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Find a closed form:

1 01
Q= j f arctan(x? + y% — 2xy) dxdy
0 Jo

Proposed by Asmat Qatea-Afghanistan

Solution by Pratham Prasad-India
1,1 1y
Q= f f arctan((y — x)?) dxdy = f f arctan(x?) dxdy
0 /o 0 Jy-1
Applying Integration by parts on the outer Integral and replacing y with x after that,

1 1
= f arctan(x?) dx — f x( arctan(x?) — arctan((x — 1)2))dx
0 0

1 1 1
= f arctan(x?) dx — f x( arctan(x?))dx + f x(arctan((1 — x)2))dx
0 0 0
1—x =tandreplace t with x in the last integral, to get:

1 1 1
= f arctan(x?) dx — f x( arctan(x?))dx + f (1 — x)( arctan(x?))dx
0 0 0

! ( [ " arctan(x?) dx - [ X arctan(xz))dx>

x* = tand replace t with x in the last integral, to get:

1 1
=2 < f arctan(xz) dx) — f arctan(x)dx =2(4) — B
0 0

1
1=24-B A= f arctan(x?) dx
0

Applying Integration by parts,

1" fl 2x2d 4" fl(x2—1)+(x2+1)d
4 ), 1t 1, 1+t o

1 2_1 1 2+1
L N Gt ) SO o S ) B

=37 ), 1+ o 1+x*
Azg_f@dx_f(l;fz)dx
0 (x+%) -2 0 (x—%) +2

1 1
substitute x + - tin the first integral and x — i tin the second integral,
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dt, =
wlt2+2 4 V2 2V2

fo 1 4T ln(1+\/§)_ 3

1
B = f arctan(x) dx
0

Applying Integration by parts,

T 1T x T 1 (' 2x
B=—-f dx, B ———f
0 0

4 1+22% PT3472) 172

x* = tand replace t with x in the last integral, to get:

Tt 11 1 T 1
B ———f dx, B=——=In(2)
0

T2 2) 112 42
Now,
I =2(A)—-B
m In(1++2 (4 T 1
I=2<—+ ( )— )——+—ln(2),
4 V2 2v2) 4 2

14 n w 1
I =E+\/Eln(1+\/§)—ﬁ—z+zln(2)

1 1
I =%+\/Eln(1+\/i)—%+iln(2), I =Eln(2)+\/iln(1+\/i)+§(1—\/§)

1,1
1
f f arctan(x? + y? — 2xy) dxdy = Eln(Z) +v2In(1+v2) + % (1-8)
0 Jo



