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In any A ABC and V n,m > 0, the following relationships holds :

n

r? @t ot 3nmil gm pn m! wp hP 3nomilgm pn
o T > and —+—+—2=
my  wy h¥? R™ g RmM

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India
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v A ABC,” =" iff A ABCis equilateral
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Proof of m;mym, < TN

1
mZmim? = a(sz + 2c? — a?)(2c? + 2a? — b?)(2a? + 2b? — c?)
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3
Now,z ab = (Z a2> — 3(a?+b?)(b?% + c2)(c? + a?)
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Y b= <Z a2>3 +3a%b?c? 3 (Z a? bZ) (Z az | - (2)
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Also,z a*b? + Z a’b* = Z <azb2 (Z a’ — c2> =
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<Z a? b2> (Z a2> — 3a’b%c? > (3) ~ (1),(2),(3) > m2mZm?
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=16 (s® — s*(12Rr — 33r?) — s2(60R?r? + 120Rr3 + 33r*) —r3(4R +r)3)
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s® — s*(4R? + 12Rr — 33r?) — s2(60R?*r? + 120Rr3 + 33rY) —r3(4R+r)3 <0

Gerretsen

Now,LHSof (¢) < —s*(8Rr—36r?)—s?(60R?r? + 120Rr3 + 33r%)

—r34R+1r)3<0

& s*(8R — 16r) + s2(60R%r + 120Rr? + 33r3) + r2(4R + r)3 5 20rs*
(+*)

Gerretsen

Now, LHS of (¢¢) > s2(16Rr —5r?)(8R — 16r)
(@)
+s2(60R?r + 120Rr? + 33r3) + r?(4R +r)3 and

Geretsen

RHS of (¢¢) < 20rs?(4R? + 4Rr + 3r?)
(b)
(a), (b) = in order to prove (¢°), it suffices to prove :
s2(16Rr — 5r?)(8R — 16r) + s?(60R?r + 120Rr? + 33r3) + r?(4R +r)3
> 20rs%(4R? + 4Rr + 3r?)
& s2(108R?% — 256Rr + 53r%) + r(4R+r)3 >0

(000)
& s?(108R? — 256Rr + 80r?) + r(4R + )3 > 27r?s?
Gerretsen

Now, LHS of (¢e¢) > (108R? — 256Rr + 80r?)(16Rr — 5r?) + r(4R +r)3

(©
Geretsen
and RHS of (es¢) < 27r2(4R? + 4Rr + 3r?)

(d)
(c),(d) = in order to prove (e+¢), it suffices to prove :
(108R?% — 256Rr + 80r?)(16Rr — 5r%) + r(4R + )3 > 27r%(4R? + 4Rr + 3r?)

R
& 22413 — 587t2+308t— 60> 0 (where t= F)

Euler
o (t—2)((t—2)(224t +309) + 648) > 0 > true  t > 2 = (s00) = (o2)
254
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s
= (¢) is true > m2mZm? < = mgmym, < —— (QED)



