
 
Find all continuous functions 𝒇: ℝ → ℝ  such that 

 
(𝟗𝒙) + 𝒇(𝟏𝟔𝒙) = 𝟐𝒇(𝟏𝟐𝒙)       ,    ∀ ∈ ℝ 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Khaled Abd Imouti-Syria 
 

𝑓(9𝑥) + 𝑓(𝟏𝟔𝒙) = 𝟐𝒇(𝟏𝟐𝒙)           ∀ ∈ ℝ 

 

𝒇 (
  𝟓  

𝟏𝟐
) + 𝒇 (

  𝟏𝟔  

𝟏𝟐
) = 𝟐𝒇(𝒙) 

 

𝟐𝒇(𝒙) = 𝒇 (
  𝟑  

𝟒
𝒙) + 𝒇 (

  𝟒  

𝟑
𝒙) 

 

𝒇(𝒙) =
  𝟏  

𝟐
[𝒇 (

  𝟑  

𝟒
𝒙) + 𝒇 (

  𝟒  

𝟑
𝒙)] 

𝒇 (
  𝟒  

𝟑
𝒙) =

  𝟏  

𝟐
[𝒇(𝒙) + 𝒇 (

  𝟏𝟔  

𝟗
𝒙)] 

𝒇(𝒙) = 𝟐𝒇 (
  𝟒  

𝟑
𝒙) − 𝒇 (

  𝟏𝟔  

𝟗
𝒙) 

In similar way: 

𝒇(𝒙) = 𝟐𝒇 (
  𝟑  

𝟒
𝒙) − 𝒇 (

  𝟗  

𝟏𝟔
𝒙) 

𝟐𝒇(𝒙) = 𝟐 [𝒇 (
  𝟒

𝟑
𝒙) + 𝒇 (

  𝟑  

𝟒
𝒙)] − [𝒇 (

  𝟏𝟔 

𝟗
𝒙) + 𝒇 (

  𝟗 

𝟏𝟔
𝒙)] 

𝟐𝒇(𝒙) = 𝟐(𝟐𝒇(𝒙)) − (𝒇 (
  𝟏𝟔 

𝟗
𝒙) + 𝒇 (

  𝟗  

𝟏𝟔
𝒙)) 

𝟐𝒇(𝒙) = 𝒇 (
  𝟏𝟔  

𝟗
𝒙) + 𝒇 (

  𝟗  

𝟏𝟔
𝒙) 

So  from  (*) and  (**)  : 

, ∀ 𝒏 ≥ 𝟏       𝟐𝒇(𝒙) = 𝒇 ((
  𝟒  

𝟑
)

𝒏

𝒙) + 𝒇 ((
  𝟑  

𝟒
)

𝒏

𝒙) 

𝟐𝒇 ((
  𝟑  

𝟒
)

𝒏

𝒙) = 𝒇(𝒙) + 𝒇 ((
  𝟑  

𝟒
)

𝟐𝒏

𝒙)      (∗∗∗) 

because f is continuous by taking limits of two sides: 

𝒇𝒓𝒐𝒎 (∗∗∗): 𝟐𝒇(𝟎) = 𝒇(𝒙) + 𝒇(𝟎) 

𝒇(𝒙) = 𝒇(𝟎) = 𝒄:  so 

is constant  𝒇:  so 

 


