ROMANIAN MATHEMATICAL MAGAZINE

If a,b,c > 0 such that abc = 1, then prove that :
a®b®(a? + b?) . b5c®(b? + c?) . c’a’(c? + a?) .-
c>(a® + b®) a>(b® + c%) b5(c® +a®) —

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

We shall first prove that vV A ABC,
(s — 8Rr — Zrz)6 > 27r3s*(4R — 5r)% - (¢)|and
+ 10240R3 — 26880R?r + 23520Rr? — 6860r3
= (R— 2r)(10240R? — 6400Rr + 10720r?) + 14580r° 2" 1458003

> 0 and 61440R* — 216768R3r + 288720R?r? — 172740Rr? + 39390r*
= (R — 2r)(61440R> — 93888R’r + 100944Rr? + 29148r%) + 976861r*

Euler
> 97686r* > 0 - via Gerretsen,

= (s?— 16Rr + 5r2)6 + (48R — 42r?)(s? — 16Rr + 5r2)5
+r2(960R? — 1680Rr + 735r2)(s? — 16Rr + 5r2)*

+r3(10240R? — 26880R?r + 23520Rr? — 6860r3)(s? — 16Rr + 5r2)°
4 _ 3 2.2
ot (61440R 2167683R r+ 2887420R r )(sz _16Rr + 5r2)2 >0
—172740Rr3 + 39390r
-~ in order to prove (+), it suffices to prove :
(s? — 8Rr — 2r2)° — 27r5s*(4R — 5r)3 > P
o (49152R5 — 228864R*r + 432480R3r? — 410280R2r3) <2
+191310Rr* — 33648r°>

) r (720896R6 —3452928R5r + 6827520R*r? — 7060400R3r3>

>
— . +3955620R215'4 - 1107603Rr5 + 117734§r;
erretsen _
Now, LHS of (+) > ( 4915ZR° — 228864R"r + 432480R’r 5) (16Rr — 5r2)
—410280R*r> + 191310Rr* — 33648r
. (720896R6 —3452928R°r + 6827520R*r? — 7060400R3r3>

+3955620R?%r* — 1107609Rr> + 117734r°
& 65536t° — 454656t° + 1236480t* — 1666480t° + 1156740t

? R
—387309t + 50506 = 0 (t = F)

_ _ 3 _ 2 ?
olt-2) <(t 2) ((t—2)(65536t° — 61440t2 + 81408t + 83536) + 189540)) 2o
+19683

Euler
Struet > 2= (x) = (s)istrue

() B4 ) e o) e
c3(ab + b®) * a5 (b® + c®) * b5(cS +ab)
b8C8(b2 + CZ) Bergs>trom (chcb4c4)2
Z a?(b? +c2)(b* —bZc2 +ct) T (Tyca?b?)(Teyca?) — 6azb2c?

Now,

cyc



ROMANIAN MATHEMATICAL MAGAZINE

2
Y cve X2y2 ? =1 5
= 5 ()(gc y )) p (x=a%y=b%z=c?)>3 Ve 3(xyz)3
cycx cycxy — OXyZ
6
?
o szy2 > 27(xyz)>. Zx ny — 6xyZ
cyc () cyc cyc

Assigningy+z=Xz+x=Y,x+y=2>X+Y-Z=22z>0Y+Z—-X=2x
>0andZ+X-Y=2y>0=>X+Y>ZY+Z>XZ+X>Y=>XY,Zform
sides of a triangle with semiperimeter, circumradius and inradius = s,R, r (say)

yielding22x=ZX=Zs:>Zx=s—> 6))

cyc cyc cyc
=>x=s—X,y=s—Y,Z=s—Zand such substitutions =

xy= ) (s—X)(s—Y)=> ) xy=4Rr+r? - (ii) and
2= 2.

cyc cyc cyc
2
z xzyz — z xy | — 2xyz zx via (i)ind (i)
cye cyc cyc
(4Rr + rz)2 -2 H(s -X) |.s
cyc

= (4Rr + r2)2 —2ris.s=> szyz =r?((4R +1)? — 2s5?%) - (iii)
cyc
« via (i), (ii) and (iii), (x+) ©
r12((4R + 1) — 252)° > 27r1%s5(s(4Rr + r2) — 6r2%s)°

6rs?
o ((4R +1)? — 252)° > 27rs2, <4R +r— —) .s®

2
6 3 3
6r, 1.
o Z r2 | =27r.nr.. z - | . z I
chc Ialy
cyc cyc cyc
6
o Z r2 | = 2711, Z I, Z Iy | — 6T,1,T.
cyc cyc cyc
o 3
(%) xl =r
PN Z le > 27xlylzl Z x' Z xlyl _ 6x/ylzl ( , ,a; )
y =1,z =1,
cyc cyc cyc

Assigningy’' + 7z =X,z +x' =Y, x'+y =72 =>X+Y -7 =27
>0,Y+Z-X=2x">0andZ+X -Y =2y >0=>X+Y >7Z,
Y+Z7Z>X,Z7+X >Y =X,Y,Z form sides of a triangle
with semiperimeter, circumradius and inradius = s’,R’, r’' (say) yielding

22x’=zx’=25’=>2x’=s’—>(1)

cyc cyc cyc
=>x' =s"-X',y =s"-Y',z' =s’ —Z' and such substitutions
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=> Zx’y’ = Z(S' -X))(s'-Y)=> Zx'y’ =4R'r’' + r? o (2) and

cyc cyc cyc

2
ia (1) and (2)
Zx'z = (Z x’) - ZZ xy = s 2(4RT +1'?)

cyc cyc
= Z x? =52 _8R'T — 2r'2 - (3) - via (1), (2) and (3), (+++)
cyc

o (s -8R — 2r'%)" > 27r%s' (s (4R'r +1'%) — 61'%s")°

& |(s”? —8R'T' — Zr’z)6 > 27r'°s'"*(4R’ — 51)3| > true via (+)

a’b5(a? +b?%) b5c3(b%+c?) c®a’(c? +a?)
(@5 +b%) | a5(b5+c6) | bS(co+ad) = °

Vab,c>0|abc=1"=" iffa=b =c=1(QED)

= (xxx) = (*x) is true ..



