
 
Prove the below closed form 

𝛀 = ∫∫
𝐥𝐨𝐠(𝟏 − 𝐱𝟒𝐲𝟒)

𝐱𝐲

𝟏

𝟎

𝟏

𝟎

𝐝𝐱𝐝𝐲 = −
𝛇(𝟑)

𝟏𝟔
 

where 𝛇(𝟑) is the Apery’s constant. 
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We know that:  

∫∫ 𝐟(𝐱𝐲)

𝟏

𝟎

𝟏

𝟎

𝐝𝐱𝐝𝐲 = −∫ 𝐥𝐨𝐠(𝐱) 𝐟(𝐱)

𝟏

𝟎

𝐝𝐱 

Then we can write:  

 

𝛀 = ∫∫
𝐥𝐨𝐠(𝟏 − 𝐱𝟒𝐲𝟒)

𝐱𝐲

𝟏

𝟎

𝟏

𝟎

𝐝𝐱𝐝𝐲 = −∫
𝐥𝐨𝐠(𝐱) 𝐥𝐨𝐠(𝟏 − 𝐱𝟒)

𝐱

𝟏

𝟎

𝐝𝐱]

𝐱𝟒→𝐱

= 

= −
𝟏

𝟏𝟔
∫
𝐥𝐨𝐠(𝐱) 𝐥𝐨𝐠(𝟏 − 𝐱)

𝐱

𝟏

𝟎

𝐝𝐱 = −
𝟏

𝟏𝟔
∫
𝐥𝐨𝐠(𝐱)

𝐱
(−∑
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∞

𝐤=𝟏

)
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𝐝𝐱 = 

=
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𝟏𝟔
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𝐤
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∫𝐱𝐤−𝟏 𝐥𝐨𝐠(𝐱)

𝟏

𝟎

𝐝𝐱 = −
𝟏

𝟏𝟔
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𝐤=𝟏

= −
𝛇(𝟑)
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