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Find a closed form:
1 roq/xIn(x) + yln (arccosz(l — y))
Q =
jo L (1 + x)?

dxdy

Proposed by Shirvan Tahirov-Azerbaijan
Solution 1 by Amin Hajiyev-Azerbaijan

dxdy =02, + 2,

ff xln(x) jj yln arccosz(l y))

a+02? (1 +x)?

ff VEING) o dy, substituti {1— dt = —dx, t[0; 11}
A+ 02 xdy, substitution ;—t, t = —t*dx, t[0; 1]

T In(kx) - " B (-1)™n
0, =- \/_(1+x)2d —Zn( 1) J;x 2In(x)dx = _4Z(Zn 1)2

D" o (D" n ™
‘2<Z<2 5+ W) -2(-6-3)=26+3

2(1-
e [ [ o

1
= f In(arccos(y)) dy —f yln arccosz(y)) dy=1-]
0 0

1
I =f In(arccos(y)) dy,{cos‘l(y) —tdt=— dy  dy n]}
0

1—y2 N _sin(t)’t O;E

fz‘[cos(t) -1+ 1dt _ci (g) _y

I= j-isin(t) In(t) dt = [— In(t) cos(t)]% +
0 0

1 3 1z
J = f ylIn(arccos(y)) dy = f sin(t) cos(t) In(t) dt = —f sin(2t) In(t) dt =
0 0 2

0

1 In(®)cos(2t) ™ 1 %% 1 (21

E[—f]fﬁzf ; dt+—f cdt=
0 2t->t} 0

= %(m g) +1n(0)) + % (Ci(m) — y — In(m)) + %ln (g) - %ln(o) =
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1111(2)+1C( )—Z—ln(”)=16i(5)—11n(f)—Z

2 4 4 4 2 4 T 4
.(22=I—]=Ci(z) y—ECl(n)+—ln( >+£—Cl(z)——Cl(n)—?;—y+lln<i)
1 roy/xIn(x) + yIn (arccosz(l y))
j f 1+ 22 dxdy =02, + 02, =

- 3y 1 /4
=26+o+Ci5 )——Cl(n)——y+—ln( )
2 T

2 4
.. . cos(z)—1
note {cosine integral: Ci(x) = y + In(x) + J fdz
0

Solution 2 by Exodo Halcalias-Angola

f Efl_!:l(y)czd + f yln(arccos(1 — y))%dy
H ®Vxin(x) *U* ln(;) p 1BP J‘ 'arctan(vx) )
1o . A+x)? T o Vx(1 + x)2 x = 0 x o (1+x)x x
) larctan(x)d 1 1 dr— 264"
.[0 x x+ ,[;, 1+29*7 +§
1 1 1-y-y
H; = .[; yln(arccos(1 — y))dy = ZJ; yln(arccos(1 —y))dy 2
1 1
2(f ln(arccos(y))dy—f yln(arccos(y))dy)
0 0
1 arccos(y)-y 1BP i
E, =f In(arccos(y))dy = f sin(y) In(y) dy £ [In(x) (1 —COS(}’))](Z)
0

n
2

2cos(y) — 1 -1
.’;COS:};’ dy=ln(g)+f COS:;” dy

0
Ci(z) -, = In(2) +f cos) -1,

0
T
E, = Ci (E) —
arccos(y)-y

1 1
E, = J;) yln(arccos(y))dy 2 f In(y) sin (y) cos(y) dy = —f In(y) sin(2y) dy

2y-y IBP

1 (" 1 "
= 2 fo In(y/2)sin(y)dy = 7 fo In(y) sin(y) dy — - In(2) , sin(y)dy =

m -1 2
{[ln(y)(l — cos(y))] 7(: + fo %dy} —4In2) =

S|
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z -1
Recalling that: Ci(z) —, = In(z) +f %dy
0

1 1 T

E, = 7 (Ci(m) — , + In(m) —In(4)) = Z(Cl(n) -+ ln(Z)

) Ci(m) 3 1

Hy = 2(Ey — Ey) = 2Ci(5) - ——5v—5

my Ci(m) 3 1 4\

H=H1+H2 =2G+2Cl(5)—T—EY+Eln(E)+E

jl j‘” VxIn(x) + yln(arccos(1 — y))?
0o /1 (1+x)?

=26 +2¢i(3) - Ci;”) + %(1‘[ ~3,+In (%))

[ /3
In(3)

dxdy




