
 
 

If 𝑯 −orthocenter in acute  ∆𝑨𝑩𝑪, 𝑨𝑫,𝑩𝑬, 𝑪𝑭 −altitudes,  

𝑯𝑫 = 𝒙,𝑯𝑬 = 𝒚,𝑯𝑭 = 𝒛 then: 

𝒙𝒚

𝒛
+
𝒚𝒛

𝒙
+
𝒛𝒙

𝒚
≥
𝟐

𝑹
∙ (𝑹𝟐 − 𝒓𝟐) 

Proposed by Ertan Yildirim-Turkiye 
Solution by Daniel Sitaru-Romania 

𝒄𝒐𝒔𝑩 =
𝑩𝑫

𝑨𝑩
⟹ 𝑩𝑫 = 𝒄 ∙ 𝒄𝒐𝒔𝑩 

 

𝒕𝒂𝒏 (
𝝅

𝟐
− 𝑪) =

𝑯𝑫

𝑩𝑫
⟹ 𝑯𝑫 = 𝑩𝑫 ∙ 𝒄𝒐𝒔𝑪 = 𝒄 ∙ 𝒄𝒐𝒔𝑩𝒄𝒐𝒕𝑪 = 

= 𝟐𝑹𝒔𝒊𝒏𝑪𝒄𝒐𝒔𝑩 ∙
𝒄𝒐𝒔𝑪

𝒔𝒊𝒏𝑪
= 𝟐𝑹𝒄𝒐𝒔𝑩𝒄𝒐𝒔𝑪 

 

{
𝒙 = 𝟐𝑹𝒄𝒐𝒔𝑩𝒄𝒐𝒔𝑪
𝒚 = 𝟐𝑹𝒄𝒐𝒔𝑪𝒄𝒐𝒔𝑨
𝒛 = 𝟐𝑹𝒄𝒐𝒔𝑨𝒄𝒐𝒔𝑩

⟹∑
𝒙𝒚

𝒛
𝒄𝒚𝒄

=∑
𝟐𝑹𝒄𝒐𝒔𝑩𝒄𝒐𝒔𝑪 ∙ 𝟐𝑹𝒄𝒐𝒔𝑪𝒄𝒐𝒔𝑨

𝟐𝑹𝒄𝒐𝒔𝑨𝒄𝒐𝒔𝑩
𝒄𝒚𝒄

= 

 

= 𝟐𝑹 ∙∑𝒄𝒐𝒔𝟐𝑪

𝒄𝒚𝒄

= 𝟐𝑹 ∙
𝟔𝑹𝟐 + 𝟒𝑹𝒓 + 𝒓𝟐 − 𝒔𝟐

𝟐𝑹𝟐
= 

 

=
𝟏

𝑹
(𝟔𝑹𝟐 + 𝟒𝑹𝒓 + 𝒓𝟐 − 𝒔𝟐) ≥⏞

𝑮𝑬𝑹𝑹𝑬𝑻𝑺𝑬𝑵

 

 

≥
𝟏

𝑹
(𝟔𝑹𝟐 + 𝟒𝑹𝒓 + 𝒓𝟐 − 𝟒𝑹𝟐 − 𝟒𝑹𝒓 − 𝟑𝒓𝟐) =

𝟐

𝑹
∙ (𝑹𝟐 − 𝒓𝟐) 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

 
 


