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Ifa,b,c>0,a+b+c=3and)»2§,then:
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Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India
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Assigningb+c=x,c+a=ya+b=z=>x+y-z2=2c>0,y+z—x=2a
>0andz+x—-y=2b>0=>x+y>zy+z>x,z+x>y=>xYyzform
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sides of a triangle with semiperimeter, circumradius and inradius

=s,R r (say);
soZZa=Zx=Zs:Za=s—>(1)=>a=s—x,b=s—y,c=s—zand
cyc cyc cyc
such substitutions = Z ab = Z(s -x)(s—-y)= Z ab = 4Rr + r? - (2) and
cyc cyc cyc
2
ia (1) and (2)
Za2= Za —ZZabvm =" s? — 2(4Rr +r?)
cyc cyc cyc
= Z a? = s> — 8Rr — 2r? - (3)and finally,z a’ =
cyc cyc
3

ia (1
Za —3(a+b)(b+c)(c+a)va=()s3—12Rrs=>

cyc

a3 =s(s? —12Rr) - (4) ~via (1),(2),(3) and (4), (%) &

cyc

8(s2 — 8Rr — 2r2)2 > (4Rr + r?)s? + 5s%(s?2 — 12Rr)

& 3s* — (72Rr + 33r2)s? + 32r2(4R + r)? 5
(***)

0 and - 3(s? — 16Rr + 5r?)?

Gerretsen

> 0 . in order to prove (**x), it suffices to prove :

LHS of (x*x) > 3(s? — 16Rr + 5r2)2

< (24R — 63r)s? % r(256R? — 736Rr + 43r?)
(****)

Gerretsen
[Case 1]24R — 63r > 0 and then : LHS of (xxxx) >

(24R — 63r)(16Rr — 51‘2) > r(256R? — 736Rr + 43r?)
© 8r2(16R? — 49Rr + 34r?) > 0 & 8r(R—2r)(16R — 17r) > 0

Euler ]
- true * R > 2r = (#**x) is true

Gerretsen
24R — 63r < 0 and then : LHS of (x++x) >
?
(24R — 63r)(4R? + 4Rr + 3r?) > r(256R? — 736Rr + 43r?)

? R ?
& 2413 - 103t2 +139t—- 58> 0 (t = ;) e (t-2)(t-2)(24t—7)+15) >0

Euler
t > 2 = (xxxx)is true and combining both cases, (x*xx) =

a3 3
(**x) is true V triangle g . = (x+) = () is true - Z Z 1 b > 11

cyc

- true ..

Vabc>0|la+b+c=3 AA>=="iffa=b=c=1(QED)
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