
 
Find a closed form: 

 

𝛀 = ∫ ∫
𝒚𝒙𝟐(𝐥𝐧(𝒙) + 𝟏)𝟐𝒍𝒏𝟐(𝟏 + 𝒚𝟐)

(𝒙𝟐 + 𝟏)𝟐(𝒚𝟐 + 𝟏)
𝒅𝒙𝒅𝒚

∞

𝟏

𝟏

𝟎

 

 
Proposed by Shirvan Tahirov, Abbaszade Yusif-Azerbaijan 

Solution 1 by Djamel Arrouche-Algeria 
 

∫
𝒙𝟐(𝐥𝐧(𝒙) + 𝟏)𝟐

(𝒙𝟐 + 𝟏)𝟐
𝒅𝒙 .  ∫

𝒚𝒍𝒏𝟐(𝟏 + 𝒚𝟐)

(𝒚𝟐 + 𝟏)
𝒅𝒚 =

𝟏

𝟎

∫
(𝟏 − 𝐥𝐧(𝒙))𝟐

(𝒙𝟐 + 𝟏)𝟐
𝒅𝒙.∫

𝒍𝒏𝟐(𝟏 + 𝒕)

𝟏 + 𝒕
.
𝒅𝒕

𝟐
=

𝟏

𝟎

𝟏

𝟎

∞

𝟏

 

=
𝟏

𝟔
𝒍𝒏𝟑(𝟐).∫

(𝒍𝒏𝟐(𝒙) − 𝟐 𝐥𝐧(𝒙) + 𝟏)

(𝒙𝟐 + 𝟏)𝟐
𝒅𝒙

𝟏

𝟎

=
𝟏

𝟔
𝒍𝒏𝟑(𝟐) .  Ω 

Ω = ∫
𝒍𝒏𝟐(𝒙)

(𝒙𝟐 + 𝟏)𝟐
𝒅𝒙

𝟏

𝟎

− 𝟐∫
𝐥𝐧(𝒙)

(𝒙𝟐 + 𝟏)𝟐
𝒅𝒙 +∫

𝒅𝒙

(𝒙𝟐 + 𝟏)𝟐

𝟏

𝟎

𝟏

𝟎

 

∫
𝒅𝒙

(𝒙𝟐 + 𝟏)𝟐

𝟏

𝟎

= ∫
𝒅𝒚

𝟏 + 𝒕𝒂𝒏𝟐(𝒚)
=

𝝅

𝟒

𝟎

∫ 𝒄𝒐𝒔𝟐(𝒚)𝒅𝒚 =

𝝅

𝟒

𝟎

∫
𝟏 + 𝐜𝐨𝐬 (𝟐𝒚)

𝟐
𝒅𝒚 =

𝝅

𝟒

𝟎

𝝅

𝟖
+
𝟏

𝟒
 

𝟏

(𝒙𝟐 + 𝟏)𝟐
=∑𝒏(−𝟏)𝒏−𝟏𝒙𝟐𝒏−𝟐

𝒏≥𝟏

 

−𝟐∫
𝐥𝐧(𝒙)

(𝒙𝟐 + 𝟏)𝟐
𝒅𝒙

𝟏

𝟎

=∑𝒏(−𝟏)𝒏−𝟏∫ 𝒙𝟐𝒏−𝟐 𝐥𝐧(𝒙)𝒅𝒙 = −𝟐
𝟏

𝟎𝒏≥𝟏

∑𝒏(−𝟏)𝒏−𝟏 [−
𝟏

(𝟐𝒏 − 𝟏)𝟐
] =

𝒏≥𝟏

 

∑
𝒏(−𝟏)𝒏−𝟏(𝟐𝒏 − 𝟏 + 𝟏)

(𝟐𝒏 − 𝟏)𝟐
=

𝒏≥𝟏

∑
(−𝟏)𝒏−𝟏

(𝟐𝒏 − 𝟏)𝟐
+∑

(−𝟏)𝒏−𝟏

(𝟐𝒏 − 𝟏)𝟐
= 𝑮 +

𝝅

𝟒
𝒏≥𝟏𝒏≥𝟏

 

∫
𝒍𝒏𝟐(𝒙)

(𝒙𝟐 + 𝟏)𝟐
𝒅𝒙 = ∫ 𝒍𝒏𝟐(𝒙)∑𝒏(−𝟏)𝒏−𝟏𝒙𝟐𝒏−𝟐

𝒏≥𝟏

𝒅𝒙 =
𝟏

𝟎

𝟏

𝟎

∑𝒏(−𝟏)𝒏−𝟏.

𝒏≥𝟏

𝟏

(𝟐𝒏 − 𝟏)𝟑
= 

∑
(−𝟏)𝒏−𝟏

(𝟐𝒏 − 𝟏)𝟑
+∑

(−𝟏)𝒏−𝟏

(𝟐𝒏 − 𝟏)𝟐
= 𝑮 +

𝝅𝟑

𝟑𝟐
𝒏≥𝟏𝒏≥𝟏

 

Ω =
𝝅

𝟖
+
𝟏

𝟒
+ 𝑮 +

𝝅

𝟒
+ 𝑮 +

𝝅𝟑

𝟑𝟐
=
𝟏

𝟑𝟐
(𝟔𝟒𝑮 + 𝝅𝟑 + 𝟏𝟐𝝅 + 𝟖) 

 

