ROMANIAN MATHEMATICAL MAGAZINE

Leta,b,c = 0 such thata + b + ¢ = 4. Prove that :
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(i) az025 + b20zs + c205 + 2(16 — 9v3) > (6 — 3V3)(ab + bc + ca) and
(ii) 2923 + b2923 4 ¢2023 4 2(16 — 9v3) > (6 — 3V3)(ab + bc + ca)

Proposed by Nguyen Van Canh-Vietnam
Solution 1 by Soumava Chakraborty-Kolkata-India, Solution 2 by Mohamed
Amine Ben Ajiba-Tanger-Morocco

Solution 1 by Soumava Chakraborty-Kolkata-India
We shall first prove :
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(i) az025 + b20zs + c2025 + 2(16 — 9V3) > (6 — 3v3)(ab + bc + ca)
Case 1|Exactly 2 variables = 0 and WLOG we may assume b =c =0 (a = 4)

2024
and then : LHS — RHS = 42025 + 2(16 — 9v3) > 0 - (i) is true (strict inequality)
Exactly 1 variable = 0 and WLOG we may assume a = 0 (b + ¢ = 4) and

then : LHS — RHS = 205 [b.b.b ..b. 1+ 2025 [c.c.c..c. 1+ 2(16 — 9V3)
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~ 16(6 — 3v3)(ab + bc + ca)
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~ (i) is true (strict inequality) . combining all cases,

(i) is true (strict inequality) V a,b,c > 0 | at+tb+c=4

>0+ u=2v>0

We shall now prove :

(i) @223 + p2023 4+ 2023 1+ 2(16 — 9V3) > (6 — 3V3)(ab + bc + ca)
Exactly 2 variables = 0 and WLOG we may assumeb =c =0 (a = 4)
and then : LHS — RHS = 42023 4+ 2(16 — 9v/3) > 0 - (ii) is true (strict inequality)
Exactly 1 variable = 0 and WLOG we may assume a = 0 (b + ¢ = 4)

and then : LHS — RHS = b?°23 4 ¢2023 + 2(16 — 9v3) — (6 — 3V3)(bc)
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[Case 3]a,b,c > 0 and then : LHS — RHS > m(u +b + ¢)2023
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~ (ii) is true (strict inequality) . combining all cases,
(ii) is true (strict inequality) V a,b,c > 0 | a+b+c=4(QED)
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Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

] (a+b+c)* 16 ]
Since ab + bc + ca < — 3 ~ 3 so it suffices to prove that

2024 2024 2024

az0zs + b2025 + c2025 > 24/3 and a?923 4 p2023 4 2023 > 2./3,
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az025 + b20zs + 2025 > 4%.% = 42005 = 2.2 73025 > 2,275 = 2¥/16 > 23,

which completes the proof of i).
ii) By Power Mean inequality, we have

a+ b+ 2023 42023 94046 \/?74045
T) ~ 3202z \/§4044 >
which completes the proof of ii).

a2023 + b2023 + C2023 > 3(



