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If x,y,z > 0 then in AABC the following relationship holds:

mompym, 4|W,wpw,
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Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
We have the following known formula (see [1, pp. 1]),
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And by the formulas for median and angle bisector of triangle ABC, m,*?
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Using these identities, we have
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and since h,hyh, = ,then we get
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So it suffices to prove that

R(xh, + yhy, + zh,.) = 2F,/xy + yz + zx or xbc + yca + zab > 4F /xy + yz + zx.

Letu = xbc,v := yca,w := zab. The last inequality is equivalent to

uv vw wu

ut+v+w=4F + +
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squaring

—_ 8F? 8F? 8F?
S utvi+we=2 abcz_l uv + 2 azbc_l vw + 2 abzc_l wu

e u?+v2+w?>22sindsinB—1)uv +2(2sinBsinC — 1)vw + 2(2sin Csin 4 — 1)wu,
and since 2 sin BsinC = cos A + cos(B — C) < cos A + 1, so it suffices to prove that
u? +v*+w?>2cosC.uv+2cosA.vw+2cosB.wu
e u?+v?2+w?>2cosC.uv + 2(sin B sin C — cos B cos C).vw + 2 cos B.wu
& (u—vcosC—wcosB)? + (vsinC —wsinB)? > 0,
which is true and the proof is complete. Equality holds iff AABC is equilateral.
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