ROMANIAN MATHEMATICAL MAGAZINE

If {x,y,z} be non — negative real numbers such that: x +y+z =3,

12 —8x* 12 -8y? 12 —8z*
then prove that : + + <6
1+yz 1+ xz 1+ xy

Proposed by Shirvan Tahirov-Azerbaijan
Solution by Soumava Chakraborty-Kolkata-India

Case 1|Exactly 1 variable equals to zero and WLOG we may assume
12 - 8x*> 12-8y? 12-—8z?
+ + <
1+yz 1+xz 1+xy

x=0(y+z=3withy,z > 0) and then :
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12-8x* 12-8y? 12-8z?
+ +
1+yz 1+xz 1+xy
Exactly 2 variables equal to zero and WLOG we may assumey = z = 0

12 - 8x? 12-8y? 12— 8z? 12-8.9
(x = 3) and then : + + <6 ——+12+12
1+yz 1+ xz 1+ xy 1

12 -8x* 12-8y? 12— 8z?
+ +
1+yz 1+ xz 1+xy

12 - 8x* 12 -—8y? 12— 8z2
[Case 3]x,y,z > 0 and then : y <

+ + <
1+yz 1+xz 1+ xy
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@62 S4Z +3- ()
1+yz Cyc1+yz

2
cyc
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=3 3xyz + 2 xy+ 3 1
Xx+y+tz y chc y :>6Z _3
cy

B x2y222 4+ 3xy2+ Yy xy + 1 +1+yz
18xyz + 12 Yy xy + 18
- x2y2z2 + 3XyZ+ Yoy xy + 1 B
1 ) 9XYZ + 9 Y cyc xy + 15 — 3x?y?z?
= 62 1+yz —3= x2y222 + 3XyZ + Yeyc Xy + 1

cyc

and

22 AT (A 4z + xy))
42 1+yz - 1+xy)(1+yz)(1 +zx)

cyc
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4xYZchc x3 + 4‘(chc xz)(chc xY) - 4’xyZchcx + 4'chch
- X2y222 + XYZYcye X + Xeye Xy + 1
X +y+2=3 4XYZ Neyc X° + 4(chc xz)(chcxy) — 12XyZ + 4 Y cyc X*
- x2y222 + 3XYZ + Yeyexy + 1
x? (f) 4‘xyZchc x3 + 4‘(ch¢ xz)(chch) —12xyz + 4chc x?

1+yz x2y222 + 3XYZ+ Yeye Xy + 1
cyc
L, > D e dayzy B ral Y x| Y ay |- 12ayz+4 ) o
cyc cyc cyc cyc

x+y+z=3

> 9xyz + 92 xy +15 - 3x%y?z? o

cyc
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4 12xyz
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cyc cyc cyc cyc cyc
1 3
4 9xyz
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4 6
9 15
Z -2 24202,2
+81 ny Zx +729 x> 3x“y“z
cyc cyc cyc
2 3
972xyz2x3+108 sz ny Zx — 189xyz Zx +
cyc cyc cyc cyc cyc
And 4 4 6
)
12 sz Zx > 27 ny Zx +5 Zx — 729x%y?z2
cyc cyc cyc cyc cyc

Assigningy+z=a,z+x=b,x+y=c>a+b—-c=2z>0,b+c—a=2x
>0andc+a—-b=2y>0=>a+b>cb+c>ac+a>b= a,b,cformsides
of a triangle with semiperimeter, circumradius and inradius = s, R, r (say)

(€Y)
yieldingZszZazZs:Zx =s>x=s—ay=s—bz=s—-c
cyc cyc cyc

@
= XyZ = r°s

Via such substitutions,z xy = Z(s —a)(s—b) = 4Rr + r?

cyc cyc
2
3) via (1) and (3)
:ny=4Rr+r2=>sz= Zx —Zny =
cyc cyc cyc cyc

(€))
s? —2(4Rr +r?) = Z x? = s — 8Rr — 2r and

cyc
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3

ia (1)
Zx3= Zx —3(x+y)y+D(z+x) = s> —3.4Rrs

cyc cyc

(5)
> > x% = s(s? - 12Rr) = via (1),(2), (3), (4) and (5),(-) &
cyc
972r%s?(s? — 12Rr) + 108(s? — 8Rr — 2r?)(4Rr + r?)s? — 189r%s*
+12(s? — 8Rr — 2r?)s* > 27(4Rr + r?)s* + 5s5° — 729r*s?

)
& |7s* + rs?(228R + 840r) > r(3456R? + 13392Rr — 513r2)

Gerretsen Gerretsen

Now,LHSof (++) = >  (7(16Rr—5r%)+ r(228R + 840r))s? >

(340Rr + 805r?)(16Rr — 5r2) > r(3456R? + 13392Rr — 513r2)

< 496R?% — 553Rr — 878r? > 0 < (R—2r)(496R + 439r) > 0 — true

RElgerz (v) > () ist 12 — 8x? +12 8y? +12 8z2 < 6 and
. = (ee) = (o
= 4r 1strue 1+yz 1+xz 1+xy — an

12-8x%2 12-8y? 12— 872
+ +
1+yz 1+xz 1+xy
VY non — negative {x,y,z} suchthat: x +y+z =3, =" iffx =y =z =1 (QED)

combining all cases,



