ROMANIAN MATHEMATICAL MAGAZINE

Leta,b,c > 0 and a? + b? + ¢ # 0.Prove that :

a(a? + 3bc) >a+b+c
(b+ ¢)? + a% + 3bc — 2

cyc
Proposed by Nguyen Van Canh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Case 1: Exactly one variable = 0 and WLOG we may assume a = 0
a(az + 3bc) ~ b3 +¢3 Chebishev %(b +0)(b? + cz) _b+c
o (b+c¢)2+a%?+3bc bZ+c? - b2 + ¢2 2
. a(a? + 3bc) a+b+c
h o (b+c¢)%2+a%+3bc 2

Case 2 : Exactly two variables = 0 and WLOG we may assumeb =c =0
. a(a’?+3bc)  a® a
and then : o (b+c)2+a2+3bc_ﬁ_a>f
:z a(a? + 3bc) a+b+c
o (b+ ¢)%2 + a? + 3bc 2

and then :

Case 3 : a,b,c > 0 and assigningb+c=x,c+a=y,a+b=1z
>x+y—z=2c>0y+z—x=2a>0andz+x—-y=2b>0
>x+y>2zy+z>x,2+x>y=xYy,zformsides of a triangle
with semiperimeter, circumradius and inradius = s, R, r (say) yielding 2 Z a=
cyc

szZs:Za=s—>(1):>a:s—x,b:s—y,c:s—z.'.abc=r2s—>(2)

cyc cyc

and such substitutions = z ab = Z(s —x)(s—y)=> z ab = 4Rr +r? - (3),

cyc cyc cyc

2
ia (1) and (3)
Zazz Za —ZZabvm =" s2 _ 2(4Rr +12)

cyc cyc cyc

:ZaZ:SZ—SRr—ZrZaG),

cyc
2

ia (1),(2) and (3) 2
Z a’b? = Z ab | —2abc Z al” = (4Rr +r?)" - 2r%s.s
cyc cyc cyc

- Z a?b? = r2((4R +1)2 — 252) > (5),

cyc
3

via (1)
Z“3= Z“ ~3(@+b)(b+c)(c+a) = s®—3.4Rrs

cyc cyc
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2

ia (4) and (5)
= Za3 = s(s? — 12Rr) - (6) and Za“ = Zaz - ZZaZb2 Vet

cyc e ve o
(s2 — 8Rr — 2r2)” — 2r?((4R + )% — 2s2)
N Z a* = (s? — 8Rr— 2r2)” — 2r2((4R + )2 — 2s%) > (7)

cyc

N Z a(a? + 3bc) Z a’ -+ 3ab Z 1 )
= = > (e
ow, (b+ ¢)2 + a% + 3bc Ycyca? + 5bc abce Ycyca? + 5bc
cyc cyc cyc
Firstly,z a3 Z a’ + 5ca Z a’ + 5ab
cyc cyc cyc
( : )
=§:|a3 Zaz +5 Zaz Zab—bc + 25abc.a | |
cyc cyc cyc cyc /
2 2
= Za3 Zaz +5 Zaz Zab Za3 — 5abc Zaz
cyc cyc cyc cyc cyc cyc
+25abe z a4 via (2),(3),(4_),(6) and (7)

cyc
s(s? — 12Rr)(s* — 8Rr — 2r2)2 + 5(s? — 8Rr — 2r?)(4Rr + r?).s(s? — 12Rr)
—5r%s(s? — 8Rr — Zrz)2 +25r2s <(s2 — 8Rr — 2r2)2 —2r2((4R+1r)% - ZSZ))

z a3 Za2+5ca Za2+5ab

cyc cyc cyc

s% — (8Rr — 21r?)s* — (144R? + 380Rr — 14r?)r?s? 0

= - l
+r3(1152R3 + 1056R?r + 312Rr? + 30r?)

Secondly,z Z a’? + 5ca Z a? + 5ab

cyc cyc cyc
2

=3 Zaz +10 Zaz Zab + 25abc Za
cyc cyc cyc cyc

e @D 32 gRe - 2r2)” + 10(4Rr + r2)(s? — 8Rr — 2r2) + 25r2s?

Z Z a’ + 5ca Z a’? + 5ab | | = 3s* — (8Rr — 23r?)s? — 8r?(4R + r)? - (ii)

cyc cyc cyc

Thirdly, Z a? + Sbc Z a’? + 5ca Z a’ + 5ab

cyc cyc cyc
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3 2
= Zaz +5 Zaz Zab + 25abc Zaz Za + 125(abc)?
cyc cyc cyc cyc cyc
ia (1),(2),(3) and (4)
NS (s2 — 8Rr — 212)° 4 5(4Rr + 1r2)(s? — 8Rr — 2r2)”
+25r2s%(s? — 8Rr — 2r?) + 125r*s?

Zaz + 5bc Zaz + 5ca za2+5ab
cyc cyc cyc
= s% — (4Rr — 24r?%)s* — (128R? + 264Rr — 67r?)r?s? + 12r3(4R + r)3 - (iii)
a(a? + 3bc) a+b+c
Now, (+), (i), (ii), (iii z >
ow, (+), (1), (i), (iii) = £i(b + )2 +a” +3bc 2
s® — (8Rr — 21r?)s* — (144R? + 380Rr — 14r?)r2s?
+r3(1152R3 + 1056R?r + 312Rr? + 30r?)
& s.
S56 — (4Rr — 24r2)s* — (128R2 + 264Rr — 67r2)r?s2 + 12r3(4R +r)3
3p2 3s* — (8Rr — 23r?)s? — 8r2(4R + r)? _S
rsse_ (4Rr — 24r2)s* — (128R2 + 264Rr — 67r2)r2s2 + 12r3(4R+r)3 ~ 2

Q)
s% — (12Rr — 36r?)s* — (160R? + 544Rr — 99r%)r?s% + 96Rr*(4R+r1)? > 0

3 Gerretsen
and ~ (s? — 16Rr + 5r?) > 0 - inorder to prove (), it suffices to prove :

LHS of (x) > (s — 16Rr + 5r2)3
(36Rr + 21r?)s* — (928R? + 64Rr — 24r?)r?s?

=4

and

€]
+r3(5632R% — 3072R?r + 1296Rr? — 125r3) > 0
Gerretsen

+ (36Rr + 21r?)(s? — 16Rr + 5r2)° >
it suffices to prove : LHS of (+x) > (36Rr + 21r?)(s? — 16Rr + 5r2)2

(***)
& |(112R% + 124Rr — 93r?)s? > r(1792R3 + 1344R’r — 1878Rr? + 325r?)
Gerretsen

Again, (112R? + 124Rr — 93r%)s?2 >
?
(112R? + 124Rr — 93r?)(16Rr — 5r%) >
?
r(1792R3 + 1344R?r — 1878Rr? + 325r%) & 10r(8R? — 23Rr + 14r2) > 0

Euler
+R = 2r = (xxx) = (xx) > (%) is true

0 - in order to prove (x),

?
< 10r(R—2r)(8R—7r) > 0 - true -
. a(a? + 3bc) atb+c .
o b+ Ot a7 3be> > - combining all cases,
cyc

a(a + 3bc) St bt b 0and 2+b%+c2#0
cc(b+c)2+a2+3bc_ 2 @b c=1anda ¢ ’
y
"="iff(@a=0b=c>0)or(b=0,c=a>0)or(c=0,a=b>0)

or (a=b=c>0)(QED)




