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In any A ABC, the following relationship holds :

z J@2ra+hyg, = z Pa. |— e

I, +r. —4r

cyc cyc
Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

A

B

Let AS produced meet BC at X and m(5BAX) = a and m(5CAX) = B (say)
and inradius of A DEF = r’'(say)
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Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
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=Rr(231n 2 sin 2 + 2sin 2 sin 2

= Rr(l - Zsinzg+ 1-— Zsinzg— 2 (1 — 2sin? %))
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2r ¢y, . A—-B 2r by . A-C
Now, (—) sin + B (—) sin

+ 4Rcos —sin

= % (2a® + (b + ©)a? — 2a(b? + ¢%) — (b + c)(b — ©)?)
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=——(ca(s—b) +ab(s —¢)) =—————2Rr| = =+ =
ars 4 4sin?>  4sin? >
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(i), (), (x) = 2AS% = 2 s
_(a+b+c)(b*+c?+ab+ca)—(2a+b+c)(c+a—-b)la+b-c)

8s
_ b%+c® —abc+ a(2b? + 2¢% - a?) - 2AS2 b3 + ¢3 — abc + a(4m3)
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Via sine law on A AFS, = i c
2sin 2 sina  cos — (a+ b)sin;

() r(a+ b) (%) T(@ + €)
o _

= csina = “2AS and via sine law on A AES, bsinf = 2AS
Now, [BAX] + [BAX] = [ABC] = %pacsina + %pabsin[} =rs
via (+) and (+) p,(a+b + a + ¢) 4s
=z 4AS =s=>p“=25+aAS

via(i) 16s®> b3+ c3 —abc+ a(4m3)
>p: = .
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L2 |© 2s 3 .3 2
~Pal= 25 + a)? (b + ¢® —abc + a(4ma))
Now, b3 + ¢ — abc + a(4m3) = b® + ¢3 — abc + a(2b? + 2¢? — a?)
= (b + ¢)(b? — bc + ¢2) + a(b? — bc + ¢2) + a(b? + ¢ — a?)
= 2s(b? — bc + %) + a(b? — bc + ¢ + bc — a?)
b 2 _ b— 2
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= (2s + a). 2 ( )— ( 2 ) =
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4

(2s + a).

4
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Now,m,n, > p2 + 18
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= (Zs+a)(s(s—a)+%(b—c)2 +
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s 1 2s(B3s+a)(b—-c)? 1

a 4 (2s + a)? 9
2 2
s s“(3s+a) 1 s(3s+a) ?

> — - b-—c)?=>0(v(b-0c)?=0

<4a 2sta* 324 9astaz) P9 (b -0?*20)
s(s — a)(144s3 — 52s%a — 16sa® + 5a3)
= +
36a(2s + a)?
1296s5 — 772s*a — 608s3a? + 48s%a® + 37sa* — a®

324a(2s + a)*
s(s—a) ((s — a)(144s% + 92sa + 76a?) + 81a3)
< 36a(2s + a)?
(s — a) ((s — a)(1296s® + 1820s%a + 1736sa® + 1700a3) + 1701a4)

324a(2s + a)*
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(b—-c)2=>0

+

.(b—1c)?

(b —¢)?
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Also, Stewart’s theorem = b%(s — ¢) + ¢?(s —b) = an? + a(s —b)(s — ¢)

and b%(s —b) + ¢?(s — ¢) = ag? + a(s — b)(s — ¢) and via summation, we get :

(b%? + c?)(2s —b —c¢) = an? + ag? + 2a(s —b)(s — ¢) = 2a(b? + ¢?) =
2a(n%+ g3)+a(a+b—c)(c+a—b)=2(0b*+c?) =2(nZ+g3)+
a’?—(b-c)?=2(b*+c?)—a’+(b—c)?=2(nZ+ g32)=4m3 + (b —c)?
=2(n2+g%)=>2(b—-c)?+4s(s—a) =2(nZ + g2)

:n,zl+g,21(b—c)2+25(s—a)

Again, Stewart’s theorem = b?(s — ¢) + c?(s — b) = an? + a(s — b)(s — ¢)
= s(b? + ¢2) — bc(2s — a) = anZ + a(s* — s(2s — a) + bc) = s(b? + ¢%) — 2sbc
= an + a(as — s?) = s(b? + ¢ — a® — 2bc) = an? — as? = an? = as® +

4sbc(s —b)(s—¢)

2 2
= pg = mgn, =pg; > ®

?
> 0 - true (strict inequality) . mgn, > p2 +

A
s(2bccos A — 2bc) = as? — 4sbcsin? 2= as? —

bc
5 <a2—(b—c)2> ) < az—(b—c)z)
=as’—-as|———— |=sni=ss———

a a

.o S
= n2 e s(s—a) +E(b — ¢)?

Via (0) and (oo)’we get: gg — (b _ C)Z + ZS(S _ a) _g2 " 4S(S — b)(s — c)
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a
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a
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a
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a
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Y
=>n2g%|=|s(s—a) (s(s —a)+(b—-c)?- (b aZC) )
(b —c)? + 4s(s — a) 4bcs(s — a)

. 22 —
Again, mgyw; = 2 b+ 0?2
(mm) bc
2.2 [\ _ — )2 _
>m;w; | = |s(s—a) b1 02 ((b c)“ + 4s(s a))
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(b—o)* bc

=s(s—a)(S(S—a)+(b_c)2_ a2 (b+c)?

((b — )% +4s(s — a))>

2 _ (h_ 2
s(s—a)+ (b—c)? (M)
=s(s—a) be a
—m((b — C)Z + (b + C)Z — az)
o2
=s(s—a) <s(s —a) —bc+ (a?—(b—1c)?) <(b aZC) + C l-)l_cc)2>>
= S(S; @) (((b +¢)%2 —a? —4bc) + (a® — (b — ©)?) <4(b 5 o + (b4-|l—)((::)2>>
_s(s—a) 4(b — ) 4bc
) <(b —o?—a’+(a® - ©?) ( a2 (b T c)z))
_s(s—a) 4(b — c)2 4bc
= ( - ) az (b +¢)2 - )
_s(s—a) 4b-c)? (b—-0)?\ 4 1
== .4(s—b)(s—c)< aZZ —inZ);) Zr 262(p — ¢)? (az m)
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=risi(b - C)Z( b+c>< a(b+c¢) )20

= nlzlga 2 maW(% = naga 2 mawa - ®®
2rs  2rs s rs 4rs
Wehave:(Zra+ha)(rb+rc—4r)=(s_a a)(s—b p— s)
_2r’s%(s(s—c) +s(s—b) —4(s —b)(s — 0))

a(s—a)(s—b)(s—c¢)

2r2s? ia (os)
=— (s@2s—2s+a)—a +(b—c)2)—2(s(s—a)+ (b—c))vm= 2n2
n via®® n.m,.w, via ®®
= (2r, + hy)(r, + r. — 4r). Zga a9 > N |
p2.2wW, piw, Piw,

= /(2rg + hy) (1 + 1o — 41). g4 = Pa./2W,

2w,
=+ (2r, +hy)gs = pa- |———— and analogs

Iy + e — 4r

:Z,/(Zra+ha)ga_z Pa- m VvV A ABC,
cyc cyc

" =""iff A ABC is equilateral (QED)



