
 
Find all values 𝜶 ∈ [−𝟐𝟎𝟐𝟒, 𝟐𝟎𝟐𝟒] such that: 

∫ (|𝟐𝟎𝟐𝟓𝒙| − 𝒙𝟐 + 𝟐𝟎𝟐𝟔𝒙) 𝒅𝒙

𝟐𝟎𝟐𝟒

𝜶

≤ 𝜶𝟐 + 𝟐𝟎𝟐𝟓 (𝟏) 

Nguyen Van Canh-Vietnam 

Solution by Khanh Hung Vu-Vietnam 

Put 𝒎 = 𝟐𝟎𝟐𝟒 for easy demonstration. We consider 2 cases: 

Case 1. −𝒎 ≤ 𝜶 < 𝟎 

We have 𝜶 < 𝟎 < 𝒎, so we have: 

∫(|(𝒎+ 𝟏)𝒙| − 𝒙𝟐 + (𝒎+ 𝟐)𝒙) 𝒅𝒙

𝒎

𝜶

= ∫ ((𝟐𝒎+ 𝟑)𝒙 − 𝒙𝟐)  𝒅𝒙

𝒎

𝟎

+∫(𝒙 − 𝒙𝟐) 𝒅𝒙

𝟎

𝜶

 

→ ∫(|(𝒎+ 𝟏)𝒙| − 𝒙𝟐 + (𝒎+ 𝟐)𝒙) 𝒅𝒙

𝒎

𝜶

=
𝒎𝟐

𝟔
(𝟒𝒎+ 𝟗) +

𝟏

𝟔
𝜶𝟐(𝟐𝜶 − 𝟑) 

So we can rewrite the inequality (1) as: 

𝒎𝟐

𝟔
(𝟒𝒎+ 𝟗) +

𝟏

𝟔
𝜶𝟐(𝟐𝜶 − 𝟑) ≤ 𝜶𝟐 +𝒎+ 𝟏 

→
𝜶𝟑

𝟑
−
𝟑𝜶𝟐

𝟐
+
𝟐𝒎𝟑

𝟑
+
𝟑𝒎𝟐

𝟐
−𝒎− 𝟏 ≥ 𝟎 

Consider the function 𝒇(𝜶) =
𝜶𝟑

𝟑
−
𝟑𝜶𝟐

𝟐
+
𝟐𝒎𝟑

𝟑
+
𝟑𝒎𝟐

𝟐
−𝒎 − 𝟏 in range [−𝒎, 𝟎) 

We have 𝒇′(𝜶) = 𝜶𝟐 − 𝟑𝜶 = 𝜶(𝜶 − 𝟑) > 𝟎.So the function 𝒇(𝜶) is a increasing function in 

range [−𝒎,𝟎) → 𝒇(𝜶) ≥ 𝒇(−𝒎) → 𝒇(𝜶) ≥
𝒎𝟑

𝟑
−𝒎− 𝟏 > 𝟎.So for all −𝒎 ≤ 𝜶 < 𝟎, the 

inequality (𝟏) is satisfied. 

Case 2. 𝟎 ≤ 𝜶 ≤ 𝒎 

We have 𝟎 ≤ 𝜶 ≤ 𝒎, so we have: 

∫(|(𝒎+ 𝟏)𝒙| − 𝒙𝟐 + (𝒎 + 𝟐)𝒙) 𝒅𝒙

𝒎

𝜶

= ∫(𝒙 − 𝒙𝟐) 𝒅𝒙

𝒎

𝜶

=
𝜶𝟑

𝟑
−
𝜶𝟐

𝟐
+
𝒎𝟐

𝟐
−
𝒎𝟑

𝟑
 



 
So we can rewrite the inequality (1) as: 

𝜶𝟑

𝟑
−
𝜶𝟐

𝟐
+
𝒎𝟐

𝟐
−
𝒎𝟑

𝟑
≤ 𝜶𝟐 +𝒎+ 𝟏 

→
𝜶𝟑

𝟑
−
𝟑𝜶𝟐

𝟐
−
𝒎𝟑

𝟑
+
𝒎𝟐

𝟐
−𝒎− 𝟏 ≤ 𝟎 

Consider the function 𝒈(𝜶) =
𝜶𝟑

𝟑
−
𝟑𝜶𝟐

𝟐
−
𝒎𝟑

𝟑
+
𝒎𝟐

𝟐
−𝒎 − 𝟏 in range [𝟎,𝒎] 

We have 𝒈′(𝜶) = 𝜶𝟐 − 𝟑𝜶 = 𝜶(𝜶 − 𝟑). So 𝒈′(𝜶) = 𝟎 → 𝜶 = 𝟑 

We have: 

{
 
 

 
 𝒈(𝟎) = −

𝒎𝟑

𝟑
+
𝒎𝟐

𝟐
−𝒎− 𝟏 < 𝟎

𝒈(𝟑) = −
𝒎𝟑

𝟑
+
𝒎𝟐

𝟐
−𝒎 < 𝟎

𝒈(𝒎) = −𝒎𝟐 −𝒎− 𝟏 < 𝟎

 

→ 𝒈(𝜶) ≤ 𝟎 ∀ 𝜶 ∈ [𝟎,𝒎]. So for all 𝟎 ≤ 𝜶 ≤ 𝒎, the inequality (𝟏) is satisfied. 

In conclusion, all real numbers 𝜶 ∈ [−𝟐𝟎𝟐𝟒, 𝟐𝟎𝟐𝟒] satisfy the inequality (𝟏). 


