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If a, b,c > 0 such that abc = 1 and n,m,t € N, then prove that
at(bn+m _|_ Cn+m) bt(cn+m _|_ an+m) Ct(an+m + bn+m)

>3

Proposed by Zaza Mzhavanadze-Georgia
Solutions 1,2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution 1 :
By AM — GM inequality, we have
Z at(bn+m + Cn+M) - 33\/(abc)t(an+m + bn+m)(bn+m + Cn+m)(cn+m + an+m)
antm 4 pnem T (an+m + bncm)(bn+m + Cnam) (cn+m + anbm)
PN (afl)-’kcm + prtm)(pntm 4 gnim)(entm 4 gnim)
> (a™™ + pc™)(b™™ + ca™)(c™t™ + ab™)
PN z aZ(n+m) (bn+m + cn+m) > z a2n+mbn+2m + z aZ(n+m)bmcn (*)

cyc cyc cyc

By AM — GM inequality, we have a™b™ < .anvtm 4 .b™*™ (and analogs), then
n #1 +m n+m
RHS,) < z artmpntm (_ artm 4 bn+m)
n+m n+m

cyc
+ z aZ(n+m) ( n chtm m _bn+m) — z a2(n+m) (bn+m + Cn+m) — LHS(*),
n+m n+m
cyc cyc

which completes the proof. Equality holds iffa =b =c = 1.

Solution 2 :
By Holder's inequality, we have

a™m + ptc™ < "/ (antm + prtm)n(gnim + cntmym (and analogs)

Then
at(bn+m _|_ Cn+m) at(bn+m + cn+m)
). 3

o aqntm 4 pnem & "+"\‘/(an+m 1+ bn+m)n(an+m T Cn+m)m

AM:_‘GM s at(pntm 4 cnm)
> 3 =3,

"+"{/(an+m + bn+m)n(an+m + Cn+m)m

as desired. Equality holds iffa=b =c = 1.
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