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If x,y,z > 0,x* + y* + z? = 3 then:

1_}_1_}_1<1
4—-—x 4-y 4-z

Proposed by Shirvan Tahirov-Azerbaijan

Solution 1 by Hikmat Mammadov-Azerbaijan

x2+y*+2z2=3

x = V3sinfcosa 1 1 1
— We set: {y =+/3sinfcosa — 0, a ER—>Then: S = + + =
4—-x 4-y 4-z
z =/3cos0
1 1 1

= + +
4 —+/3sin@cosa 4 —/3sinOcosa 4 —+/3cosO
Note : 0 has nothing to do with o.
Hence we adjust for Local Maximum value as treating 0, a constant.

A A sina coso

N S(a) = +C - S’(a) =A. (B — COSO()Z - (B — sina)z

+ .
B —cosa B — sina

14
Let : S'(a) = 0,clearly we have sina = cosa,we take o = 45° = 1

H S(@) <S (”) 1 + 1 + 1
— Hence:S(a =)= =
<5(3 —
4 — \/z—gsine 4 — @sine 4 —3cosf
_ 4 4 1
~ 8—+3sin@ 4 —+/3cosO

V3sin6 4+/6¢co0s0
(4 —V3cos0)2 (8 —/65inh)?

Use the same trick to 0 — S'(0) =

Let: S'(60) =0 in@ 2 d ] 1
et : = ¢ SInU = — and cosv = —
3 V3
1 1
— Hence:S =S(a) <5(0) < + 2. =1
V62 4 3L
2 Vo V3
1 1 1

Therefore : <1 - proved.

+ +
4—-x 4-y 4-—z
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Solution 2 by Pham Duc Nam-Vietnam
P=xty+z q=xy+yz+zx, r=Xxyz

p’ -3
2

x?+y?+22=3 - p*-2q=3-q=

And we also have: (x+y+2)? <3(x*+y?>+2?)=3.3=9p<3

1 1 1 <1
4_x a_y a7
4-yY)4-20+@4-x@4-2)+@-x@4-y)<@-x4-y)d4-2)-

8(x+y+z)—-3(xy+yz+zx)+xyz—16<0 -8p—-3q+r—16<0

1
By pqr transformation we have : 1r < 27 p3-

1
8p—3q+r—16§8p—3q+ﬁp3—16

23 23
p —>8p—3q+r—16£8p—3.p

1
— »3_ -
> +27p 16

Now,replace q =
1
ﬁ(p -3)22p-69)<0
This is true since(p—3)>>0and p<3->2p—-69<0
Equality holds iff x=y=z=1.

Solution 3 by Le Thu-Vietnam

By tangent line method, we claim that :
! 1 . 18
= 2 ! — = —_ r<~‘ — — — 2 >
f(x) x2+5_f(1)+f(1)(x 1)=4 x_)4—x_x2+5< >2-x)(x—-1)=>0

Which is true ¥x € (0,V3 < 2).

1 x% 5 Lx’=3
< )( 3 ) =

< 1
4 —x

~x,yandz>0: Z

Equality holds iff x=y=z=1.



