elements 1 — xy and 1 — yx are invertible.
Proposed by Nicolae Papacu — Slobozia — Romania
Solution by Nicolae Papacu — Slobozia — Romania
Wehavet=1—-xy=1-x(1—-x)=1—x+ x?and
1-yx=1-(1-x)x=1-x+x*>=t
Because x2016 = x, we have x2°17 = x% and then
t=1—-x+x*2=1—-x+x%917 =1 — x(1 — x?016) = 1 — (1 — x2016)x.

Because
372

1 — x2016 = (1 — x6) z X6k
k=0

and1—-x=(1+2)A-2x3)=0A—-x+2x2)A +x)(1 — x?), we have
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372 372

1 — x2016 — (1—x6)2x6" = (1—x+x2)(1+x)(1—x3)2x6k =1 -x+x%)z
k=0 k=0

and then
t=1—-x+x*2=1—-x+x?17=1-(1—-x*1%)x=1-(1 —x+x%)zx,
sot =1 — tzx, wherefrom

t(1+2zx) =1.Analog (1 +zx)t=1,s0t =1—xy =1 — yxisinvertible.

UP.014. Prove that

p
11'3

1

i _ < —

pl—»nl Z mn(m + n) 6
= m=1

n=1
Proposed by Daniel Sitaru — Romania

Solution 1 by Cornel loan Valean-Romania

oo

P P P P
mn(m+n) ZZmn(m+n)< Z% zm22$

n=1m=1 n=1 m=1 n=1
Hn)=1+ 1 + 1 + o+ 1
W=1T273 n
i 1 H(w)
] k(k +n) n
. C H(n) > H(n) _ H)
lim z z =1+ <1+ lim — =
n—eo mn(m +p) n2 n? N-=Zin(n —1)
n=1m=1 n=1 n=2 n=2
P Hm) Hm+1) 1 1 \_. . 1 _HN+1\_ |
= N‘l‘l \n—1 n n n+1) > m\N+1 N - 6
n=

The precise value of the limitis 2zeta(3) ~ 2,40411
Solution 2 by Ravi Prakash-New Delhi-India

p P
:;',‘l‘lz z mn(m+n)

n=1m=1
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+ oo 4

4

—
N

—

w
—

+ o4

N = N -
W= N -

+ +

1 1 1
+ + + +
3-1-4 3-2-5 3-3-6
Let’'s sum up this double series diagonally:

[N SN U

N

oo k-1
S:kZ”Zlm(k mk ZRZZ(m k— m):
:ZZ%(“%*"*H)<2;m(“%+'"+%)

2[(1-g) 0+ (G-5)(1+3)+ G- (1+5+5)+ ]
oD bt d ]
1 1 1 ? 3
=2|p gt <2<z><z

UP.015. Let be (4, +,). If it does exists k € N* such that for any a, b € A we have
(a+ b)?k+1 = g2k + pZk and (a + b)2k+3 = a?**2 + p2k+2 then prove that the ring is

commutative.
Proposed by Dana Heuberger — Romania

Solution by Dana Heuberger — Romania
We denote with (1) and (2) the equalities from the hypothesis.

Fora = b = 1, we obtain that 2 = 0, so the ring that the characteristic 2.

So YaeAda=—a. 3)
Fora =1,b = x € A, from (2) we obtain:

10.3)
A+x)2. (1 +x)2=1+x%2 S (1+x%) 1+a?)=1+2122 &

(3)

~
o x?k + x2 = 0 x2k = x%, soVx € A, x*k*+1 = x3,
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Replacing x with x + 1 in the preceding equality and using (1), we deduce:

3)
VxeEA(1+x)3=(1+x)21 =1+ x2k=1S1+x+2x2+x3 =

3)
=1+x2Sx3 =x.

Replacing x with x + 1 in the preceding equality and using (3), it follows:
vxeEA(1l+x)3=1+xeoVxedl+x+x2+x3=1+xe&
o VxEeEAx?=nx

So the ring is boolean, hence is commutative.
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