ROMANIAN MATHEMATICAL MAGALZINE

InanyAABCand Vm,n,t € N:n > m + 1, the following relationship holds :
((Wa + wb)t + (ma + mb)t)n

m
(W + wZwi + wi + m3 + mZm3 + my)

((wb + Wc)t + (mb + mc)t)n

+
(W + w2w3 + w8 + mJ + mfm3 + m%)"
((wc + wa)t + (mc + ma)t)n 24—m+n(t+1). 3nt—6m+1. I.nt
(w2 + w2w2 + w2 + m2 + m2m3 + m3)™ ~  (81R> — 2560r>)™

Proposed by Zaza Mzhavanadze-Georgia
Solution 1 by Tapas Das-India

Note:
(x+y+2)°=x4+y5+2°+5(x+y)(y +2)(z+x)(x* + y? + 2% + xy + yz + zx)

Leunberger Euler 9R
m, +my, +m, < 4R+1r < >

AM-GM
(ma + mb)(mb + mc) (mc + ma) = 8"'na"'nb"'nc

Mitrinovic

(ma > \/s(s — a)) >8s’r > 8-33%3

analog

Zmﬁ +Zmbmc > ZZmbmc
( Z m2 > Z mbmc)

42
Sr22-33-r2

(vmy > hy) > ZZ hyh, =

Z mS = (Z ma)5 — 5m(m, +my) - (z m; + Z mym, )

(9R 5 _ 36(81R5 — 25601°)

<(ZZ) _e.g9.23.,3.9.23.,2
2) 5.-8:3°-r°-2-3°r 32

Applying AM-GM h,h,h, > 2773
1
o hy+ hy + h, > 3(hyhyh,)s = Or
wl +wiwi +wi +md +mZm3 + md << md +mZm3 + m} + mS + mZmd +m;

(w, < m, analog)
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=2(m} + mj) + m2mi(m, + m,) < 2(m3 + m3) + m3 + mg = 3(m3 + my)

Note:

+m; =
b 2

cBs (m* + m})(m, + my)| aM-6m
i g 2 e e £ )| WS )

Note:

>
(Wa +wp)" + (g + 1) 2 (g + )+ (g + )t (e S "a)
m, = h,

= Z(ha + hb)t

AM-GM tn
[(Wa + wb)t + (ma + mb)t]n = Zn(ha + hb)tn = Zn-l-tn(hahb)7

tn n
n+tn > _ . on+tn . . —
-~ LHS > Z 2 5(hahbs) zm AMZGM 3 :m [(hyhy) - (hph,) (h,f,ha)] 6
3m(m3 + mj) ([(ms + m3)F
tn tn
AM;GM 3.2 (h,hyh,)3 o 2. gnttnem (27r3)3

3m [Z(ZT'"S)]"‘ B %(81R5 —2560r5)]m

3. 2n+tn—m+5m . 3tn ., ptn 24m+n(t+1) . 3nt—6m+1 .t
~ 36m(81R5 — 2560r5)™  (81R5 — 2560r5)™
Solution 2 by Soumava Chakraborty-Kolkata-India

vXxyz> O,Z x5 +Zx2y2(x+y) = (Zﬁ) <2x2> - (1)

cyc cyc cyc cyc

Now, 2 Z m3 + Z m2m}

cyc

cyc
ia (1)
= <ZZm,51+22m§m§+22m3m§>—Zmﬁmg—ZZmzmﬁv =

cyc cyc cyc cyc cyc

z(Z mz> (Z mz> = m3(mf + mZ) - ) mim?

cyc cyc cyc

A%G 2 (Z mﬁ) (Z mﬁ) — 2m,mym, (Z mﬁ) — 3m ,mym,. 3/ (m,m,m,)?

