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Given ϕ : R −→ R and cosh(ωt) = ϕ(t)−
∫ t

0

ϕ(τ) sinh(t− τ) dτ where ω ∈ R

Find an expression for, ∫ 1

0

ϕ(t) dt

Solution

cosh(ωt) = ϕ(t)−
∫ t

0

ϕ(τ) sinh(t− τ) dτ (1)

By taking the laplace transform of [1], then it follows;

s

s2 − ω2
= Φ(s)− Ls

{∫ t

0

ϕ(τ) sinh(t− τ)dτ

}

Since,

∫ t

0

ϕ(τ) sinh(t− τ) dτ = ϕ(t) ∗ sinh(t) (Convolution)

Then,

s

s2 − ω2
= Φ(s)−Ls

{∫ t

0

ϕ(τ) sinh(t− τ)dτ

}
= Φ(s)−Ls{ϕ(t)}Ls{sinh(t)} = Φ(s)−Φ(s)

[
1

s2 − 1

]
Thus,

s

s2 − ω2
= Φ(s)

[
1− 1

s2 − 1

]
,Φ(s) =

s(s2 − 1)

(s2 − ω2)(s2 − 2)

Then we have,

ϕ(t) = L−1

{
s(s2 − 1)

(s2 − ω2)(s2 − 2)

}
=

ω2

ω2 − 2
cosh(ωt)− 1

ω2 − 2
cosh(ωt)− 1

ω2 − 2
cosh(

√
2t)

Thus,∫ 1

0

ϕ(t) dt =
1

ω2 − 2

∫ 1

0

ω2 cosh(ωt)−cosh(ωt)−cosh(
√
2t) dt =

1

ω2 − 2

[
(ω2 − 1) sinh(ω)

ω
− sinh(

√
2)√

2

]

. Hence we conclude,

∫ 1

0

ϕ(t) dt =
1

ω2 − 2

[
(ω2 − 1) sinh(ω)

ω
− sinh(

√
2)√

2

]
, where ω ̸= 0,

√
2

1


