
 
 

If 𝟎 ≤ 𝒙 ≤
𝝅

𝟐
 then: 

𝐚𝐫𝐜𝐬𝐢𝐧(𝐜𝐨𝐬𝟐 𝒙) ≤
𝟐 𝐜𝐨𝐬𝟐 𝒙

𝟏 + 𝐬𝐢𝐧 𝒙
 

Proposed by Daniel Sitaru – Romania  
Solution 1 by Ravi Prakash-New Delhi-India, Solution 2 by David Chatarasvili-
Georgia 
Solution 1 by Ravi Prakash-New Delhi-India 

𝐬𝐢𝐧−𝟏(𝐜𝐨𝐬𝟐 𝒙) ≤
𝟐 𝐜𝐨𝐬𝟐 𝒙

𝟏 + 𝐬𝐢𝐧 𝒙
 

⇔ 𝐬𝐢𝐧−𝟏(𝟏 − 𝐬𝐢𝐧𝟐 𝒙) ≤ 𝟐(𝟏 − 𝐬𝐢𝐧 𝒙) ⇔ 𝐬𝐢𝐧−𝟏(𝟏 − 𝒕𝟐) ≤ 𝟐(𝟏 − 𝒕) 

Let 𝒇(𝒕) = 𝐬𝐢𝐧−𝟏(𝟏 − 𝒕𝟐) − 𝟐(𝟏 − 𝒕) 

𝒇′(𝒕) =
−𝟐𝒕

√𝟏−(𝟏−𝒕𝟐)
𝟐

+ 𝟐 =
−𝟐𝒕

√(𝟐−𝒕𝟐)𝒕𝟐
+ 𝟐 = 𝟐 [𝟏 −

𝟏

√𝟐−𝒕𝟐
] > 𝟎 for 𝟎 < 𝒕 < 𝟏 

⇒ 𝒇(𝒕) increases on [𝟎, 𝟏] 

⇒ 𝒇(𝒕) ≤ 𝒇(𝟏) = 𝟎 for 𝟎 ≤ 𝒕 ≤ 𝟏 ⇒ 𝐬𝐢𝐧−𝟏(𝟏 − 𝒕𝟐) ≤ 𝟐(𝟏 − 𝒕) for 𝟎 ≤ 𝒕 ≤ 𝟏 

Solution 2 by David Chatarasvili-Georgia 

Consider the function: 𝒇(𝒙) = 𝐚𝐫𝐜𝐬𝐢𝐧(𝐜𝐨𝐬𝟐 𝒙) ⋅
𝟐 𝐜𝐨𝐬𝟐 𝒙

𝟏+𝐬𝐢𝐧 𝒙
 

𝒙 ∈ [𝟎,
𝝅

𝟐
] 

𝒇′(𝒙) =
−𝟐 𝐜𝐨𝐬 𝒙 𝐬𝐢𝐧 𝒙

√𝟏 − 𝐜𝐨𝐬𝟒 𝒙
−

−𝟒 𝐜𝐨𝐬 𝒙 𝐬𝐢𝐧 𝒙 (𝟏 + 𝐬𝐢𝐧 𝒙) − 𝐜𝐨𝐬 𝒙 (𝟐 𝐜𝐨𝐬𝟐 𝒙)

(𝟏 + 𝐬𝐢𝐧 𝒙)𝟐
= 

=
𝟐 𝐜𝐨𝐬 𝒙 (𝟐 𝐬𝐢𝐧 𝒙 (𝟏 + 𝐬𝐢𝐧 𝒙) + 𝐜𝐨𝐬𝟐 𝒙)

(𝟏 + 𝐬𝐢𝐧 𝒙)𝟐
−

𝟐 𝐬𝐢𝐧 𝒙 ⋅ 𝐜𝐨𝐬 𝒙

√𝟏 − 𝐜𝐨𝐬𝟒 𝒙
= 

=
𝟐 𝐜𝐨𝐬(𝟐 𝐬𝐢𝐧 𝒙 + 𝟐 𝐬𝐢𝐧𝟐 𝒙 + 𝟏 − 𝐬𝐢𝐧𝟐 𝒙)

