
 
        In 𝚫𝑨𝑩𝑪 holds: 

∑ 𝒂𝟑

𝒄𝒚𝒄

= 𝟔𝒔𝑹𝟐 ⇒ ∏(𝒃𝟐 + 𝒄𝟐 − 𝒃𝒄 − 𝒂𝟐)

𝒄𝒚𝒄

= 𝟎 

Proposed by Daniel Sitaru – Romania  

Solution  by Tapas Das-India 

(𝒃𝟐 + 𝒄𝟐 − 𝒃𝒄 − 𝒂𝟐) = 𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐 − 𝒃𝒄 = 𝟐𝒃𝒄 𝐜𝐨𝐬 𝑨 − 𝒃𝒄 = 𝒃𝒄(𝟐 𝐜𝐨𝐬 𝑨 − 𝟏)   

(analog) 

∴ ∏ 𝒃𝒄(𝟐 𝐜𝐨𝐬 𝑨 − 𝟏)

𝒄𝒚𝒄

 

= 𝒂𝒃 ⋅ 𝒃𝒄 ⋅ 𝒄𝒂(𝟐 𝐜𝐨𝐬 𝑨 − 𝟏)(𝟐 𝐜𝐨𝐬 𝑩 − 𝟏)(𝟐 𝐜𝐨𝐬 𝑪 − 𝟏) 

= 𝒂𝟐𝒃𝟐𝒄𝟐{−(𝟏 − 𝟐 𝐜𝐨𝐬 𝑨)(𝟏 − 𝟐 𝐜𝐨𝐬 𝑩)(𝟏 − 𝟐 𝐜𝐨𝐬 𝑪)} 

= −𝒂𝟐𝒃𝟐𝒄𝟐 [
𝟏 − 𝟐(𝐜𝐨𝐬 𝑨 + 𝐜𝐨𝐬 𝑩 + 𝐜𝐨𝐬 𝑪) +

+𝟒(𝐜𝐨𝐬 𝑨 𝐜𝐨𝐬 𝑩 + 𝐜𝐨𝐬 𝑩 𝐜𝐨𝐬 𝑪 + 𝐜𝐨𝐬 𝑪 𝐜𝐨𝐬 𝑨) −
−𝟖 𝐜𝐨𝐬 𝑨 𝐜𝐨𝐬 𝑩 𝐜𝐨𝐬 𝑪

] 

= −𝒂𝟐𝒃𝟐𝒄𝟐 [𝟏 − 𝟐 (𝟏 +
𝒓

𝑹
) + 𝟒

𝒔𝟐 + 𝒓𝟐 − 𝟒𝑹𝟐

𝟒𝑹𝟐
− 𝟖

𝒔𝟐 − (𝟐𝑹 + 𝒓)𝟐

𝟒𝑹𝟐
] 

= −
𝒂𝟐𝒃𝟐𝒄𝟐

𝑹𝟐
[𝑹𝟐 − 𝟐𝑹𝟐 − 𝟐𝑹𝒓 + 𝒔𝟐 + 𝒓𝟐 − 𝟒𝑹𝟐 − 𝟐𝒔𝟐 + 𝟐(𝟐𝑹 + 𝒓)𝟐] 

= −
𝒂𝟐𝒃𝟐𝒄𝟐

𝑹𝟐
[−𝑹𝟐 − 𝟐𝑹𝒓 + 𝒔𝟐 + 𝒓𝟐 − 𝟒𝑹𝟐 − 𝟐𝒔𝟐 + 𝟖𝑹𝟐 + 𝟖𝑹𝒓 + 𝟐𝒓𝟐] 

= −
𝒂𝟐𝒃𝟐𝒄𝟐

𝑹𝟐
[𝟑𝑹𝟐 + 𝟔𝑹𝒓 − 𝒔𝟐 + 𝟑𝒓𝟐] = 𝟎 

Note: ∑ 𝒂𝟑 = 𝟔𝒔𝑹𝟐, ∴ 𝟐𝒔(𝒔𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓) = 𝟔𝒔𝑹𝟐, ∴ 𝟑𝑹𝟐 + 𝟔𝑹𝒓 + 𝟑𝒓𝟐 − 𝒔𝟐 = 𝟎 

Using the following relationships: 

𝐜𝐨𝐬 𝑨 + 𝐜𝐨𝐬 𝑩 + 𝐜𝐨𝐬 𝑪 = 𝟏 +
𝒓

𝑹
, ∑ 𝐜𝐨𝐬 𝑨 𝐜𝐨𝐬 𝑩 =

𝒔𝟐 + 𝒓𝟐 − 𝟒𝑹𝟐 

𝟒𝑹𝟐
 

∏ 𝐜𝐨𝐬 𝑨 =
𝒔𝟐 − (𝟐𝑹 + 𝒓)𝟐

𝟒𝑹𝟐
 

 

 

 


