
 
In 𝚫𝑨𝑩𝑪 the following relationship holds: 

(∑ √𝐬𝐢𝐧𝑨
𝟓

𝒄𝒚𝒄

)(∑ √𝐬𝐢𝐧
𝑨

𝟐

𝟓

𝒄𝒚𝒄

) ≤ √
𝟑𝟐𝟏

𝟏𝟔

𝟏𝟎

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by George Florin Serban 

𝒇: (𝟎,𝝅) → (𝟎, 𝟏], 𝒇(𝒙) = √𝐬𝐢𝐧 𝒙
𝟓

= (𝐬𝐢𝐧 𝒙)
𝟏
𝟓 

𝒇′(𝒙) =
𝟏

𝟓
(𝐬𝐢𝐧 𝒙)−

𝟒
𝟓 ⋅ 𝐜𝐨𝐬 𝒙 , 𝒇′′(𝒙) = −

𝟒

𝟐𝟓
(𝐬𝐢𝐧 𝒙)−

𝟗
𝟓 𝐜𝐨𝐬𝟐 𝒙 −

𝟏

𝟓
(𝐬𝐢𝐧𝒙)−

𝟒
𝟓 𝐬𝐢𝐧𝒙 < 𝟎 

(∀)𝒙 ∈ (𝟎,𝝅) ⇒ 𝒇 concave 

𝒇(
𝑨 + 𝑩 + 𝑪

𝟑
) ≥

∑ 𝒇(𝑨)𝒄𝒚𝒄

𝟑
⇒

𝑱𝒆𝒏𝒔𝒆𝒏

∑𝒇(𝑨)

𝒄𝒚𝒄

≤ 𝟑𝒇(𝟔𝟎°) ⇒∑ √𝐬𝐢𝐧𝑨
𝟓

𝒄𝒚𝒄

≤ 𝟑(
√𝟑

𝟐
)

𝟏
𝟓

 

𝒈: (𝟎,𝝅) → (𝟎, 𝟏), 𝒈(𝒙) = √𝐬𝐢𝐧
𝒙

𝟐

𝟓
= (𝐬𝐢𝐧

𝒙

𝟐
)

𝟏
𝟓

 

𝒈′(𝒙) =
𝟏

𝟓
(𝐬𝐢𝐧

𝒙

𝟐
)
−
𝟒
𝟓 𝟏

𝟐
𝐜𝐨𝐬

𝒙

𝟐
=
𝟏

𝟏𝟎
(𝐬𝐢𝐧

𝒙

𝟐
)
−
𝟒
𝟓
𝐜𝐨𝐬

𝒙

𝟐
 

𝒈′′(𝒙) = −
𝟒

𝟓𝟎
(𝐬𝐢𝐧

𝒙

𝟐
)
−
𝟗
𝟓
⋅
𝟏

𝟐
⋅ 𝐜𝐨𝐬𝟐

𝒙

𝟐
−
𝟏

𝟏𝟎
(𝐬𝐢𝐧

𝒙

𝟐
)
−
𝟒
𝟓
⋅
𝟏

𝟐
𝐬𝐢𝐧

𝒙

𝟐
 

𝒈′′(𝒙) < 𝟎, (∀)𝒙 ∈ (𝟎,𝝅) ⇒ 𝒈 concave → Jensen 

𝒈(
𝑨 + 𝑩 + 𝑪

𝟑
) ≥

∑ 𝒈(𝑨)𝒄𝒚𝒄

𝟑
⇒∑𝒈(𝑨)

𝒄𝒚𝒄

≤ 𝟑𝒈(𝟔𝟎∘) ⇒ ∑√𝐬𝐢𝐧
𝑨

𝟐

𝟓

𝒄𝒚𝒄

≤ 𝟑(
𝟏

𝟐
)

𝟏
𝟓

 

⇒ (∑√𝐬𝐢𝐧 𝑨
𝟓

𝒄𝒚𝒄

) ⋅ (∑√𝐬𝐢𝐧
𝑨

𝟐

𝟓

𝒄𝒚𝒄

) ≤ 𝟗(
√𝟑

𝟒
)

𝟏
𝟓

=
𝟑𝟐+

𝟏
𝟏𝟎

𝟒
𝟏
𝟓

= 

=
𝟑
𝟐𝟏
𝟏𝟎

𝟐
𝟐
𝟓

=
√𝟑𝟐𝟏
𝟏𝟎

𝟐
𝟒
𝟏𝟎

=
√𝟑𝟐𝟏
𝟏𝟎

√𝟐𝟒
𝟏𝟎 = √

𝟑𝟐𝟏

𝟏𝟔

𝟏𝟎

 



 

⇒ (∑√𝐬𝐢𝐧 𝑨
𝟓

𝒄𝒚𝒄

) ⋅ (∑√𝐬𝐢𝐧
𝑨

𝟐

𝟓

𝒄𝒚𝒄

) ≤ √
𝟑𝟐𝟏

𝟏𝟔

𝟏𝟎

 

Solution 2 by Tapas Das-India 

𝐬𝐢𝐧𝟐 𝑨 + 𝐬𝐢𝐧𝟐 𝑩+ 𝐬𝐢𝐧𝟐 𝑪 =
𝒂𝟐

𝟒𝑹𝟐
+
𝒃𝟐

𝟒𝑹𝟐
+
𝒄𝟐

𝟒𝑹𝟐
=
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝟒𝑹𝟐
 

≤
𝟗𝑹𝟐

𝟒𝑹𝟐
=
𝟗

𝟒
 

∑√𝐬𝐢𝐧𝑨
𝟓

≤
𝑳𝒆𝒊𝒃𝒏𝒊𝒛

∑ √𝐬𝐢𝐧𝟐 𝑨
𝟏𝟎

≤
𝑪𝑩𝑺 𝟑

𝟑𝟏𝟎
(∑𝐬𝐢𝐧𝟐 𝑨)

