ROMANIAN MATHEMATICAL MAGAZINE

Leta,b,c = 0 such thata + b + ¢ = 3. Prove that :
2023 2023 2023 2024 2024 2024
28 min {(a2024 + bz2o24 + c2024) , (azozs + bz2ozs + czozs)}
2025

> 27(ab + bc + ca) + 3(abc)z026

Proposed by Nguyen Van Canh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

2023 2023 2023

Firstly, we shall prove : 28 (am + b2o24 + cm) —3>27(ab + bc + ca)

Case 1|Exactly 2 variables = 0 and WLOG we may assumeb = c = 0 (a = 3)
2023 2023

and then : LHS — RHS = 28 * 3202¢ —3 > 33 % 32024 —3 > 0
Exactly 1 variable = 0 and WLOG we may assume a = 0 (b + ¢ = 3)
and then : LHS — RHS =

( ) 27.9bc
28.| 2024 b*b*b*...b*1+2024\/c*c*c*...c*1 -3

T o2
2023 terms 2023 terms (b + C)
6_H 2024 N 2024 243bc
- 20b23 + 1 2023 + 1 (b + C)Z
[
= 28.2024 b’ + c* 3 243bc
e 2023b + b2 ' 2023c + c2 (b + )2
Bergstrom
and
“b+c=3  28.2024(b + c)? 243bc
22 (b+0)? + b2+ ¢2 (b +¢)?
_ (84.2024 - 6069)(b* + c* + 2bc) — 9(b? + c?) 243bc
N 2026(b2 + ¢2) 4+ 2023.2bc b2 + c2 + 2bc

_ 163938x + 163947y 243y (x= b2+ %y = 2bo)
T 2026x+2023y 2ty D Ty TApe
_327876x% + 163452xy — 163695y

2(x+y)(2026x + 2023y)
_ (327876x + 491328y)(x — y) + 327633y> .

2(x+y)(2026x + 2023y)
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and x,y > 0asb,c>0 - 28(aﬁ+bﬁ+cﬁ)—3 > 27(ab + bc + ca)
[Case3]a,b,c> 0 and then : LHS — RHS “ 2 <73

28.<2024 axaxax..ax1+202bxbxb=x..bx*x1+ 2024 c*c*c*...c*1>—3
< - - = -~ < -
2023 terms 2023 terms 2023 terms

0-x=b%+c2>2bc=y
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27.9(ab + bc + ca) G-H 2024 2024 2024
- (a+b+c)2 = 2023 + 2023 + 2023

+1 2241 BE g
a b c
243(ab + bc + ca)

(a+b+c)?
_ 282024 a? N b? N c? 243(ab + bc + ca)
e 2023a+ a2  2023b+b2  2023c + c? (a+b+c)?
Bergstrom
and
'-'a+b>+c=3 28.2024(a + b + ¢)? 243(ab + bc + ca)
- ZP(a+b+0?+a?+b2+c? (a+b+c)?
84.2024(u + 2v) 243v )
= ~-3- =a’+b?>+ctv=ab+b
2023(u+ 2v) + 3u u+2v(u a”+bitciv=ab+t c+ca)
_ 6(27323u” + 27242uv — 54565v®) _ 6(u — v)(27323u + 54565v) _
- 2026u + 4046v h 2026u + 4046v =

(va?+b*+c?=ab+bctca=>u=vandab,c>0=>uv>0)

2023
- 28 z azzs | —3 > 27 z ab | and combining all cases,
cyc cyc
2023 2003 2023
28 <a2024 + bzo2a + c2024) >27(ab +bc+ca) + 3
2025

> 27(ab + bc + ca) + 3(abc)zoze
via A-G 2025
( a,b,c>0suchthata+b+c=3 = 0<abc<1=0< (abc)zmze < 1)

2023 2023 2023y () 2025
.28 (azou + bzo2¢ + c2024) > 27(ab + bc + ca) + 3(abc)zozs

2024 2024 2024

Now, we shall prove : 28 (aﬁ + b2ozs + cﬁ) —3 >27(ab + bc + ca)
Exactly 2 variables = 0 and WLOG we may assumeb = ¢ =0 (a = 3)

2024 2024

and then : LHS — RHS = 28 * 32025 — 3 > 3% % 32055 — 3 > 0
Exactly 1 variable = 0 and WLOG we may assume a = 0 (b + ¢ = 3)
and then : LHS — RHS =

< 27.9bc
28. 2025b*b*b*...b*1+2025\/c*c*c*...c*1 -3
N——— —_——— N— —

T (hto)2
2024 terms 2024 terms (b + C)
G;H 2025 N 2025 243bc
= zobz4 i1 2024 1 (b + ¢)?
C
= 28.2025 i + c* 3 243bc
o 2024b + b2 2024c + c? (b + ¢)?
Bergstrom
and
“b+c=3  28.2025(b + c)? 243bc
= 2024

T(b+c)2+b2+c2_ (b +0)?
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(84.2025 — 6072)(b? + c2 + 2bc) — 9(b? + ¢2) 243bc
- 2027(b? + ¢2) + 2024. 2bc " b2 + % + 2bc
164019x + 164028y 243y y
T T 2027x+ 2024y 2(x+y) (x=b*+ %y = 2bc)
_328038x? + 163533xy — 163776y>
2(x+y)(2027x + 2024y)
_ (328038x +491571y)(x — y) + 327795y?

2(x+y)(2027x + 2024y)

2024 2024 2024

andx,y >0asb,c>0 - 28<a2025 + b2ozs + c2025) 3 > 27(ab + bc + ca)

27.9(ab + bc + ca
a,b,c>0andthen:LHS—RHS athres3_ ( )—

>0vx=b%>+c?>2bc=y

(a+b+c)?
+28.<2025\/a*a*a* wa*1+2025bxbxbx*x..bx1+ 2025\/c*c*c* ...c*1>
2024 terms 2024 terms 2024 terms
G;H 2025 N 2025 N 2025 243(ab + bc + ca)
- 2024 + 1 20bZ4 + 1 2024 + 1 (a + b + C)Z
a
— 28 2025 a? N b? N c? 243(ab + bc + ca)
e 2024a+ a®?  2024b + b2 2024c + c? (a+b+c)?
Bergstrom
and
'-'a+b>+c=3 28.2025(a +b + c)? 243(ab + bc + ca)
~ %( +b+c)?+a?+b?+c? (a+b+c)?
84.2025(u + 2v) 243v 5
= -3- = b2+c2v=ab+b
2024(u + 2v) + 3u a2y (u=a’+b+ctv=ab+betca)
_ 3(54673u’® + 54511uv — 109184v*)  3(u —v)(54673u + 109184v) -
B 2027u + 4048v B 2027u + 4048v -

(va’*+b*+c?>ab+bc+ca>u=vandab,c>0=>uv>0)

2024
-~ 28 Z azz | —3 > 27 Z ab | and combining all cases,
cyc cyc
2024 2024 2024
28 (azozs + b2ozs + c2025) >27(ab+bc+ca)+3
2025

> 27(ab + bc + ca) + 3(abc)2026
via A-G 2025
( a,b,c>0suchthata+b+c=3 = 0<abc<1=0< (abc)zmze < 1)

2024 2024 2024\ () 2025
. (28 (azozs + bzozs + c2025) > 27(ab + bc + ca) + 3(abc)2z0z6

2023 2023 2023 2024 2024 2024
o (%), (+4) = 28 min{(am + bzozi + cm) , (aﬁ + baozs + cm)}
2025
> 27(ab + bc + ca) + 3(abc)z026 V a, b, c>0|a+b+c—3
"="iffa=b=c=1(QED)



