ROMANIAN MATHEMATICAL MAGAZINE

If a,b,c > 0 and abc = 1,then Vm,n € N, prove that :

b2™ \/b" + ¢ + a?™ +/a" + c® .\ b2™ /g + b" + ¢2™ /a" + c®

a™ + pm bm + cm
a’™ \/a" + b" + ¢2™ /b" + c®
+ > 32
am 4+ cm

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

LHS = va™ + b“.<
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((bm +cm) + (c™ + am))
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((cm + am) + (a™ + bm)) ((am +bm) + (b™ + c™)) =

3 N n (am + bm)2, (b™ + ¢™)2, (¢c™ 4+ a™)?Z Cesaro
3 ’lc;[(b P T e A (™) o

’ npncn (a™ +b™)2. (b™ + ¢™)2. (c™ + a™)?2
3. \/W ((bm +cm) + (c™ + am))((cm +am) + (am + bm))((am Tb™ 1 (b™ + cm))

= a™ +bm)Z (b™ + ¢M)2, (c™ + aM)2  ?
abc:13\/i.3 ( ) ( ) ( ) 23\/2
ampmcm, l—[cyc((bm +cm) + (c™ + am))

3\/ 1 (x + 2. (y + 2)2. (z + x)2 P

xyz (y+2)+ @+ 0)((z+2)+ & +y))((x+y) + (y+2)
(x=a™y=b"z=cm)
Assigningy+z=Xz+x=Y,x+y=2>X+Y-Z2Z=22>0Y+7Z—-X=2x
>0andZ+X-Y=2y>0=>X+Y>ZY+Z>X,Z+X>Y=>XY,Zform
sides of a triangle with semiperimeter, circumradius and inradius
=s,R,r (say)

yieldingZszZXzZs::»zx:s:>x=s—X,y=s—Y,z=s—Zand

cyc cyc cyc
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such substitutions = xyz = (s — X)(s — Y)(s — Z) = xyz = r?s .. LHS of (1)
3\/ 1 Z2X2y? ? 16R?r?s? ?

—. >1le >1
r’s X+Y)Y+2)(Z+X) — r2s.2s(s? + 2Rr +r2) —

? ?
& s?2<8R?-2Rr—-r? © s?—4R? —4Rr—3r2—-2(2R+r)(R—2r) <0 - true
Gerretsen ule

Euler
v§2—4R? —4Rr—-3r? < Oand —2Q2R+r)(R-2r) < 0= (1)istrue

b%™ \/b" + c® 4+ a?™, \/a" + c" N b%™ \/a® + b" 4 ¢2™ /a" + c"

=
a™ + bm bm + cm
a’™.va" + b" + c?™.vb" + c*
+ 23\/§Va,b,c>0|abc=1

a™ + cm
andvm,n € N,” =" iffa=b=c=1(QED)