𝟏
𝟏𝟎
≤
𝟑

𝟑𝟏𝟎
⋅ (
𝟗

𝟒
)

𝟏
𝟏𝟎

 

Let 𝒇(𝒙) = 𝐬𝐢𝐧
𝒙

𝟐
, 𝒙 ∈ (𝟎,𝝅) 

𝒇′(𝒙) =
𝟏

𝟐
𝐜𝐨𝐬

𝒙

𝟐
 

𝒇′′(𝒙) = −
𝟏

𝟒
𝐬𝐢𝐧𝟐

𝒙

𝟐
< 𝟎 

∴ 𝒇 is concave 

𝒇 (
𝑨

𝟐
) + 𝒇(

𝑩

𝟐
) + 𝒇 (

𝑪

𝟐
) ≤ 𝟑𝒇(

𝑨 + 𝑩 + 𝑪

𝟔
) 

∴ ∑𝐬𝐢𝐧
𝑨

𝟐
                    = 𝟑 ⋅ 𝐬𝐢𝐧

𝝅

𝟔
=
𝟑

𝟐
 

∑√𝐬𝐢𝐧
𝑨

𝟐

𝟓

≤
𝑪𝑩𝑺 𝟑

𝟑
𝟏
𝟓

(∑(𝐬𝐢𝐧
𝑨

𝟐
))

𝟏
𝟓

 

=
𝟑

𝟑
𝟏
𝟓

(
𝟑

𝟐
)

𝟏
𝟓
=
𝟑

𝟐
𝟏
𝟓

 

∑√𝐬𝐢𝐧𝑨
𝟓

⋅∑ √𝐬𝐢𝐧
𝑨

𝟐

𝟓

=
(𝟑𝟏𝟎)

𝟏
𝟏𝟎

(𝟐𝟐)
𝟏
𝟏𝟎

 

≤
𝟑

𝟑𝟏𝟎
(
𝟗

𝟒
)

𝟏
𝟏𝟎
⋅
(𝟑𝟏𝟎)

𝟏
𝟏𝟎

(𝟐𝟐)
𝟏
𝟏𝟎

= (
𝟑𝟏𝟎 ⋅ 𝟑𝟐 ⋅ 𝟑𝟏𝟎

𝟑 ⋅ 𝟐𝟐 ⋅ 𝟐𝟐
)

𝟏
𝟏𝟎

= (
𝟑𝟐𝟏

𝟏𝟔
)

𝟏
𝟏𝟎

 

 



 
Solution 3 by Khaled Abd Imouti-Syria 

Let be the function: 

𝒇(𝒙) = √𝐬𝐢𝐧𝒙
𝟓

, 𝒙 ∈ ]𝟎,𝝅[ 

𝒇(𝒙) = (𝐬𝐢𝐧 𝒙)
𝟏
𝟓, 𝒇(𝒙) 
′ =

𝟏

𝟓
(𝐬𝐢𝐧𝒙)−

𝟒
𝟓 ⋅ 𝐜𝐨𝐬 𝒙 

𝒇(𝒙) 
′′ =

𝟏

𝟓
[−
𝟒

𝟓
(𝐬𝐢𝐧𝒙)−

𝟗
𝟓 𝐜𝐨𝐬𝟐 𝒙

⏟            
<𝟎

− 𝐬𝐢𝐧𝒙 ⋅ (𝐬𝐢𝐧 𝒙)−
𝟒
𝟓⏟          

<𝟎

] < 𝟎 

So 𝒇 is a concave function 

∑ √𝐬𝐢𝐧𝑨
𝟓

𝒄𝒚𝒄 ≤ √𝐬𝐢𝐧 (
𝑨+𝑩+𝑪

𝟑
)

𝟓
, ∑ √𝐬𝐢𝐧𝑨

𝟓

𝒄𝒚𝒄 ≤ 𝟑√
√𝟑

𝟐

𝟓

= 𝟑
(𝟑)

𝟏
𝟏𝟎

(𝟐)
𝟏
𝟓

    (*) 

Let be the function: 𝒈(𝒙) = √𝐬𝐢𝐧
𝒙

𝟐

𝟓
, 𝒙 ∈ ]𝟎,𝝅[ 

in similar way 𝒈 is concave function 

So: ∑ √𝐬𝐢𝐧
𝑨

𝟐

𝟓

𝒄𝒚𝒄 ≤ 𝟑√𝐬𝐢𝐧 (
𝑨

𝟐
+
𝑩

𝟐
+
𝑪

𝟐

𝟑
)

𝟓

→ ∑ √𝐬𝐢𝐧
𝑨

𝟐

𝟓

𝒄𝒚𝒄 ≤ 𝟑√
𝟏

𝟐

𝟓
   (**) 

⇒ from (*) and (**) 

(∑√𝐬𝐢𝐧𝑨
𝟓

𝒄𝒚𝒄

) ⋅ (∑√𝐬𝐢𝐧
𝑨

𝟐

𝟓

𝒄𝒚𝒄

) ≤ 𝟗 ⋅
(𝟑)

𝟏
𝟏𝟎

(𝟐)
𝟐
𝟓

=
(𝟑)𝟐 ⋅ (𝟑)

𝟏
𝟏𝟎

(𝟒)
𝟏
𝟓

=
(𝟑)

𝟐𝟏
𝟏𝟎

(𝟒𝟐)
𝟏
𝟏𝟎

= √
𝟑𝟐𝟏

𝟏𝟔

𝟏𝟎

 

 

 

 