Solution 2 by Quadi Faruk Temitope-Nigeria 
 

𝑰 = ∫
𝒙𝟐(𝐥𝐧(𝒙) + 𝟏)𝟐

(𝒙𝟐 + 𝟏)𝟐
𝒅𝒙

∞

𝟏⏟              
𝑨

. ∫
𝒚𝒍𝒏𝟐(𝟏 + 𝒚𝟐)

(𝒚𝟐 + 𝟏)
𝒅𝒚

𝟏

𝟎⏟            
𝑩

 



 

𝑨 = ∫
𝒙𝟐(𝐥𝐧(𝒙) + 𝟏)𝟐

(𝒙𝟐 + 𝟏)𝟐
𝒅𝒙

∞

𝟏

=⏟

𝒅𝒙=−
𝒅𝒙

𝒙𝟐

⏞  

𝒙→
𝟏

𝒙

= ∫
[− 𝐥𝐧(𝒙) + 𝟏]𝟐

𝒙𝟐 (
𝒙𝟐+𝟏

𝒙𝟐
)
𝟐  

𝒅𝒙

𝒙𝟐

𝟏

𝟎

= ∫
[− 𝐥𝐧(𝒙) + 𝟏]𝟐

(𝒙𝟐 + 𝟏)𝟐
𝒅𝒙 =

𝟏

𝟎

 

[− 𝐥𝐧(𝒙) + 𝟏]𝟐 [
𝐚𝐫𝐜𝐭𝐚𝐧 (𝒙)

𝟐
+

𝒙

𝟐(𝒙𝟐 + 𝟏)
]
𝟏

𝟎
+ ∫

𝒅𝒙

𝒙𝟐 + 𝟏

𝟏

𝟎

+∫
𝐚𝐫𝐜𝐭𝐚𝐧 (𝒙)

𝒙
𝒅𝒙

𝟏

𝟎

−∫
𝐥𝐧(𝒙)

𝒙𝟐 + 𝟏
𝒅𝒙

𝟏

𝟎

−∫
𝐥𝐧(𝒙)𝐚𝐫𝐜𝐭𝐚𝐧 (𝒙)

𝒙
𝒅𝒙

𝟏

𝟎

 

𝑨 =
𝝅

𝟖
+
𝟏

𝟒
+∑(−𝟏)𝒏∫ 𝒙𝟐𝒏𝒅𝒙

𝟏

𝟎

∞

𝒏=𝟎

+∑
(−𝟏)𝒏

𝟐𝒏 + 𝟏

∞

𝒏=𝟎

∫ 𝒙𝟐𝒏−𝟏+𝟏𝒅𝒙
𝟏

𝟎

−∑(−𝟏)𝒏∫ 𝒙𝟐𝒏𝐥𝐧 (𝒙)𝒅𝒙
𝟏

𝟎

−

∞

𝒏=𝟎

 

∑
(−𝟏)𝒏

𝟐𝒏 + 𝟏

∞

𝒏=𝟎

∫ 𝒙𝟐𝒏+𝟏−𝟏𝐥𝐧 (𝒙)𝒅𝒙
𝟏

𝟎

=
𝝅

𝟖
+
𝟏

𝟒
+∑

(−𝟏)𝒏

𝟐𝒏 + 𝟏
+

∞

𝒏=𝟎

∑
(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝟐
+

∞

𝒏=𝟎

∑
(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝟐
+

∞

𝒏=𝟎

 

∑
(−𝟏)𝒏

(𝟐𝒏 + 𝟏)𝟑

∞

𝒏=𝟎

= 𝟐𝑮 +
𝝅𝟑

𝟑𝟐
+
𝟑𝝅

𝟖
+
𝟏

𝟒
 

𝑩 = ∫
𝒚𝒍𝒏𝟐(𝟏 + 𝒚𝟐)

(𝒚𝟐 + 𝟏)
𝒅𝒚

𝟏

𝟎

=⏞
𝑰𝑩𝑷 𝟏

𝟐
𝒍𝒏𝟑(𝒚𝟐 + 𝟏)

𝟏

𝟎
− 𝟐∫

𝒚𝒍𝒏𝟐(𝟏 + 𝒚𝟐)

(𝒚𝟐 + 𝟏)
𝒅𝒚

𝟏

𝟎⏟            
𝑩

 

𝑩+ 𝟐𝑩 =
𝟏

𝟐
𝒍𝒏𝟑(𝒚𝟐 + 𝟏)

𝟏

𝟎
  ,   𝟑𝑩 =

𝟏

𝟐
𝒍𝒏𝟑(𝟐)   𝑩 =

𝟏

𝟔
𝒍𝒏𝟑(𝟐)   𝑻𝒉𝒊𝒔   𝑰 = 𝑨 .  𝑩 

𝑰 =
𝟏

𝟔
𝒍𝒏𝟑(𝟐) (𝟐𝑮 +

𝝅𝟑

𝟑𝟐
+
𝟑𝝅

𝟖
+
𝟏

𝟒
) =

𝟏

𝟔
𝒍𝒏𝟑(𝟐) .   

𝟏

𝟑𝟐
(𝟔𝟒𝑮 + 𝝅𝟑 + 𝟏𝟐𝝅 + 𝟖) = 

𝟏

𝟏𝟗𝟐
𝒍𝒏𝟑(𝟐)(𝟔𝟒𝑮 + 𝝅𝟑 + 𝟏𝟐𝝅 + 𝟖)   𝑵𝒐𝒕𝒆 ∶ 𝑮 → 𝑪𝒂𝒕𝒂𝒍𝒂𝒏′𝒔  𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕 … 

 
 

 
 


