
 
 

𝐋𝐞𝐭 {𝒙, 𝐲, 𝐳} 𝐛𝐞 𝐩𝐨𝐬𝐢𝐭𝐢𝐯𝐞 𝐫𝐞𝒂𝒍 𝐧𝐦𝐛𝐞𝐫𝐬 𝐬𝐮𝐜𝐡 𝐭𝐡𝒂𝐭 ∶ 𝒙 + 𝐲 + 𝐳 = 𝟑. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 
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  Proposed by Shirvan Tahirov-Azerbaijan 

Solution 1 by Soumava Chakraborty-Kolkata-India 
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𝟑. √𝒙𝐲𝐳𝟑 . 𝟑. √𝒙𝟐𝐲𝟐𝐳𝟐𝟑
 

= 𝟗𝒙𝐲𝐳 ∴ √
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∀ 𝒙, 𝐲, 𝐳 > 𝟎,′′ =′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 (𝐐𝐄𝐃) 

Solution 2 by Pham Duc Nam-Vietnam 

𝒙, 𝒚, 𝒛 > 𝟎  𝒙 + 𝒚 + 𝒛 = 𝟑 
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𝑾𝒆 𝒘𝒊𝒍𝒍 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒊𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒇𝒐𝒓 𝒂𝒏𝒚 𝒙, 𝒚, 𝒛 > 𝟎 
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≤ √(𝟐𝒙 + 𝟐𝒚 + 𝟐𝒛)(
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𝑺𝒐, 𝒘𝒆 𝒐𝒏𝒍𝒚 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 ∶ 



 

(𝟐𝒙 + 𝟐𝒚 + 𝟐𝒛) (
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< = > 𝟒(𝒙 + 𝒚 + 𝒛)(𝒙(𝒚 + 𝒛) + 𝒚(𝒙 + 𝒛) + 𝒛(𝒙 + 𝒚)) ≤ 𝟗(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒙 + 𝒛) 

< = > 𝟖(𝒙 + 𝒚 + 𝒛)(𝒙𝒚 + 𝒚𝒛 + 𝒙𝒛) ≤ 𝟗(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒙 + 𝒛) 
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( √𝒙𝒚𝒛𝟑 ) ( √𝒙𝟐𝒚𝟐𝒛𝟐𝟑

) = 𝟖𝒙𝒚𝒛 

𝒘𝒉𝒊𝒄𝒉  𝒊𝒔  𝒕𝒓𝒖𝒆  𝒃𝒚  𝑨𝑴 − 𝑮𝑴 

< = >  √
𝟐𝒙

𝒙 + 𝒚
+ √

𝟐𝒚

𝒚 + 𝒛
+ √

𝟐𝒛

𝒛 + 𝒙
≤ 𝟑 ∀ 𝒙, 𝒚, 𝒛 > 𝟎 

< = > √
𝒙

𝒙 + 𝒚
+ √

𝒚

𝒚 + 𝒛
+ √

𝒛

𝒛 + 𝒙
≤

𝟑√𝟐

𝟐
, 𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔  𝒊𝒇 𝒂𝒏𝒅 𝒐𝒏𝒍𝒚 𝒙 = 𝒚 = 𝒛 

𝑰𝒏  𝒕𝒉𝒊𝒔  𝒄𝒂𝒔𝒆 ∶ 𝒙 + 𝒚 + 𝒛 = 𝟑 => 𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒊𝒇  𝒂𝒏𝒅 𝒐𝒏𝒍𝒚  𝒙 = 𝒚 = 𝒛 = 𝟏 
 

 


