ROMANIAN MATHEMATICAL MAGAZINE

If a,b,c > 0, then prove that :

b(a? + ab + b?) + 2+ ac+c?
y bl tab t D) ¢ e@l vac kD), g s

Vab + Vac -

cyc

Proposed by Zaza Mzhavanadze-Georgia
Solution 1 by Soumava Chakraborty-Kolkata-India

VAB,C>0,(A+B),(B+C),(C+A) form sides of a triangle
(~(A+B)+ (B+C)>(C+A) and analogs) = VA + B,VB + C,VC + A form

sides of a triangle with area F (say) and 16F? =

ZZ(A+B)(B+C)—Z(A+B 2 =ZZ<ZAB+B2>—ZZAZ—ZZAB

cyc cyc cyc \ cyc cyc cyc

=6ZAB+ZZA2—ZZAZ—ZZAB=>4F=2 ’ZAB%(l)
cyc

cyc cyc cyc cyc

xy ? V3 xZy? ? 3
Now,V x,y,z > 0, —2—(:)2 >—
y+z)(z+x)~ 2 xy(y+z)(z+x) = 4
cyc cyc )
2 2
(Z cyc xY) _ (chc xY)

Via Bergstrom, LHS of (x) >

chc (xY(chcxy + ZZ)) - (chc xY)Z + Xyz chcx

2
7 3 ? xy ? \/§
> > — 7 >
_4<=><ny> _3xyZZx—>true \/Cyc(y+z)(z+x)_ > - (2)

cyc cyc

\Vb(b2 + bc + c2) ++/a(a? + ac + c2)

We have :
Vac + vbc
+\/b(a2 + ab + b2) +/c(a? + ac + c?) _I_\/a(a2 +ab +b2) +./c(b? + bc + c2)
Vab + Vac vab ++/bc

_ Vab b2+bc+c2+ cZ + ca + a?
" Vbe +ea a b

N vVbc c2+ca+a2+ a? + ab + b2
Vea ++Vab b c
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N VJea a2+ab+b2+ b2 + bc + ¢2
vab ++/bc c a

=L(B+C)+L(C+A)+L(A+B)

y+z
x\/y\/_z—

\ ’a2+ab+b2 ’b2+bc+c2 ’c2+ca+a2/

20ppenhe1m
=y— VB+C +—\/C+ +Ty

x via (1) and (2) 3
4. J I, ZAB.g
C

— y+2z)(z+x)

cyc

-3 Z(\/a2+acb+b2.\/b2+l;c+c2)

cyc

A;;\/g. Z( ’3;21).\/%>=\/§. ’32b=3.\/a+b+c
cyc cyc

) JVb(b2 + bc + ¢2) + y/a(a? + ac + c2) +\/b(a2 +ab +b2) +/c(a? + ac + c2)

Vac +vbe Vab + Vac
\/a(a2+ab+b2)+\/c(b2 + bc + ¢2)
Jab + Ve >3.va+b+c

Vab,c>0"="iffa=b = c(QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Letx := va,y :=Vb,z := \/c. We have

z\/b(a2 +ab + b?) ++/c(a? + ac + c2) AMéGM vb.3ab ++c.3ac
vab +ac B vab + Vac

cyc cyc

2
_ﬁzy2+zzws (chc\/m)
- y+z

S V3.
> V3 2x+y+2)

cyc
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2%y X2 + 20y (22 + y2) (2 + 22)

= /3.

2(x+y+2)
2
CES\/§ 2 chc x? + 2 chc'(xz + }’Z) — \/_ 3 Zc}"'xz + (chc x)
AM-GM

S 3 x2+y2+z2=3Va+b+c.

Equality holds iffa = b = c.



