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4(ab + bc + ca)
3

Ifa,b,c>0and2,25.<1+ln2< >>2(a+b+c)2,then:

(2(a+b)**? —1)bc N (2(b+ )" —1)ca . 2(c+ a)**®—1)ab - 8abc(a+ b + c)?
b+c c+a a+b o 3

Proposed by Pavlos Trifon-Greece
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
4(ab + bc + ca)

Let x := 3 .Since (a+ b+ ¢)?> > 3(ab + bc + ca) = 2,25.x,then

1+ In?(x) > x. This inequality is true forx < 1. If x > 1,

let f(t) =In(t) —Vt—1,t > 1. We have
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f(x) < f(1) = 0 or 1 + In?(x) < x, which is not true.

< 0, vt> 1,then f is strictly decreasing, hence

3
Therefore, x < 1or ab+ bc + ca < 2 ¢))

Now, let us prove that forallt > 0, 2t! >t +1 (2).

t?+1
Letg(t) = t.Int —In > , t>0.

tr+283 +t2+ (£ —1)2
t(tz + 1)
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We have g'(t) =Int+1 — 11 and g''(t) = > 0,then g' is

increasing and since g'(1) =
0, then g is decreasing on (0, 1] and increasing on [1, ©), hence
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1
gt=2g1)=0,vt>0 < t.lntZln( ),thenZtt >t +1,Vt >0,

equality for x = 1. Now, we have

Z (2(a+ b)*+? — 1)bc = Z (a+ b)zbc b (a + b)? CES 4abc(a+ b + c)?
b+c - anc ab+ca — 2(ab+ bc+ ca)
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(é) 8abc(a + b + c)?
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as desired. Equality holds iffa=b =c = 7



