
 
 

If 𝒙, 𝒚, 𝒛 ≥ 𝟎 then: 

√𝒙𝟐 + 𝒛𝟐 + 𝒙𝒛+ √𝒚𝟐 + 𝒛𝟐 + 𝒚𝒛√𝟑 ≥ √𝒙𝟐 + 𝒚𝟐 
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Solution 1 by Ravi Prakash-New Delhi-India 

Let be 𝝎 ∈ ℂ,𝝎𝟑 = 𝟏,𝝎 ≠ 𝟏. 
 

𝒙𝟐 + 𝒛𝟐 + 𝒙𝒛 = |𝒙 +𝝎𝒛|𝟐, 𝒚𝟐 + 𝒛𝟐 + 𝒚𝒛√𝟑 = |𝒊𝒚 −𝝎𝒛|𝟐 

√𝒙𝟐 + 𝒛𝟐 + 𝒙𝒛 + √𝒚𝟐 + 𝒛𝟐 + 𝒚𝒛√𝟑 = |𝒙 + 𝝎𝒛| + |𝒊𝒚 − 𝝎𝒛| ≥ 

≥ |𝒙 +𝝎𝒛 + 𝒊𝒚 − 𝝎𝒛| = |𝒙 + 𝒊𝒚| = √𝒙𝟐 + 𝒚𝟐 
Equality holds for 𝒙 = 𝒚 = 𝒛 = 𝟎. 

 

Solution 2 by proposer 
Let be 𝑴 ∈ 𝑰𝒏𝒕(∆𝑨𝑩𝑪) such that: 

𝒎(∢𝑨𝑴𝑩) = 𝟗𝟎°,𝒎(∢𝑩𝑴𝑪) = 𝟏𝟓𝟎°,𝒎(∢𝑪𝑴𝑨) = 𝟏𝟐𝟎° 
 

{

𝑨𝑪𝟐 = 𝒙𝟐 + 𝒛𝟐 − 𝟐𝒙𝒛𝒄𝒐𝒔𝟏𝟐𝟎° = 𝒙𝟐 + 𝒛𝟐 + 𝒙𝒛

𝑩𝑪𝟐 = 𝒚𝟐 + 𝒛𝟐 − 𝟐𝒚𝒛𝒄𝒐𝒔𝟏𝟓𝟎° = 𝒚𝟐 + 𝒛𝟐 + 𝒚𝒛√𝟑

𝑨𝑩𝟐 = 𝒙𝟐 + 𝒚𝟐
⟹ 

 

⟹

{
 
 

 
 𝑨𝑪 = √𝒙𝟐 + 𝒛𝟐 + 𝒙𝒛

𝑩𝑪 = √𝒚𝟐 + 𝒛𝟐 + 𝒚𝒛√𝟑

𝑨𝑩 = √𝒙𝟐 + 𝒚𝟐

, 𝑨𝑪 + 𝑩𝑪 ≥ 𝑨𝑩⟹ 

 

√𝒙𝟐 + 𝒛𝟐 + 𝒙𝒛 + √𝒚𝟐 + 𝒛𝟐 + 𝒚𝒛√𝟑 ≥ √𝒙𝟐 + 𝒚𝟐 

Equality holds for 𝒙 = 𝒚 = 𝒛 = 𝟎. 

 


