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Find all values of x,y,z € R such that :
xyz(xy +yz +zx) =x* +y?+z2=3
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

1
a2+b2+c2—ab—bc—ca=5((a—b)2+(b—c)2+(c—a)2)20
=>a’+b%2+c2>ab+bc+cavabceR- (1)
Putting a = xy,b = yz,¢ = zx in (1),2 x’y? > xysz

cyc cyc

vxyzeR-> (2)("="iffx=y=12z) and
via (2)
putting a = x2,b = y%,c = z? in (1),z:x4 > z:xzy2 > xysz

cyc cyc cyc

Vx,y,ZzER-> 3)("="iffx=y=12z)

~(2)+(3) =>Zx4+2x2y2 22xyz2x:2x4+22x2y2 >

cyc cyc cyc cyc cyc
2 2

Zx2y2+2xyz2x: sz ny

cyc cyc cyc cyc

Vx,y,ZER - (4) ("="iffx=y=1z)
Now,V a,b,c > O,Z a > 3.Vabc - assigning a = x%,b = y2,c = 72,

cyc
3

sz > 3./x2y2z2 = Exz 27x%y?*z?

cyc cyc
Vx,y,ZzER - (5) (" =" iff x? = y? = z?)
5 2
~(2)+(3)= z x? | = 27x*y%z? Z xy| vxyzeR
cyc cyc

2 2

x2+y2+z2 =3
("="iffx=y=1z) = 27 sz > 27x2y2z2 ny
cyc cyc

2 2

= sz > x2y?z? zxy vx,y,z€R('="iffx =y =z)|but,

cyc cyc
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2 2
(Z x2> = x?y?z? (Z xy) (v xyz(xy + yz + zx) = x* + y? + z?)

cyc

:-xyz(ny):Zx2=3:>x=y=z.'.x3.3x2=3

cyc cyc

using xyz ny =3 |=>x=1
cyc

.~ (x =y =1z = 1) is the only desired set of values (ans)



