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If x,y,z > 0, then :

Xy +yz + zx (x+y+z)3>4
x% +y? + z? 9xyz
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

Assigningy+z=a,z+x=b,x+y=c>a+b-c=2z>0b+c—a
=2x>0andc+a—-b=2y>0=a+b>cb+c>ac+a>b
= a,b, c form sides of a triangle with semiperimeter, circumradius and inradius

®
= s,R,r(say)yieldingZZx:za: Zs:Zx Zs

cyc cyc cyc
>x=s—ay=s—bz=s—-c

(i)
Via such substitutions, xyz = (s —a)(s — b)(s — ¢) = xyz ~ r2s and

1
ny=2(s—a)(s—b) = 4Rr +r? :ny D 4Rr + 12

cyc cyc cyc

2
ia (i),(1)
:2x2= Zx —Znyvm; s? — 2(4Rr +r?)

cyc cyc cyc

3
N Z 2 @ &2 _gRr— 212 . Y +yz+zx (x+y+2)° via 0,0, (1),(2)

x2 +y?+2z2 9xyz
cyc
4Rr + r? N s> 9r’(4Rr +r?) + s%(s? — 8Rr — 2r?) 24
s2 —8Rr —2r? 9r?s 9r2(s2 — 8Rr — 2r2) =
.

© s* — (8Rr +38r%)s” + 81r*(4R +1) = 0

)
Gerretsen ?
Now,LHSof () > (8Rr—43r?)s*+81r}(4R+r1) =0
?
< (8R —43r)s? + 81r2(4R+r) >0
(%)
8R — 43r > 0 and then : LHS of (x) > 81r?(4R +r1) > 0
= (*x) is true (strict inequality)
8R — 43r < 0 and then : LHS of (x) = —(43r — 8R)s? + 81r?(4R + 1)
Gerretsen ?
> —(43r —8R)(4R? + 4Rr + 3r?) + 81r’(4R+1) = 0
? R ? Euler
& 8t3 —35t24+44t—-12>0 (t=;) o @Bt—3)(t-2)2>0->true~t > 2
= (*x) is true .~ combining cases 1,2, (xx) = (x) is true V triangles of sides a,b, c
xy+yz+zx (x+y+z)3

x2 +y? + 722 9xyz

>4Vxyz>0/"=" iff x=y=1z(QED)



