ROMANIAN MATHEMATICAL MAGAZINE

If a,b,c > 0 and a™ + b" + c¢™ = 3, then prove that :
1 1 1

a2n—2 + b2n—1 + c2n + bZn—Z + CZn—l + aZn + CZn—Z + aZn—l + bZn =1

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

?
Vx,y,z>0,(x*b + a?y? + z2a’b)(a® + b+ 1) = a’b(x +y + z)?
& (a*bz? — 2a’bxz + bx?) + (a?b?z? — 2a’byz + a’y?)

+(a*y? — 2a’bxy + b%x?) >0
?
o b(a?z—x)" + a?(bz—y)? + (a?y — bx)” > 0 > true
~|(x*b+ a?y? + z2a’b)(a® +b+1) = a’b(x +y + z)?| > (1)

?
Also, (x?b%c + y%c + z2b?)(b? + c + 1) = b%c(x + y + 2)?
& (b*cx? — 2b%cxy + cy?) + (b2c?x? — 2b%cxz + b?z?)

?

+(b*z2 — 2b%cyz + c?y?) = 0
?
o c(b?x—y)’ +b2(cx —2)% + (b2z—cy)” = 0 > true
~|(x*b*c+y2c+z2b?)(b* + ¢+ 1) = b?c(x +y + 2)?| > (2)

Again, (y*c?a+z%a + x*c?)(c? +a + 1) > cca(x+y +z)?
& (ctay? — 2c?ayz + az?) + (c?a’y? — 2caxy + c?x?)
+(c*x? — 2c?axz + a’z?) >0
& a(cty - z)2 +cZ(ay — x)% + (c2x — az)2 > 0 - true
~|(y*c2a+z?2a+x*c?)(c? +a+1) > calx +y + 2)?| > (3)
a?".b + a?.b?" + c"a’b

Putting x = a™,y = b",z = ¢"in (1), we arrive at :
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Putting x = a™,y = b",z = ¢" in (2), we arrive at : b2
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Putting x = a™,y = b",z = ¢" in (3), we arrive at : g
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o (1) + (i) + (ii) =
1 1 1
aZn—Z + b2n—1 + c2n + b2n—2 + cZn—l + aZn + cZn—Z + aZn—l + bZn
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1
a3 + b3 +c3>§ - (az + b? +c2>
3 - 3

va®+b3+c3=3 chaz
= 1> YT=>Za2S3—>(°)
cyc

3 3
. . 1 val+b3+c3=3 1
Again, via Holder,a® + b3 + ¢3 > 5 Za = 325 Za

cyc cyc

1
2
Now, via Power Mean Inequality, (

:>Za§3—>(--) & (o) + (ee)>LHSOf (x) <3 +3 =6> (x)istrue

cyc

1 1 1
a2n-2 4 p2n-1 4 ¢2n + b2n-2 4 ¢2n-1 | g2n + c2n-2 4 g2n-1 4 ph2n =1
Vab,c>0|a+b"+c"=3=" iffa=b=c=1(QED)




