
 
 

Let 𝒂, 𝒃, 𝒄 ≥ 𝟎 such that 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟏. Prove that: 
𝟏

√𝒂 + 𝒃𝒄
+

𝟏

√𝒃 + 𝒂𝒄
+

𝟏

√𝒄 + 𝒂𝒃
≥

𝟔

√𝟐(𝒂 + 𝒃 + 𝒄) + 𝒂𝒃𝒄
. 
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Let us denote  𝒑 = 𝒂 + 𝒃 + 𝒄 ≥ √𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) = √𝟑    and 

𝒓 = 𝒂𝒃𝒄 ≥ 𝐦𝐚𝐱 {𝟎,
𝒑(𝟒−𝒑𝟐)

𝟒
} (Schur’s Inequality). 

Using B.C.S Inequality we have: 
𝟏

√𝒂 + 𝒃𝒄
+

𝟏

√𝒃 + 𝒂𝒄
+

𝟏

√𝒄 + 𝒂𝒃
≥

𝟗

√𝒂 + 𝒃𝒄 + √𝒃 + 𝒂𝒄 + √𝒄 + 𝒂𝒃
≥

𝟗

√𝟑(𝒂 + 𝒃 + 𝒄 + 𝟏)

=
𝟑√𝟑

√𝒂 + 𝒃 + 𝒄 + 𝟏
=

𝟑√𝟑

√𝒑 + 𝟏
; 

We need to prove that: 

𝟑√𝟑

√𝒑 + 𝟏
≥

𝟔

√𝟐𝒑 + 𝒓
  (∗) 

⇔ 𝟑(𝟐𝒑 + 𝒓) ≥ 𝟒(𝒑 + 𝟏) ⇔ 𝟐𝒑 + 𝟑𝒓 ≥ 𝟒; 

 If 𝒑 ≥ 𝟐 then 𝒓 ≥ 𝐦𝐚𝐱 {𝟎,
𝒑(𝟒−𝒑𝟐)

𝟒
} = 𝟎 .We have: 

𝟐𝒑 + 𝟑𝒓 ≥ 𝟒 + 𝟎 = 𝟒 (true) ⇒ (∗) true. 

 If √𝟑 ≤ 𝒑 ≤ 𝟐 then 𝒓 ≥ 𝐦𝐚𝐱 {𝟎,
𝒑(𝟒−𝒑𝟐)

𝟒
} =

𝒑(𝟒−𝒑𝟐)

𝟒
. We have: 

𝟐𝒑 + 𝟑𝒓 ≥ 𝟐𝒑 + 𝟑.
𝒑(𝟒−𝒑𝟐)

𝟒
= 𝟓𝒑 −

𝟑𝒑𝟑

𝟒
. We just prove that: 

𝟓𝒑 −
𝟑𝒑𝟑

𝟒
≥ 𝟒 ⇔ 𝟑𝒑𝟑 − 𝟐𝟎𝒑 + 𝟏𝟔 ≤ 𝟎 ⇔ (𝒑 − 𝟐)(𝟑𝒑𝟐 + 𝟔𝒑 − 𝟖) ≤ 𝟎; 

⇔ (𝒑 − 𝟐)[(𝟑𝒑 + 𝟗)(𝒑 − 𝟏) + 𝟏] ≤ 𝟎 (true since √𝟑 ≤ 𝒑 ≤ 𝟐) 

⇒ (∗) true. Proved. Equality⇔ {
𝒂 + 𝒃 + 𝒄 = 𝟐

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟏
𝒂𝒃𝒄 = 𝟎

 

⇔ 𝒂 = 𝒃 = 𝟏, 𝒄 = 𝟎 𝐨𝐫 𝒃 = 𝒄 = 𝟏 = 𝟎 𝐨𝐫 𝒂 = 𝒄 = 𝟏, 𝒃 = 𝟎. 
 

 
 

 

 


