ROMANIAN MATHEMATICAL MAGALZINE

In any A ABC, the following relationship holds :

4
RZ h, > §sinw2pawa

cyc cyc
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Let AS produced meet BC at X and m(5BAX) = a and m(£CAX) = B (say)
and inradius of A DEF = r'(say)

a?\ /b2 a* 1 16r2s?
2 1 —| = = 2hH2 _ 4) —
Now, 16[DEF] —ZE( )( ) 16—16(25ab Ea)— 16

a+b+c
rs PO rs r
=Bl === =g o=z 2@

. . C 2B+C B+m—A
- Spieker center is incenter of A DEF, - m(£AFS) = B + 2=—3 = >

T _A-B nd (4AES) c+B_T_A-C
= —— = —_———
2 2 anam 2= 2 2 °@

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at : AS? =

r? c? 2r ¢y, . A-B r? b? 2r by  A-C
(3)sin ol P (R

_ —)si — — ] S1
4sin2§ 4 Zsing 2 2 4sin22 4 Zsing 2 2
L 2AS2 M r? 2r (c) ~A-B N r?
= —) sin

2

. . C
4sin2- 2sin 5

2
+b 2r (b) . A-C
—_—— —|sin
4 ZsinE 2 2

2

C
+ N
C 4 2 4Sill2§
2 2
2




ROMANIAN MATHEMATICAL MAGALZINE

Avai 2r (c) . A—B+ 2r (b) . A-C
gain,| —— | (=) sin —]sin
Zsing 2 5

_r(4R C . A_B+4R B . A—C)
=3 coszsm > coszsm >
_R (2' A+B . A—B+2_ A+C . A—C)
= Rr|( 2sin > sin > sin > sin >

=Rr (1 - Zsinzg+ 1-— Zsinzg -2 (1 — 2sin? %)
3 2Rr<2a(s —b)(s—c)—b(s—c)(s—a)—c(s—a)(s— b))

abc

= %l;s (2a® + (b + ¢)a? — 2a(b? + ¢?) — (b + ¢)(b — ¢)?)

A . 5A
_ 4(b+ c)bcsin’ % — 2a.2bccosA bc ((ZS —a)sin’*2 —a (1 — 2sin® g))

8s 2s
. oA
bc((25+a)sm E—a) (25 + a)(s —b)(s — ¢
= = — 2Rr
2s 2s
R 2r (c) . A-B 2r (b) . A-C
— —)sin — — ] sin
Zsing 2 2 Zsing 2 2
x —(2s+ —b)(s—
O —@sta)(s=b)s—0) o
2s
Al r2 N r2 rz( ca N ab )
so, =—
4sin2§ 4sin2§ 4\(s-o(s—a) (s—a)(s—b)
r? ab + ca (=) r? r2
=-——(ca(s—b) + ab(s—¢)) = —2Rr =

+
. B ., C
4r2s 4s1n25 4sm25

] _b2+c?+ab+ca (2s+a)(s—b)(s—c)
(1), (x), (++) = 2AS? = - 23

4
_(@a+b+)(b?2+c*+ab+ca)—(2a+b+c)(c+a-b)(a+b-c)

8s
b3 + ¢ — abc + a(2b? + 2¢% — a?) G b3 + ¢ — abc + a(4m3)
= = 2AS? =

4s 4s
. r AS cAS
Via sine law on A AFS, c = B = <
ZsinE sina Cos—— (a+ b)sinz
= esi ¢=s)r(a+b) d via sine 1 A AES bsi G r(@a+c)
csina = — - and viasine awlon } s;nB = 35S
Now, [BAX] + [BAX] = [ABC] = Epacsina + 2 p.bsinp
_ via (***)i)nd G+ pg(a+b+a+c) oy - 4s A
- 4AS ST PeT ot a
=>p2-mi= __2s (b3 + ¢ —abc + a(4m2)) — m?
. ¢ (2s+ a)? . @
2s 8sa
= (0% + & —abe) - (1- o ) m?
(Zs+a)2( ¢? —abc) 2s+a)2/ ¢



ROMANIAN MATHEMATICAL MAGALZINE

_4(a+b+0)(b3+ ¢ —abc)— (2b% + 2¢2 — a?) (b + ¢)?
- 4(2s + a)?
a*(b—c)? +4a(b+c)(b—c)? +2(b% - cz)2

a 4(2s + a)?
((a2 +2ab+c)+(b+0)?)+((b+c)?+2a+c)+a?) - az)
_ (b—0)? _ (b—0)%(8s? —a?)
T 4(2s+ a)? (2(a+b+0)*—a®) = 4(2s + a)?

2 2 ® (b — ¢)?(8s% — a?)
“ @ 4(25 + a)2
pa ? m via (v)

Now, p2w? <m4=>——1<——1 =
ma a 2
(b— c) s(s—a)(b—c)
(b—C)2(8S _aZ) 2 s(s—a)+ (S(S—d)—W)
4(2s+ a)?m? & w?
(b —0)?(4s(s—a) + (b+¢)?)

4(b + c)2w?

_ b-o?
"~ 4(2s + a)?

and - (b —¢)? > 0 and wZ < m2

8s2—a? 4s(s—a)+(b+c)?

=~ in order to prove (m), it suffices to prove :

(2s+ a)? (b +¢c)?
- 8s? — a? 4s(s—a)+(Zs—a)2(:) 8s? — a? <8sz—85a+a2
(2s + a)? (2s— a)? (2s+ a)? (2s — a)?

& (8s2 —8sa+ a?)(2s + a)? > (8s? — a?)(2s — a)?
© 16s® —12s?a—4sa’+a® >0 12s?(s—a) +4s(s—a)(s+a)+a®> >0
>truevs—a>0 . piw2 < m} = p,w, < m?2 and analogs

2rs
:>§smm.2pawag—. Zma
cyc Z a?b? ‘cyc
’ cyc \4

4 2rs

== — = 2(s —4Rr—r2)<RZh =

3 f
chca b2 cyc

2
1 Z b ; 16r?s?(s? — 4Rr — rz)2
P a >
4 Ycyc a*b?

2

?
=N Z a’b? Z ab | > 64r?s%(s? — 4Rr — rz)2

cyc cyc (@)
2

Z cyc ab

cyc

1
Now,z a’b? > 3 Z ab | > 8Rrs? = LHS of (2) >
cyc cyc
?
8Rrs?(s? + 4Rr + rz)2 > 64r%s?(s% — 4Rr — rz)z
& (R—2r)s* — 6rs* + rs?(8R? + 66Rr + 16r?)
?

+r2(16R? — 120R?r — 63Rr? — 8r3) > 0
@



ROMANIAN MATHEMATICAL MAGALZINE

_ Gerretsen (R — 2r)(16Rr — 5r?) — 6r(4R? + 4Rr + 3r?)) ,
Again,LHS of (B2) > ) ” s
+r(8R?% + 66Rr + 16r?)
+r2(16R® — 120R?r — 63Rr? — 8r3) = r?(5R + 8r)s?
Gerretsen
+r?(16R® — 120R’r — 63Rr2 — 8r®) > r%(5R+8r)(16Rr — 5r?)
? ? R
+r2(16R3 — 120R’r — 63Rr? — 8r3) > 0 © 2t -5t + 5t — 6 > 0 (t = ;)

? Euler
= (t—Z)(th—t+3) >0->true~wt > 2= (AR) = (@) istrue =

4
R. z h, > 3 sinw. Z pPaW. YV AABC,” =" iff A ABC is equilateral (QED)

cyc cyc



