
 
In 𝚫𝑨𝑩𝑪 the following relationship holds: 

(𝒉𝒃 + 𝒉𝒄) ⋅ 𝐭𝐚𝐧
𝑨

𝟐
+ (𝒉𝒄 + 𝒉𝒂) ⋅ 𝐭𝐚𝐧

𝑩

𝟐
+ (𝒉𝒂 + 𝒉𝒃) ⋅ 𝐭𝐚𝐧

𝑪

𝟐
≥ 𝟔√𝟑𝒓 

Proposed by Zaza Mzhavanadze-Georgia 

Solution by Ertan Yildirim-Turkiye 

Lemma: 𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄 ≥ 𝟗𝒓 

Let 𝒂 ≥ 𝒃 ≥ 𝒄 then 𝒉𝒂 ≤ 𝒉𝒃 ≤ 𝒉𝒄 and 𝒉𝒂 + 𝒉𝒃 ≤ 𝒉𝒂 + 𝒉𝒄 ≤ 𝒉𝒃 + 𝒉𝒄 

𝐭𝐚𝐧
𝑨

𝟐
≥ 𝐭𝐚𝐧

𝑩

𝟐
≥ 𝐭𝐚𝐧

𝑪

𝟐
 

∴ ∑(𝒉𝒃 + 𝒉𝒄) 𝐭𝐚𝐧
𝑨

𝟐
≥

𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗 𝟏

𝟑
⋅ 𝟐(𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄) ⋅ (𝐭𝐚𝐧

𝑨

𝟐
+ 𝐭𝐚𝐧

𝑩

𝟐
+ 𝐭𝐚𝐧

𝑪

𝟐
) 

≥
𝑳𝒆𝒎𝒎𝒂 𝟏

𝟑
⋅ 𝟐 ⋅ 𝟗𝒓 (𝐭𝐚𝐧

𝑨

𝟐
+ 𝐭𝐚𝐧

𝑩

𝟐
+ 𝐭𝐚𝐧

𝑪

𝟐
) 

= 𝟔𝒓 ⋅ (𝐭𝐚𝐧
𝑨

𝟐
+ 𝐭𝐚𝐧

𝑩

𝟐
+ 𝐭𝐚𝐧

𝑪

𝟐
) 

𝒇(𝒙) = 𝐭𝐚𝐧 𝒙 ⇒ 𝒇′(𝒙) = 𝐬𝐞𝐜𝟐 𝒙 ⇒ 𝒇′′(𝒙) = 𝟐 𝐬𝐞𝐜𝟐 𝒙 ⋅ 𝐭𝐚𝐧 𝒙 > 𝟎 where 𝒙 ∈ (𝟎,
𝝅

𝟐
) 

Therefore 𝒇(𝒙) is convex 

𝒇 (
𝑨
𝟐) + 𝒇 (

𝑩
𝟐) + 𝒇 (

𝑪
𝟐)

𝟑
≥ 𝒇 (

𝑨 + 𝑩 + 𝑪

𝟔
) 

𝐭𝐚𝐧
𝑨

𝟐
+ 𝐭𝐚𝐧

𝑩

𝟐
+ 𝐭𝐚𝐧

𝑪

𝟐
≥ 𝟑 ⋅ 𝒇 (

𝝅

𝟔
) = 𝟑 ⋅ 𝐭𝐚𝐧

𝝅

𝟔
= 𝟑

√𝟑

𝟑
= √𝟑 

∴ ∑(𝒉𝒃 + 𝒉𝒄) 𝐭𝐚𝐧
𝑨

𝟐
≥ 𝟔𝒓 ⋅ ∑ 𝐭𝐚𝐧

𝑨

𝟐
≥ 𝟔𝒓 ⋅ √𝟑 = 𝟔√𝟑𝒓 

 


