ROMANIAN MATHEMATICAL MAGAZINE

If {x,y,z} € R* such that : xyz = 1, then prove that :
x y Z

<1

x2+2+y2+2+z2+2_

Proposed by Shirvan Tahirov-Azerbaijan
Solution 1 by Soumava Chakraborty-Kolkata-India

x y z Teye (x(y2 +2)(z% + 2))
12 12 2712 252+ 2) @2 +2)
Yeye (x(Zy2 + 222 +y%z? + 4))
- x2y22%2 + 8 + 2 Yeyc X2y + 4 Yoy X2
_ Z(chc x)(chc xY) — 6xyz + xychyc Xy + 4chcx <
x2y222 + 8 + 2 Y oyc X2y? + 4 Yoy X2 -

xyz=1
N 15+22x2y2+42x >2 z ny +ny+42x

cyc cyc cyc cyc cyc cyc

A=G A=G A—G
Now, x? +xy > 2x%y,y? +y z2 > 2y%z,z +z2x2 > 2z%x,

y? + x%y? > 2xy?,z? + y*z? > 2yz?, x? + z2x? > 2zx?
and summing up, we arrive at :

22x2+22x2y2222x2y+22xy2: Zx ny — 6XyZ

cyc cyc cyc cyc cyc cyc
-'.22x2+22x2y2+622 Zx ny - (i) ~ (i) = in order
cyc cyc cyc cyc

to prove (x), it suffices to prove : 9 + 2 z x% > z xy+ 4

cyc cyc cyc

xyz=1 (%)
=N ZZxZ—ny+9.3\/x2y2z2 > 4 Zx 3xyz

cyc cyc cyc

Assigningy+z=a,z+x=b,x+y=c=>a+b-c=22>0,b+c—a=2x
>0andc+a—-b=2y>0=>a+b>cb+c>ac+a>b= ab,cformsides
of a triangle with semiperimeter, circumradius and inradius = s, R, r (say)

€Y
yielding22x=2a=25=>2x =s=>x=s—ay=s—bz=s-c
cyc cyc cyc

(2
= xyz = r?s and via such substitutions,z xy = Z(s —a)(s—b)

cyc cyc

2
3)
=4Rr+r2=>2xy = 4Rr+r2=>2xz= Zx —Zny

cyc cyc cyc cyc



ROMANIAN MATHEMATICAL MAGAZINE

@

via (1) and (3) = s2 — 8Rr — 2r>2

= s2—2(4Rr+r2)=>Zx2

cyc
= via (1),(2), (3) and (4), (++) & 2(s? — 8Rr — 2r%) — 4Rr — r2 + 9.3/r*s?
3 (***)

> 4s.3/r2s o (Zs2 — 20Rr — 512 + 9.3/ r4sz) > 64s*r?
Now, (Zs2 — 20Rr — 512 +9.3% r‘*sz)3
= (2s% — 20Rr — 5r2)° + 720r*s?
+27.3/rts2, (Zs2 — 20Rr — 5r?) (Zs2 — 20Rr—5r%+9.3 r4s2)

Mitrinovic

> (2s% — 20Rr — 5r2)° + 720r*s?
?
+81r%(2s? — 20Rr — 5r2)(2s% — 20Rr — 512 + 27r?) > 64s*r?
8s® — (240Rr — 200r?)s* + r?s?(2400R? — 5280Rr + 3633r%) —

?
r3(8000R® — 26400R?r + 29040Rr? + 9035r%) > 0 and

(****)

3 Gerretsen
+ 8(s? — 16Rr + 5r?) > 0, in order to prove (x*xx), it suffices to prove :

LHS of (xxxx) > 8(s? — 16Rr + 5r2)3
& (144Rr + 80r?)s* — r?s?(3744R? + 1440Rr — 3033r?)

(*****)

+r3(24768R3 — 4320R?*r — 19440Rr? — 10035r3) > 0and
2 Gerretsen

+ (144Rr + 80r?)(s? — 16Rr + 5r2)° > 0, in order to prove (xxxxx),
it suffices to prove : LHS of (+xxxx) > (144Rr + 80r?)(s? — 16Rr + 5r2)2

(onnn) 3 2
& (864R? — 320Rr + 2233r2)s? > r( 12096R" +1760R r3) and finally,
+10240Rr? + 12035r

Gerretsen

(864R% — 320Rr + 2233r%)s> >  (864R? — 320Rr + 2233r?)(16Rr — 5r?)
?
>r(12096R3 + 1760R?r + 10240Rr? + 12035r3)

? R
& 108t3 — 700t% + 1693t — 1450 > 0 (t = ;)

?
& ||(t—2)(108t% — 484t + 725) > 0|| > true

Euler

vt > 2 and discriminant of (108t — 484t + 725) = 4842 — 432 % 725

= —78944 = 108t? — 484t + 725 > 0 and so,
(kxxxxx) = (rxxxx) = (xx%%) o (xxx) > (xx) = (x) is true
X y z
:>x2+2+y2+2+z2+2
"="iffx=y=1z=1(QED)

<1V{xyz} € R" suchthat: xyz=1,
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Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
X N y 4 z X 4 y N z
x2+2 y2+2 2242 x24+1+1 y2+1+1 z22+1+1

AM-GM
.-A-\G X y VA

2x+1 2y+1 2241

-G-2)* G 1) * G r@mD)

2
3 1( yz_, _zx Xy )6,553 (Vyz + Vzx + \[xy)
2 2\2+4yz 2+zx 2+xy) = 2 2(6+yz+zx+xy)

3 xy+yz+zx+2(\/§+\/§+\/§)AMéGM3 xy +yz+zx+2.3xyz _
2 2(6 +xy+yz+ zx) - 2 2(6 +xy+yz+zx)

_3.1_ .
=>-7=

Equality holds iff x =y =z = 1.



