
 
Solve for real numbers: 

𝟒𝐜𝐨𝐬𝟐(
𝒙
𝟐

)
+ 𝐜𝐨𝐬 𝒙 = 𝟒 

Proposed by Khaled Abd Imouti-Syria 

Solution by Pham Duc Nam-Vietnam 

𝟒𝐜𝐨𝐬𝟐(
𝒙
𝟐

) + 𝐜𝐨𝐬(𝒙) = 𝟒 ⇔ 𝟐𝟏+𝐜𝐨𝐬(𝒙) + 𝐜𝐨𝐬(𝒙) = 𝟒, 𝒕 = 𝐜𝐨𝐬(𝒙) , −𝟏 ≤ 𝒕 ≤ 𝟏 

⇔ 𝟐𝟏+𝒕 + 𝒕 = 𝟒, 𝒇(𝒕) = 𝟐𝟏+𝒕 + 𝒕, 𝒇′(𝒕) = 𝟐𝒕+𝟏 𝐥𝐧(𝟐) + 𝟏 > 𝟎, ∀𝒕 ∈ [−𝟏, 𝟏] ⇒ 𝒇(𝒕) is 

strictly increasing on [−𝟏, 𝟏] ⇒ 𝟐𝟏+𝒕 + 𝒕 = 𝟒 has unique root, and 𝒈(𝒕) = 𝟐𝟏+𝒕 + 𝒕 −

𝟒, 𝒈(𝟎) = −𝟐, 𝒈(𝟏) = 𝟏 ⇒ The root lies on (𝟎, 𝟏). 

We have: 𝟐𝟏+𝒕 + 𝒕 = 𝟒 ⇔ 𝟐𝟏+𝒕 = 𝟒 − 𝒕 ⇔ 𝐥𝐧(𝟐) 𝟐𝟏+𝒕 = 𝐥𝐧(𝟐) (𝟒 − 𝒕) ⇔ 

⇔ 𝟐𝟒−𝒕 𝐥𝐧(𝟐) (𝟒 − 𝒕) = 𝟑𝟐 𝐥𝐧(𝟐) ⇔ 

⇔ 𝐥𝐧(𝟐) (𝟒 − 𝒕)𝒆(𝐥𝐧(𝟐)(𝟒−𝒕)) = 𝟑𝟐 𝐥𝐧(𝟐)  →
𝒙𝒆𝒙=𝒛⇒𝒙=𝑾(𝒛)

𝑾(𝐥𝐧(𝟐)(𝟒 − 𝒕)𝒆(𝐥𝐧(𝟐)(𝟒−𝒕))) = 

= 𝑾(𝟑𝟐 𝐥𝐧(𝟐)) 

⇔ 𝐥𝐧(𝟐) (𝟒 − 𝒕) = 𝑾(𝟑𝟐 𝐥𝐧(𝟐)) ⇔ 𝒕 = 𝟒 −
𝑾(𝟑𝟐 𝐥𝐧(𝟐))

𝐥𝐧(𝟐)
≈ 𝟎. 𝟕𝟏𝟓𝟔𝟐𝟎𝟕𝟑𝟑𝟐𝟕𝟓𝟓𝟖𝟔𝟒 

⇒ 𝒙 = ± 𝐚𝐫𝐜𝐜𝐨𝐬 (𝟒 −
𝑾(𝟑𝟐 𝐥𝐧(𝟐))

𝐥𝐧(𝟐)
) + 𝒌𝟐𝝅, 𝒌 ∈ ℤ. 𝑾(𝒛) is the Lambert W function. 


