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In any A ABC, the following relationship holds :

2
1+5(ha+hb+hc) > hb+hc+ ha+hc
2r S h, + h, hy + h,
Proposed by Bogdan Fustei-Romania

Solution 1 by Soumava Chakraborty-Kolkata-India, Solution 2 by Mohamed
Amine Ben Ajiba-Tanger-Morocco

Solution 1 by Soumava Chakraborty-Kolkata-India

1+E(ha+hb+hc)22 hb+hch h, + h,
2r S h, + h, hy + h,

R (chc ab)2 - ca+ab bc+ab

1+ — ————
< +2r 4R%s2 +bc+ab+ca+ab
(ab + bc + ca)? - (ca + ab)? + (bc + ab)? + (ca + ab)(bc + ab)
=N
abc(a+b+c) (ca + ab)(bc + ab)

& (ca + ab)(bc + ab)(ab + bc + ca)?
—abc(a + b + ¢)((ca + ab)? + (bc + ab)? + (ca + ab)(bc + ab)) > 0
& a*b* + a?b2c* — 2a3b3c? > 0 © a?b%(ab — c?)? > 0 - true

R /hy+h,+hn* [hy+h. [h,+h,
~ 1 —(“—) > v A ABC (QED
\/ +2r S Jha+hc+ h, + h, (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Lemma : In AABC,we have

b c - vazb? + b%c? + c2a?

PR 2F

()

Proof : Since 16F? = 2(a?b? + b?*c? + c?a?) — (a* + b* + ¢*), then we have

(*) & (b2 + ¢?)\/2(a?b? + b%c? + ca?) — (a* + b* + c*)
< 2bcy a?b? + b%c? + c2a?
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squaring
S (2b%¢% + b* + cH[2(a?b? + b2 + c2a?) — (a* + b* + ¢*)]
< 4b%c?*(a?b? + b?*c? + c?a?)

o —a*(b? + c?)? + 2(b* + c*)(a?b? + c?a?) — (b* + ¢*)?
= —[a?(b* + c*) — (b* + cH)])?* < 0,

which is true and the proof of the lemma is complete.

Now, since /h, + hy,\/hy + h,, /R, + h, can be the sides of triangle with area F’ such that

2 8s%r
16F2 = ZZJha T hy Jhe t Ry — Z,/hb T h, = 42 hyhe = ——

cyc cyc cyc

Then by using the lemma in this triangle, we obtain

2 2 2

\/hb + hc \/ha + hc chc \/ha + hb \/ha + hc _ chc hbhc (chc ha)
+ = 2 - 2 + 2

Jha+he Jhy+h, 4F' 4F' 4F'

_ jl +£(M)Z,
2r S

which completes the proof. Equality hlods iff AABC is equilateral.




