
 
Prove the below closed form 

𝛀 = ∫ 𝐥𝐨𝐠(𝟏 +
𝐬𝐢𝐧(𝐱)

𝐬𝐢𝐧(𝟐𝐱)
)

𝛑
𝟐

𝟎

𝐝𝐱 =
𝟒𝐆

𝟑
 

where, 𝑮 is the Catalan’s constant. 

Proposed by Ankush Kumar Parcha-India 

Solution by Togrul Ehmedov-Azerbaijan 

𝛀 = ∫ 𝐥𝐨𝐠 (𝟏 +
𝐬𝐢𝐧(𝐱)

𝐬𝐢𝐧(𝟐𝐱)
)

𝛑
𝟐

𝟎

𝐝𝐱 = ∫ 𝐥𝐨𝐠 (
𝐬𝐢𝐧(𝟐𝐱) + 𝐬𝐢𝐧(𝐱)

𝐬𝐢𝐧(𝟐𝐱)
)

𝛑
𝟐

𝟎

𝐝𝐱 = ∫ 𝐥𝐨𝐠(
𝟐 𝐬𝐢𝐧 (

𝟑𝐱
𝟐 ) 𝐜𝐨𝐬 (

𝐱
𝟐)

𝐬𝐢𝐧(𝟐𝐱)
)

𝛑
𝟐

𝟎

𝐝𝐱

= ∫ 𝐥𝐨𝐠(𝟐)

𝛑
𝟐

𝟎

𝐝𝐱 + ∫ 𝐥𝐨𝐠 (𝐬𝐢𝐧 (
𝟑𝐱

𝟐
))

𝛑
𝟐

𝟎

𝐝𝐱 + ∫ 𝐥𝐨𝐠 (𝐜𝐨𝐬 (
𝐱

𝟐
))

𝛑
𝟐

𝟎

𝐝𝐱 − ∫ 𝐥𝐨𝐠(𝐬𝐢𝐧(𝟐𝐱))

𝛑
𝟐

𝟎

𝐝𝐱

=
𝛑

𝟐
𝐥𝐨𝐠(𝟐) +

𝟐

𝟑
∫ 𝐥𝐨𝐠(𝐬𝐢𝐧(𝐱))

𝟑𝛑
𝟒

𝟎

𝐝𝐱 + 𝟐∫ 𝐥𝐨𝐠(𝐜𝐨𝐬(𝐱))

𝛑
𝟒

𝟎

𝐝𝐱 −
𝟏

𝟐
∫ 𝐥𝐨𝐠(𝐬𝐢𝐧(𝐱))

𝛑

𝟎

𝐝𝐱

=
𝛑

𝟐
𝐥𝐨𝐠(𝟐) +

𝟐

𝟑
{−

𝟑𝛑

𝟒
𝐥𝐨𝐠(𝟐) +

𝟏

𝟐
𝐆} + 𝟐 {

𝟏

𝟐
𝐆 −

𝛑

𝟒
𝐥𝐨𝐠(𝟐)} −

𝟏

𝟐
{−𝛑 𝐥𝐨𝐠(𝟐)} =

𝟒𝐆

𝟑
 

𝐍𝐨𝐭𝐞:∫ 𝐥𝐨𝐠(𝐬𝐢𝐧(𝐱))

𝟑𝛑
𝟒

𝟎

𝐝𝐱 = ∫ {− 𝐥𝐨𝐠(𝟐) −∑
𝐜𝐨𝐬(𝟐𝐤𝐱)

𝐤

∞

𝐤=𝟏

}

𝟑𝛑
𝟒

𝟎

𝐝𝐱

= −
𝟑𝛑

𝟒
𝐥𝐨𝐠(𝟐) −∑

𝟏

𝐤

∞

𝐤=𝟏

∫ 𝐜𝐨𝐬(𝟐𝐤𝐱)

𝟑𝛑
𝟒

𝟎

𝐝𝐱 = −
𝟑𝛑

𝟒
𝐥𝐨𝐠(𝟐) −

𝟏

𝟐
∑

𝐬𝐢𝐧 (
𝟑𝛑
𝟐 𝐤)

𝐤𝟐

∞

𝐤=𝟏

= −
𝟑𝛑

𝟒
𝐥𝐨𝐠(𝟐) −

𝟏

𝟐
∑

(−𝟏)𝐤

(𝟐𝐤 − 𝟏)𝟐

∞

𝐤=𝟏

= −
𝟑𝛑

𝟒
𝐥𝐨𝐠(𝟐) +

𝟏

𝟐
𝐆 


