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If x,y,z> 0 suchthat: x +y+z = xyz and ES)&S 2,then :

x2+y?2+z2+9(A—-1) > A(xy + yz + zx)
Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

Assigningy+z=a,z+x=b,x+y=c>a+b—-c=2z2>0b+c—a
=2x>0andc+a—-b=2y>0=>a+b>cb+c>ac+a>b=ab,cform
sides of a triangle with semiperimeter, circumradius and inradius = s, R, r (say)

yieldingZszZazZs:Zx(gs

cyc cyc cyc
(@i

>x=s—ay=s—bz=s—c>xyz = r

Via such substitutions,z Xy = Z(s —a)(s —b) = 4Rr + r?

cyc cyc
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(€Y)
:ny = 4Rr + r? :>sz = Zx —22xy=52—2(4Rr+r2)

cyc cyc cyc cyc

e
= sz 2 s — 8Rr — 2r?

Zg

cyc

ox’+y?+z2+9A—-1) > A(xy + yz + zx)

@sz,m_gzl zxy,M_g (.,.1=M)
XyZ

xyz XyZ
cyc cyc
()
& sz Zx —9xyz > A ny Zx — 9xyz
cyc cyc cyc cyc
Now, Z x> Z X |—9xyz— A Z Xy Z X | — 9xyz
cyc cyc cyc cyc

> s(s? — 8Rr — 2r2) — 9r%s — 2(s(4Rr + r2) — 9r?s) ( v0<A<2and )

via (i), (ii), (1) and (2)
Gerretsen
=s(s2-16Rr+5r?) > 0= (x)istrue x> +y2+2z2+9(A—-1)
3
>Axy+yz+zx)Vxyz> 0|x+y+z=xyzandisls 2,
" =" iff x =y =z =3 (QED)