(𝟏 + 𝐬𝐢𝐧 𝒙)𝟐
−

𝟐 𝐬𝐢𝐧 𝒙 ⋅ 𝐜𝐨𝐬 𝒙

√𝟏 − 𝐜𝐨𝐬𝟒 𝒙
= 

= 𝟐 𝐜𝐨𝐬 𝒙 (𝟏 −
𝐬𝐢𝐧 𝒙

√𝟏 − 𝐜𝐨𝐬𝟒 𝒙
) =

𝟐 𝐜𝐨𝐬 𝒙 (√𝟏 − 𝐜𝐨𝐬𝟒 𝒙 − 𝐬𝐢𝐧 𝒙)

√𝟏 − 𝐜𝐨𝐬𝟒 𝒙
 

𝒇′(𝒙) = 𝟎 ⇒ [
𝐜𝐨𝐬 𝒙 = 𝟎

√𝟏 − 𝐜𝐨𝐬𝟒 𝒙 = 𝐬𝐢𝐧 𝒙  (𝟐)
 



 
 

(1) ⇒ 𝒙 =
𝝅

𝟐
+ 𝝅𝒌, 𝒌 ∈ ℤ, 𝒙 ∈ [𝟎,

𝝅

𝟐
] ⇒ 𝒙 =

𝝅

𝟐
 

(2) ⇔ 𝟏 − 𝐜𝐨𝐬𝟒 𝒙 = 𝐬𝐢𝐧 𝒙 (𝐬𝐢𝐧 𝒙 ≥ 𝟎; 𝒙 ∈ [𝟎,
𝝅

𝟐
]) 

𝟏 − (𝟏 − 𝐬𝐢𝐧𝟐 𝒙)𝟐 = 𝟏 − (𝟏 − 𝟐 𝐬𝐢𝐧𝟐 𝒙 + 𝐬𝐢𝐧𝟒 𝒙) = 𝟐 𝐬𝐢𝐧𝟐 𝒙 − 𝐬𝐢𝐧𝟒 𝒙 = 

= 𝐬𝐢𝐧𝟐 𝒙 ⇒ 𝐬𝐢𝐧𝟐 𝒙 − 𝐬𝐢𝐧𝟒 𝒙 = 𝟎 ⇒ 𝐬𝐢𝐧𝟐 𝒙 (𝟏 − 𝐬𝐢𝐧𝟐 𝒙) = 𝟎 ⇒ 

⇒ 𝐬𝐢𝐧𝟐 𝒙 ⋅ 𝐜𝐨𝐬𝟐 𝒙 = 𝟎 ⇒ [
𝐬𝐢𝐧 𝒙 = 𝟎
𝐜𝐨𝐬 𝒙 = 𝟎

⇒ 𝐬𝐢𝐧 𝒙 = 𝟎 

𝒙 = 𝝅𝒌, 𝒌 ∈ ℤ; 𝒙 ∈ [𝟎,
𝝅

𝟐
] ⇒ 𝒙 = 𝟎 

{
𝒇′(𝒙) = 𝟎 ⇒ 𝒙 = 𝟎, 𝒙 =

𝝅

𝟐

𝒇′(𝒙) ≥ 𝟎; ∀𝒙 ∈ [𝟎,
𝝅

𝟐
]

⇒ 𝒇(𝒙) strictly increasing function 

𝒇(𝟎) = 𝐚𝐫𝐜𝐬𝐢𝐧 𝟏 −
𝟐

𝟏
=

𝝅

𝟐
− 𝟐 < 𝟎 

𝒇 (
𝝅

𝟐
) = 𝐚𝐫𝐜𝐬𝐢𝐧 𝟎 − 𝟎 = 𝟎 

 

𝐦𝐚𝐱
𝒙∈[𝟎,

𝝅
𝟐

]
𝒇(𝒙) = 𝒇 (

𝝅

𝟐
) = 𝟎 ⇒ ∀𝒙 ∈ [𝟎,

𝝅

𝟐
]  𝒇(𝒙) ≤ 𝟎 ⇒ 𝐚𝐫𝐜𝐬𝐢𝐧(𝐜𝐨𝐬𝟐 𝒙) −

𝟐 𝐜𝐨𝐬𝟐 𝒙

𝟏 + 𝐬𝐢𝐧 𝒙
≤ 𝟎 

⇒ 𝐚𝐫𝐜𝐬𝐢𝐧(𝟔 𝐜𝐨𝐬𝟐 𝒙) ≤
𝟐 𝐜𝐨𝐬𝟐 𝒙

𝟏 + 𝐬𝐢𝐧 𝒙
; ∀𝒙 ∈ [𝟎,

𝝅

𝟐
] 

 

 


