
 
In ∆𝑨𝑩𝑪 ,𝒎(𝑩𝑨𝑪) = 𝟗𝟎°, 𝑨𝑫 ⊥ 𝑩𝑪 , 𝑹𝟏, 𝑹𝟐-circumradii and 𝒓𝟏, 𝒓𝟐-inradii 

Prove that: 
𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄
𝒓 + 𝒓𝟏 + 𝒓𝟐

≥ (√𝟐 + 𝟏)
𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄
𝑹 + 𝑹𝟏 + 𝑹𝟐

 

 

Proposed by Marin Chirciu-Romania 

Solution by Mirsadix Muzefferov-Azerbaijan 

Obviously,we have to prove that: 

𝑹 + 𝑹𝟏 +𝑹𝟐
𝒓 + 𝒓𝟏 + 𝒓𝟐

≥ √𝟐+ 𝟏   (𝟏) 

 

It is known that: 

In ∆𝑨𝑩𝑫 (≮ 𝑫 = 𝟗𝟎°)   𝑹𝟏 =
𝒄

𝟐
 , 𝒓𝟏 =

𝒎+𝒉−𝒄

𝟐
 

In ∆𝑨𝑪𝑫 (≮ 𝑫 = 𝟗𝟎°)  𝑹𝟐 =
𝒃

𝟐
 , 𝒓𝟐 =

𝒎+𝒉−𝒃

𝟐
 

In ∆𝑩𝑨𝑪 (≮ 𝑨 = 𝟗𝟎°)   𝑹 =
𝒂

𝟐
 , 𝒓 =

𝒃+𝒄−𝒂

𝟐
 

Consider the given (𝟏): 

 

𝑹 + 𝑹𝟏 + 𝑹𝟐
𝒓 + 𝒓𝟏 + 𝒓𝟐

=

𝒂
𝟐 +

𝒄
𝟐 +

𝒃
𝟐

𝒃 + 𝒄 − 𝒂
𝟐 +

𝒎 + 𝒉 − 𝒄
𝟐 +

𝒏 + 𝒉 − 𝒃
𝟐

= 

=
𝒂 + 𝒃 + 𝒄

𝒃 + 𝒄 − 𝒂 +𝒎+ 𝒉 − 𝒄 + 𝒏 + 𝒉 − 𝒃
=

𝒂 + 𝒃 + 𝒄

(𝒎 + 𝒏)⏟    
𝒂

+ 𝟐𝒉− 𝒂
= 

=
𝒂 + 𝒃 + 𝒄

𝟐𝒉
=
𝟐𝒑

𝟐𝒉
=
𝒑

𝒉
=

𝟑
𝒓
𝟐𝑺
𝒂

=
𝒂

𝟐𝒓
 

𝑹 + 𝑹𝟏 +𝑹𝟐
𝒓 + 𝒓𝟏 + 𝒓𝟐

=
𝒂

𝟐𝒓
=

𝒂

𝒃 + 𝒄 − 𝒂
=

𝟐𝑹

𝟐𝑹𝒔𝒊𝒏𝑩 + 𝟐𝑹𝒔𝒊𝒏𝑪 − 𝟐𝑹
=

𝟐𝑹

𝟐𝑹(𝒔𝒊𝒏𝑩 + 𝒔𝒊𝒏𝑪 − 𝟏)
= 

=
𝟏

𝒔𝒊𝒏𝑩 + 𝒔𝒊𝒏𝑪 − 𝟏
=

𝟏

𝟐𝒔𝒊𝒏
𝑩 + 𝑪
𝟐

∙ 𝒄𝒐𝒔
𝑩 − 𝑪
𝟐

− 𝟏
=

𝟏

√𝟐𝒄𝒐𝒔
𝑩 − 𝑪
𝟐

− 𝟏
   

𝒔𝒊𝒏
𝑩 + 𝑪

𝟐
= 𝐬𝐢𝐧

𝝅

𝟒
=
√𝟐

𝟐
 ;  𝟎 ≤ 𝐜𝐨𝐬

𝑩 − 𝑪

𝟐
≤ 𝟏 



 
Therefore 

𝑹 + 𝑹𝟏 +𝑹𝟐
𝒓 + 𝒓𝟏 + 𝒓𝟐

=
𝟏

√𝟐𝒄𝒐𝒔
𝑩 − 𝑪
𝟐 − 𝟏

≥
𝟏

√𝟐 − 𝟏
= √𝟐 + 𝟏  (𝒒𝒆𝒅) 

So, 
𝑹 + 𝑹𝟏 + 𝑹𝟐
𝒓 + 𝒓𝟏 + 𝒓𝟐

≥ √𝟐 + 𝟏   


