
 
𝐈𝐧 𝒂𝐧𝐲 𝒂𝐜𝐮𝐭𝐞 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝒂√𝐭𝒂𝐧 𝐀 + 𝐛√𝐭𝒂𝐧 𝐁 + 𝐜√𝐭𝒂𝐧 𝐂 ≥ 𝟐𝐩 √𝟑
𝟒

 

  Proposed by Vasile Mircea Popa-Romania 

Solution 1 by Soumava Chakraborty-Kolkata-India 

𝐬𝐢𝐧 𝟐𝐀 + 𝐬𝐢𝐧 𝟐𝐁 + 𝐬𝐢𝐧 𝟐𝐂 = 𝟐 𝐬𝐢𝐧 𝐀 𝐜𝐨𝐬 𝐀 + 𝟐 𝐬𝐢𝐧 𝐀 𝐜𝐨𝐬(𝐁 − 𝐂) 

= 𝟐 𝐬𝐢𝐧 𝐀 (𝐜𝐨𝐬(𝐁 − 𝐂) − 𝐜𝐨𝐬(𝐁 + 𝐂)) = 𝟒 𝐬𝐢𝐧 𝐀 𝐬𝐢𝐧 𝐁 𝐬𝐢𝐧 𝐂 = 𝟒.
𝟒𝐑𝐫𝐩

𝟖𝐑𝟑
 

⇒ ∑ 𝐬𝐢𝐧 𝟐𝐀

𝐜𝐲𝐜

=
𝟐𝐫𝐩

𝐑𝟐
→ (𝟏) 

𝐍𝐨𝐰, 𝒂√𝐭𝒂𝐧 𝐀 + 𝐛√𝐭𝒂𝐧 𝐁 + 𝐜√𝐭𝒂𝐧 𝐂 = ∑ ((𝟐𝐑 𝐬𝐢𝐧 𝐀) (√
𝐬𝐢𝐧 𝐀

𝐜𝐨𝐬 𝐀
))

𝐜𝐲𝐜

 

= 𝟐𝐑 ∑
𝐬𝐢𝐧𝟐 𝐀

√𝐬𝐢𝐧 𝐀 𝐜𝐨𝐬 𝐀
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

𝟐𝐑
(∑ 𝐬𝐢𝐧 𝐀𝐜𝐲𝐜 )

𝟐

∑ √𝐬𝐢𝐧 𝐀 𝐜𝐨𝐬 𝐀𝐜𝐲𝐜

≥
𝐂𝐁𝐒 𝟐𝐑 (

𝐩

𝐑
)

𝟐

√𝟑. √∑ (𝐬𝐢𝐧 𝐀 𝐜𝐨𝐬 𝐀)𝐜𝐲𝐜

 

=
𝟐√𝟐𝐑 (

𝐩

𝐑
)

𝟐

√𝟑. √∑ 𝐬𝐢𝐧 𝟐𝐀𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝟏) 𝟐√𝟐𝐑 (

𝐩

𝐑
)

𝟐

√𝟑. √
𝟐𝐫𝐩

𝐑𝟐

=
𝟐𝐩. √𝐩

√𝟑
≥

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝟐𝐩. √𝟑√𝟑𝐫

√𝟑𝐫
= 𝟐𝐩√𝟑

𝟒
 

∴ 𝒂√𝐭𝒂𝐧 𝐀 + 𝐛√𝐭𝒂𝐧 𝐁 + 𝐜√𝐭𝒂𝐧 𝐂 ≥ 𝟐𝐩√𝟑
𝟒

  
∀ 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂,′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

Solution 2 by Tapas Das-India 

𝒍𝒆𝒕 𝒇(𝒙) = 𝐭𝐚𝐧 𝒙 , 𝒙 ∈ (𝟎,
𝝅

𝟐
) . 𝒇′′(𝒙) = 𝟐 𝐬𝐞𝐜𝟐 𝒙 𝐭𝐚𝐧 𝒙 > 𝟎 , 

𝒇 𝒊𝒔 𝒄𝒐𝒏𝒗𝒆𝒙 ∈ (𝟎,
𝝅

𝟐
) . 𝑼𝒔𝒊𝒏𝒈 𝑱𝒆𝒏𝒔𝒆𝒏 𝒊𝒏𝒆𝒒𝒖𝒊𝒍𝒊𝒕𝒚 ∑ 𝐭𝐚𝐧 𝑨 ≥ 𝟑 𝐭𝐚𝐧

𝝅

𝟑
= 𝟑√𝟑.  

𝑵𝒐𝒕𝒆: 𝑨 + 𝑩 + 𝑪 = 𝝅 , 𝒏𝒐𝒘   𝐭𝐚𝐧(𝑨 + 𝑩) = 𝐭𝐚𝐧(𝝅 − 𝑪)  𝒐𝒓 ∑ 𝐭𝐚𝐧 𝑨 = ∏ 𝐭𝐚𝐧 𝑨. 

𝒂√𝐭𝐚𝐧 𝑨 + 𝒃√𝐭𝐚𝐧 𝑩 + 𝒄√𝐭𝐚𝐧 𝑪 ≥
𝑪𝑯𝑬𝑩𝒀𝑺𝑯𝑬𝑽

 

≥
𝟏

𝟑
(𝒂 + 𝒃 + 𝒄) (∑ √𝒕𝒂𝒏𝑨) ≥

𝑨𝑴−𝑮𝑴 𝟏

𝟑
. 𝟐𝒑. 𝟑 (∏ 𝒕𝒂𝒏𝑨)

𝟏

𝟔
≥ 𝟐𝒑. (𝟑√𝟑)

𝟏

𝟔 = 𝟐𝒑√𝟑
𝟒

 

Equality holds for 𝒂 = 𝒃 = 𝒄. 


