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Ifxyz> 0,x3 +y3 +z3 + 3xyz =6 and A > 0, then :
(xy +yz + zx)3 + Axyz < 27 + A
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India
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6=Zx3+3xyz > 6xyz=1—xyz>0and ~A>0.A(1—xyz) >0
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Assigningy+z=a,z+x=b,x+y=c=>a+b-c=2z2>0b+c—a=2x
>0andc+a—-b=2y>0=>a+b>cb+c>ac+a>b = ab,cform
sides of a triangle with semiperimeter, circumradius and inradius

=s,R,r (say)
()
yielding22x=2a=25:>2x =s=>x=s—ay=s—b,z=s-c
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. XyzZ = r’s and,ny = Z(s —a)(s—b)=4Rr+r? = ny =" 4Rr + r?
cyc cyc cyc
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and also,z x3 = Z x| —3x+y)(y+2z2)(z+x) Ve s3 — 3.4Rrs
cyc cyc
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> Z x° = s°—12Rrs
cyc
Via (¢¢),(*s¢) and (ee+¢), (*) becomes : 3(s3 — 12Rrs + 3r2s)? > 4(4Rr + r?)3
© 3s%(s? — 12Rr + 3r?)? (2) 4r3(4R +r)3

Gerretsen

Euler
Now,s? > 12Rr+3r?+4r(R-2r) > 3r(4R+r) and so,in order
to prove (x*), it suffices to prove : 9(s? — 12Rr + 3r%)? > 4r2(4R + r)?
& 3(s2 —12Rr + 3r2) > 2r(4R +r) © 3s? > 44Rr — 7r? - true

Gerretsen ule

Euler
+3s2 >  44Rr—7r’+4r(R—2r) > 44Rr —7r% = (x¥x) = () is true

a(xy+yz+zx)3 +Axyz <27 +AVxy,z> 0| x3 +y3 +2z3 +3xyz = 6and
A>0/"="iffx=y=z=1(QED)




