ROMANIAN MATHEMATICAL MAGAZINE

If a,b,c > 0 and abc = 1, then prove that :
(a+b).Va® +b3 N (b+c¢).Vvb3 +¢3 N (c+a).Vec3 +ad -
a?b.vb3 + c3 + b%2a.Ve3 + a3  c?b.va3 +b3 +b%c.Ve3 + a3 c2a. Va3 + b3 +aZc.Vbd +c3
Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India
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VAB,C>0,(A+B),(B+C),(C+A) form sides of a triangle
(+(A+B)+ (B+C) > (C+A)andanalogs) = VA + B,VB + C,VC + A form
sides of a triangle with area F (say) and 16F? =

ZZ(A+B)(B+C)—Z(A+B)2 :zz ZAB+B2 —ZZAZ—ZZAB
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Now,V x,y,z > 0, 4
y \/ xy(y +z)(z + x) 54
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Via Bergstrom, LHS of (x) > = 5
Seye (4V(Beyexy +72))  (Zeyery)” + xyzLeyex
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(a +b).v/a3 + b3 N (b+c).vb3+¢3
a’b.y/b3 + c3 +b2a.y/c3 +a® c2b.va3 +b3 +b2c.y/c3 +ad
N (c+a)Jc3 +a3
c2a.v/a3 + b3 + a%c.y/b3 +¢3
(a—ﬂ’).\/a3+b3 (E).\/b3+c3
— ab + bc
ab3+c3+b.yJc3+a® c+a3+b3+b.y/c3+ad

(H_a)-\/cs+a3 abc=1 c(a+b).ya®+b3

+ ca —
c.va3+b3+a+b3+c3 a.\/b3 + c3 +b.y/c3 + a3
N a(b+c).vb3 +¢3 N b(c+a).vc3 + a3

c.Vad+b3+b/c3+a3 cad+b3+a+/bd+c3
a.\/b3 + ¢3 b.\/c3 + a3

= .(b+c)+
b.\/c3 + a3 +c.ad3+b3 cva®+b3+a+b3+c3

c.va3+b3 x yA
(@+b)=——B+0) +——(C+A) +——(A+B)
ab3+c3+b.yc3 +ad yt+z Z+x x+y

We have :

(c+a)+
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(x—a\/b3+c3y—b\/c3+a3z—c\/a3+b3A=aB=b,C=c)
20ppenheim
=y— VB+C +— VC+A +—

xy via (1) and (2)
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. (a +b).Va® + b3 (b +0).Vb3 + ¢
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"="iffa=b=c=1(QED)

23Va,b,c>0|abc=1,