cyc cyc cyc

3
=2 (Z m?z) (Z ma) - 3(ma + mb)(mb + mc)(mc + ma) —m,m,mg
cyc

cyc
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A-G,
Cesaro,
Leibnitz
and
3 Leuenberger 3 9R 3
—-3m,mym,. y (m;mym,)?2 < Z'Z'9R2'<(7) —25mambmc>
3 3, ((9R\’ 3 5 3
—3m,mpym,./(m,mpm,)? < Z.Z.9R : <7) —25.27r3 | —3.27r%.1/(27r3)?
rz_ Zs2 Gerretsen + Euler rz_ 27Rr
v mgmym, > h hyh, = > —R - 27r3
_ 729 27R° — 200R?*r3 — 16r°
B 16
s ) 3 27R® — 200R?*r3 — 161>
ZZma+ZmambS729 16 - (2)
cyc cyc
m+1
nt n
Zc c(ha + hb)m_"'l " power—Mean inequality Zc c(ha + hb)l 1
Also, [ == 3 > Yf

nt _tn
(.. tn > 1) => Leyc(hg + hy)m+ > <chc(ha + hb)>m+1

m+1— 3 3
tn tl’l
1\ m+1 9\ m+1
m [ 2rSYeyc= Bergstrom w [ 2rS.-- tn tn
= 2m+1, Ta > 2m+1, 3 S = 2m+1, (3r)m+1

nt tn tn
Z(ha + hy)m+1 > 3.2m+1, (3r )m+1| > (3)

cyc

+ ty + tHn
We have ((Wa Wb) (ma mb) )

(W5 + w2w? + Wi + m3 + mZm3 + m3)"
((Wb + Wc) + (mb + mc)t)n

_|_
(wg + wZw? + w2 + m + m2m3 + m8)"

((we + we)' + (m + mg)H)"

(wg + w2w3 + wS + mf + m?2m2 + m5)"
((hg + hp)' + (hy + hy))"

(mS + m2m3 + m{ + m$ + m2m3 + m§)"
((hb + hc)t + (hb + hc)t)n

(mE + mZm3 + m$ + m{ + mZm2 + m)"
((he + h)t + (he +hy)H"

3 5\m
(mg + m?m3 + m3 + m? + m?m? + m3)

_|_

=

Z (h + hb)nt
& (m + m2m? + mE + m? + mZm3 + mg)"

cyc
_nt_ m+1 _nt_ m+1
Zn Z (h + hb)m+1) Radon 2n (chc(ha + hb)m+1)
= >
- m
T (m§ + mm? + m + m§ + mZm? + mg)" (4% yem3 + 2 Y ycmZm})
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via (3) 2n 3m+1_ 2tn (31. )tn via (2) 2n 3m+1_ 2tn (31. )tn
> >
5 23\ T m
2 (2Yyem§ + Yeyemim3) om. <729 (27R5—20(1}22r3—16r5)>

2n+nt—m+4m 3m+1+nt—6m I.nt 2n+nt+3m 31+nt—5m l.nt

~ (27R5 — 200R%r3 — 16r5)™ _ (27R5 — 200R%r3 — 16r5)m
? 24m+n(t+1)_ 3nt—6m+1_ ot

>
= (81R5 —2560r5)™
(3)“‘ 1 ? 1
= ol =
2/ "(27R5 —200R2r3 — 16r5)™ ~ (81R5 — 2560r5)™
?
& 3(81R5 — 2560r5) > 2(27R® — 200R?*r® — 161°)

? R
& (189t° + 400t%2 — 7648 > 0 (t = F)
Euler

?
< 189(t°—32) +400(t? —4) > 0> true v t >
((Wa + Wb)t + (ma + mb)t)n

(w5 + w2wd + w + mS + m2m3 + m§)"
((Wb + Wc)t + (mb + mc)t)n

+
(wg + wZw? + w? + m} + m2m3 + m$)"
((Wc + Wa)t + (mc + ma)t)n 24m+n(t+1)'3nt—6m+1.rnt
(Wg + w2w3 + w5 + mf + m?2m3 + m3)" ~ (81R5 —2560r°)™

VAABCandvVm,nteN:n>m+ 1, =" iff A ABCis equilateral (QED)



