
 
If 𝒂, 𝒃, 𝒄 > 𝟎, 𝒂 + 𝒃 + 𝒄 = 𝟑 and 𝒏, 𝒌 ∈ ℕ then: 

∑
𝒂𝒏+𝒌

√𝒃 + 𝒄
≥
𝒂𝒌 + 𝒃𝒌 + 𝒄𝒌

√𝟐
 

Proposed by Marin Chirciu-Romania 

Solution 1 by Tapas Das-India 

∑
𝒂𝒎+𝒌

√𝒃 + 𝒄
≥
𝑪𝑩𝑺

∑𝒂𝒎 ⋅ ∑ 𝒂𝒌

𝟑
 

∑
𝒂𝒎+𝒌

√𝒃 + 𝒄
≥

𝑪𝒉𝒆𝒃𝒚𝒔𝒆𝒗

𝟏

𝟑
⋅∑𝒂𝒎+𝒌 ⋅∑

𝟏

√𝒃 + 𝒄
≥
𝑪𝑩𝑺

𝟏

𝟑
⋅
∑𝒂𝒎 ⋅ ∑𝒂𝒌

𝟑
⋅
(𝟏 + 𝟏 + 𝟏)𝟐

√𝟔(𝒂 + 𝒃 + 𝒄)
≥ 

≥
𝑪𝑩𝑺

𝟏

𝟗
⋅∑𝒂𝒌 ⋅

𝟏

𝟑𝒎−𝟏
⋅ (∑𝒂)

𝒎

⋅
𝟗

√𝟔 × 𝟑
=
𝟏

𝟗
⋅∑𝒂𝒌 ⋅

𝟏

𝟑𝒎−𝟏
⋅ (𝟑)𝒎 ⋅

𝟗

𝟑√𝟐
 

=
𝟏

𝟗
⋅∑𝒂𝒌 ⋅

𝟑 × 𝟗

𝟑√𝟐
=
∑𝒂𝒌

√𝟐
 

Solution 2 by Eric Cismaru-Romania 

Without loss of generality, let us assume 𝒂 ≥ 𝒃 ≥ 𝒄. 

This implies that 𝒂𝒌 ≥ 𝒃𝒌 ≥ 𝒄𝒌 and that 
𝒂𝒏

√𝒃+𝒄
≥

𝒃𝒏

√𝒂+𝒄
≥

𝒄𝒌

√𝒂+𝒃
. Applying now 

Chebysev’s Inequality for the sequences {
𝒂𝒏

√𝒃+𝒄
,
𝒃𝒏

√𝒂+𝒄
,
𝒄𝒏

√𝒃+𝒂
} and {𝒂𝒌, 𝒃𝒌, 𝒄𝒌}, we obtain 

∑
𝒂𝒏+𝒌

√𝒃 + 𝒄
≥
𝟏

𝟑
(∑𝒂𝒌) (∑

𝒂𝒏

√𝒃 + 𝒄
) 

Using Holder’s Inequality 

(∑
𝒂𝒏

√𝒃 + 𝒄
)

𝟏
𝒏

⋅ (∑√𝒃+ 𝒄)

𝟏
𝒏
(𝟏 + 𝟏 + 𝟏)

𝟏
𝒏(𝟏 + 𝟏 + 𝟏)

𝟏
𝒏…(𝟏 + 𝟏 + 𝟏)

𝟏
𝒏⏟                          

𝒏−𝟐 𝒕𝒊𝒎𝒆𝒔

≥∑𝒂 

and by raising this relationship to the power of 𝒏 and dividing by 𝟑𝒏−𝟐, we find that 

∑
𝒂𝒏

√𝒃 + 𝒄
≥

(∑𝒂)𝒏

(∑√𝒃 + 𝒄) ⋅ 𝟑𝒏−𝟐
=

𝟑𝒏

𝟑𝒏−𝟐 ⋅ (∑√𝒃 + 𝒄)
 

But ∑√𝒃 + 𝒄 ≤
𝑪.𝑩.𝑺

√𝟔(𝒂+ 𝒃 + 𝒄) = 𝟑√𝟐 ⇔ ∑
𝒂𝒏

√𝒃+𝒄
≥

𝟑𝒏

𝟑𝒏−𝟏⋅√𝟐
=

𝟑

√𝟐
, which is equivalent to 

∑
𝒂𝒏+𝒌

√𝒃 + 𝒄
≥ (∑𝒂𝒌) ⋅

𝟏

𝟑
⋅
𝟑

√𝟐
=
𝒂𝒌 + 𝒃𝒌 + 𝒄𝒌

√𝟐
 



 

In conclusion, ∑
𝒂𝒏+𝒌

√𝒃+𝒄
≥

𝒂𝒌+𝒃𝒌+𝒄𝒌

√𝟐
 

Equality holds when 𝒂 = 𝒃 = 𝒄 = 𝟏. 


